The maximal operator in Lebesgue spaces with variable exponent
approaching 1

Peter A. Hasb

Department of Mathematics, University of Michigan
Ann Arbor, Ml 48109-1109, USA
peter.hasto@helsinki. fi
http://www.math.helsinki.fi/analysis/varsobgroup/

Abstract. This article contains results about the boundedness of the Hardy-
Littlewood maximal operator in variable exponent Lebesgue spaces. We
study the situation where the exponent approaches one in some parts of the
domain. We show that the boundedness depends on how fast the exponent
approaches one and give near-optimal bounds for necessary fficiest
growths.

In this article we will study the Hardy—Littlewood maximal operator in variable
exponent Lebesgue spaces. Loosely speaking, we will prove minimal bounded-
ness results under minimal assumptions. The article is divided into two parts: The
first part furnishes the background for the results and presents related results both
in classical and variable exponent Lebesgue spaces. The second part contains
the statements and proofs of the results, along with some comments on how they
might be extended.

The variable exponent Lebesgue space is defined in the spirit of Orlicz spaces.
The definition is the following: Le€2 c R" be openand lep : Q — [1, ) be a
measurable bounded function, called tzgiable exponenon Q. We define the
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variable exponent Lebesgue spad¥(Q) to consist of all measurable functions
u: Q — R for whichgp,(u) = [, u(X)[P¥ dx < co. We define the_uxemburg
normon this space by

Ullpy = inf{A > 0 2 oy (U/2) < 1.

Notice that if p happens to be a constant function the we get exactly the classical
Lebesgue space. Variable exponent Lebesgue spad@swrere introduced in
1991 by O. KowcCik and J. Rikosnk [11], although the one-dimensional case had
been considered already earlier, starting with W. Orlicz [14] in 1931.

Variable exponent Lebesgue and Sobolev spaces have been intensely investi-
gated in the last couple of years. One of the major advances occurred in the study
of the Hardy-Littlewood maximal operator. Recall that the maximal operator is
defined for a locally integrable functianas

Mu = sup lu(x)| dx,
>0

IB(X, Nl Jexn
whereB(x, r) denotes a ball centeredatvith radiusr.

L. Diening [2] was first to prove a local boundedness result undeloie-
rithmic Holder continuitycondition on the exponem(x):

— < -
IP(X) — p(Y)I < “Togix—yl
for a constan€ and|x—y| < 1/2. By an example of L. Pick and M.{Ricka [15]
this condition is essentially optimal. Subsequently D. Cruz-Uribe, A. Fiorenza
and C. J. Neugebauer [1] and A. Nekvinda [12] proved global boundedness re-
sults for the maximal operator. Although the conditions for global estimates are
not superfluous, they are also not strictly speaking necessary, see [13]. Recently,
L. Diening has derived some new results on the boundedness of the maximal op-
erator in more general Orlicz—Musielak spaces [3] and P. Harjuleht@d$® Bnd
M. Pere have investigated the maximal operator on variable exponent Lebesgue
spaces on metric measure spaces [7]. Progress with the maximal operators has in
turn led to investigations of potential-type operators and singular integrals (e.g.,
L. Diening and M. Rizicka [4] and V. Kokilasvili and S. Samko [10]).

The purpose of the present note is to establish much weaker conditions under
which the maximal operator is still minimally regular. More precisely, we are
interested in the question of when

1) IMullz < Cllullp,
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for all functions in variable exponent Lebesgue spdd¥4Q). This weakening
can in some sense be seen as an analogue to the studypfRtincae inequal-
ities in fixed-exponent Sobolev spaces on metric measure spaces which do not
support ordinaryd, g)—Poincaé inequalities (see e.g., [5] or [8]).

Let us recall some basic facts about the maximal operator in classical (fixed-
exponent) Lebesgue spaces.qlt> 1, then||Mullq < Cljullq for all u € LY(€).
However, forg = 1 this is not true. Instead takesL® to weaki?, i.e.

|tx e @: Mu(x) > )| < Ellulls.
The spacé. logL(Q) is defined as those functions for which the norm

Ju(x)|

lUllLiog = inf {/l >0: LKJ)' Iog(2+ T)dxg 1}

is finite. It is known that the maximal operator takel®g L locally to L%, i.e.
IMull1 < lullLiogL

providedQ is bounded. For a proof of these results see e.g. Sections .1 and .5 in
[16].

With this in mind we take a closer look at (1). The first thing to notice about
the inequality is that it is trivial if the variable exponemis bounded away from
1 andQ is a bounded domain. For in this case we have

IMullz < CliIMUllp- < Cllullp- < C[lullpg)

wherep™ is the infimum ofp. Here we have used that variable exponent Lebesgue
spaces satisfy the usual inclusion relation, &i*)(Q) c L99(Q) for bounded? if
and only if p(x) > g(x) almost everywhere. The case whéré unbounded leads
to problems similar to those of the global versions of the boundedness results of
the maximal operator, which were discussed above, and will not be considered
here. We can, however, profitably study the case wbres 1. In this case D.
Cruz-Uribe, A. Fiorenza and C. J. Neugebauer [1, Theorem 1.7] have shown that
the maximal operator is virtually never bounded fraf% to itself, so we really
need a lower exponent on the target space.

We will give both necessary andffigient conditions for (1) to hold in reason-
ably regular bounded domains. For instance, we show that (1) holdsfithe
exponentp is locally bounded away from 1 and satisfies

log log(1/d(x, 02)) N O(Iog log(1/d(x, 6(2)))
log(1/d(x, 09)) log(1/d(x, 09))

(2) pxX) =1+ (1 +e¢
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near the boundary, for a fixed > 0. On the other hand, (1) does not hold if
this equation is satisfied far < 0. Unfortunately we are not able to tell what
happens wher = 0, although presumably one has to look at lower order terms
to determine this. The results, although apparently optimal to the first order, are
based on simple point-wise estimates.

It is of interest to note that the condition (2) is almost precisely the same as
that given in [6] for the continuity and boundedness of Sobolev functions. More
precisely, if we change the first 1 in (2) to anthen we get the condition of [6].
This result is based on estimating the capacity of a variable exponent capacity,
and is as such quite fierent from the approach in this paper. Another interesting
remark is that in the study of variable exponent spaces the conditiop k oo
from the classical setting translates into

1 < essinfp(x) < esssup(X) < oo.

Such is the case for instance for reflexivity of Lebesgue spaces (see [11]). Itis
therefore interesting to see that this is not always the case. As far as the author
knows, the results in the present paper are the first in which the classical condition
1 < ptranslates into k p(x) for almost every (plus a growth condition).

Let us state some conventions before moving on to the results.

Notation

For x € R"andr > 0 we denote byB(x, r) the open ball with centex and radius
r. By Q we always denote a non-empty open subs&"aind bys(x) the distance
of x to the boundary of2. We denote by, an innerr-neighborhood of the
boundary:Q, = {x e Q: §(x) < r}.

We useu < vto mean that there exists some constamdependent ofi and
v for whichu < Cv. The notatioru ~ v means thati < vandv < u. We use the
little- o notation to mean a term going to zero faster than its argument€ @(x)
means that the second term decreases fastexthsx — 0, so for instance+ x?
would do.

Since we often need to control the extreme values of the exponent we define
forD c Q

Pp = essinfq p(X) and pj = esssup(x).
XeQ

We also use the shorthand notation= p, andp* = pj. We say thap locally
bounded away frort if p, > 1 for every compact subsitof Q.

The results
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Recall the following simple inequalities relating the norm and the modular in vari-
able exponent spaces. They are easily derived directly from the definitions:

min {opo W)Y, ppo (WY} < llulley < max{opn )P, ppo )P},

Theorem 1. LetQ c R" be a bounded domain and suppose there exists a constant
C; > Osuch that
1Qs] < C16

for all 6 > 0. Suppose also that'p< . If p is locally bounded away frorhand
satisfies the inequality

loglog(1/6(¥) O(|09 |09(1/5(X)))
log(1/5(x)) log(1/5(x))

for smalls(x) and some fixee > 0, then [PV(Q) — LlogL(Q) and M: LPO(Q) —
L1(Q) is bounded.

p(xX) > 1+ (1+e¢)

Notice that the assumption on the domain in the theorem is satisfied for in-
stance ifQ is a Lipschitz domain.

Proof. The claim of the theorem is that

lulliog < NlUllpe)

for everyu e LPO(Q). Since this equation is homogeneous, ifises to consider
the caseélull,) = 1. So we need to show thil| g < 1. This is easily seen to
be equivalent to showing that

f lu(x)[log(2 + Ju(x))) dx < 1.

Let us choose a compact getc R" lying in Q such that

log, log,(1/5(x))
log,(1/6(x))

for x € Q\ K for somee > 0 (possibly smaller than in the statement of the
theorem). Lek > 2 be an integer such that

p(X) > 1+ (1+e€)

log, k L€
k ~3(1+¢)
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SetK” = KU (Q\ Qu«). ThenK’ is also compact, and so we hagg > 1 by
assumption. Thus we find that

| u9itog(z + 9 ox

A

f max 1, Ju(x)|P«} dx

IA

f max( L, ju(x)|P®} dx
Q]+ ppy(U) = 19 + 1.

IA

Therefore the integral ovéd’ is bounded by a constant independentighnd so
it remains to estimate the integral oen K’.
For integers > k we define

A=\ Qi = {xeQ: 27 <§(x) <2}

so thatjA| < C,:2%'. Suppose thai(x) < p(X) is another variable exponent. Then

f lu(x)|%0dx < f max(1, u(X)|PO}dx < [Q\ K| + ppey ().
Q\K’

Q\K’

Thus we see that it $ices to show that
f [u(x)[log(2 + [u(X)]) dx < f u(x)|%d x
Q\K’ Q\K/

in order to prove the claim. We will do this for the expongnthich is defined by

q(x) = 1+ (1 + €)%
onA fori=kk+1,...
The proof of the remaining estimate is based on dividing the function into
small and large parts. L& c A be the set whergi(X)| < 2'/i. Then

log(2+ 2'/i®) 2C,;
= <

f|u(x)||og(2+|u(x)|)dxsf%log(2+i2—;)dxs 2C,
E i

Let E = U;E;. Using the previous inequality, we find that
> 2C
flu(x)| log(2+ Ju(x)|) dx < Z =2 < 0.
E x|

Therefore we need not worry about the points whef®)| < 2'/iS.
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For the moment we fix > k and denote
a=(1+¢€)log,(i)/i.

Notice that by our assumption dowe have & < €. We will prove that for
z> 2'/i® we have the inequality

Z > log(2+ 2.
We start by showing thait(z) = 2 — log(2 + 2) is increasing:
f'(9=aZ'-1/2+2>a?*-1/z

To show thatf’(z) > 0 it sufices to show thaaz > 1, and, taking the smallest
value ofz, a2 > %, Using the expression faron the left-hand-side, this reduces
to

(1 + 6) Iogz(i)2(1+e) log,(i) > i1+3a.

Throwing away the first two terms from the left-hand-side (which are greater than
1), we get the sflicient inequalityi*** > i3, which is equivalent to our assump-
tion 3a < e. Thereforef is increasing, and it $lices to check that(2'/i%) > 0:

(2i/i3)(1+e) log,(i)/i > |Og(2+ 2|/|3)

Sincei > 2, we have 2r 2'/i® < 2'. Therefore it is enough to show thiat<i—32 >
ilog 2. Again we see that the conditioa 3 € sufices.
Using the inequality derived in the previous paragraph we easily conclude that

IA

f lu(x)| log(2 + |u(x)[) dx f [u(X)|u(x)| ) 1%/ igx
Q\(KUE) Q\(KUE)

f u()|*dx < 12 + ppiy(U).
Q\(KUE)

Thereforeu € LlogL, which by classical theory implies tha#t: LPO(Q) —
L1(Q) is bounded for a bounded @t |

The next theorem uses a standard example to show that filneesut growth
condition of the previous theorem is nearly optimal.
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Theorem 2. LetQ c R" be a bounded domain and suppose there exists a constant
C; > Osuch that
e6 <10 < C16

for all 6 > 0. Suppose also that> 0 is such that
loglog(1/5(x)) o(log log(l/é(X)))_
log(1/6(x)) log(1/6(x))
Then [PY(Q) ¢ LlogL(Q) and M: LPY(Q) — L(Q) is not bounded.
Proof. Since we need to construct a counter-example, we can restict our attention

to a neighborhood of the boundary by settu{g) = 0 outside our neighborhood.
Specifically, letk c Q be compact ifR" such that

log, log,(1/5(X))
log,(1/6(X))

pxX) <1+ (1-¢

p(x) <1+ (1-¢)

for somee > 0 and everyx € Q \ K.

As in the previous theorem, we defide = Qx-i \ Q,i. We fix integers
k > log,(2/61) andl > log,(2C?). Consider a set dfconsecutive indices greater
thank, sayj,..., j +|— 1. Suppose thaty| < C,2"' for all these indices. Then

&2 <1 il <Al + .+ Al + Q2] < C271T + C 270

Hence

I
a<d-C2'<20,

This means that in any set btonsecutive indices larger th&rthere is at least
one for which|A;| > 27'/(4C;). We can thus choose a skbf indices greater than
k with the following two properties:
1. for everymthere is an element is betweerk + Im andk + I(m + 1),
2. |A| > 27'/(4C,) for everyi € J.
Let us define _
g =1+ (1- €)%

forxe A, i = k k+1,.... By the monotony of the norm [11, Theorem 2.8], we
find that||ullp.) < llUllg, for everyu e LPO(Q) which equals 0 oK. Therefore it
sufices to construct a functiame L%)(Q) which equals 0 oK and which does
not belong td_log L(Q?). Let y; denote the characteristic function&fand define
the functionu: Q — R by

(&9

ux = > (9.

i=k



The maximal operator in Lebesgue spaces with variable exponent near 1 9

We start by showing that ¢ L log L(Q2). We calculate

Zfﬁ—;|og(2+$—;)dx
i=k YA

1 «log2+2) 1 «i/2
D e IR

1 ied ied

f u(x) log(2 + u(x)) dx

But the last sum is clearly divergent, sog LlogL. To show thau € L% we
observe that

f lu(x)|9®dx
Q

Zf(iz_zi)q(x)dXZZ(iz_zi)1+(1—e)|ogz(i)/ifdx
i=k VA i—k A

2C12 i2_2‘i1—ei—2(1—e)logz(i)/i2—i - 2C; Z j~1-e-2(1-9)logy()/i - o
i=k i=k

IA

Thusu € L99(Q) c LPY and so we have shown thiat®) ¢ LlogL. In particular
this implies thatM: LP0 — L' is not bounded. i

We can use the previous theorems also in the case \phgn= 1 at some
points in the domain.

Corollary 3. LetQ be an open set and:[f2 — [1, ) be a variable exponent.
LetE={xeQ: p(X) =1}andQ)’ = Q\ E.

If E is closed,|E|] = 0 and Q' satisfies the conditions of Theorem 1, then
LPO(Q) — LlogL(Q).

If E is closed,|E| = 0 and Q' satisfies the conditions of Theorem 2, then
LPO(Q) # LlogL(Q).

If [E| > 0, then IPY(Q) ¢ LlogL(Q).

Proof. Suppose first thaE| > 0. Letxy € E be a Lebesgue point &, i.e. a point

such that E 1 Bx.)
- Xo, I
lim ———— =
=0 |B(Xo, 1)l
(Almost every point oE is a Lebesgue point (e.g. [16, Proposition 1.2.1]), so such

anxg exists.) Then the standard example times the characteristic functen of

1
= x= xolllog(Ix - xo)I2**

u(x)
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belongs toL'(Q) (and hence td.PV(Q)) but not toL logL(Q). The calculations
are similar to those in Theorem 2 and are thus omitted.

SinceLPO(Q) andLPO(Q \ E) are isometric as Banach spaces (and similarly
for LlogL), the claims whetE| = O are clear. |

Remark4. Suppose thap is bounded away from 1 except in neighborhoods of a
single point inQ (say the origin). Then one can argue similarly to what was done
in the proofs of the previous theorems to show that

1+ eloglog(Y/Ix) O(Iog Iog(l/lxl))
n  log(l/Ix) log(1/1x))

is a necessary-) or suficient (+) condition for the boundedness of the maximal
operator. Based on this one might conjecture that the critical growth ratevioh
setE = {xe Q: p(x) = 1} is

p(x) =1+

l+e loglog(l/d(x, E))
n—dimy(E) log(1/d(x,E)) ’

p(x) =1+

where dim,(E) denotes the Hausdédimension ofE.
Remarks. The order of growth

log log(1/1x))
log(1/Ix))
also appeared in [9], an article presenting a counter-example to density of smooth
functions in variable exponent Sobolev space. Therefore it seems that this type of

growth, which is just slightly greater than allowed by logarithmialdier continu-
ity, is also of general importance in variable exponent spaces.
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