
On Simplicity and Truth:
A case study in the theory of large cardinals

Joan Bagaria

Crossing Worlds: Mathematical logic, philosophy, art - An
interdisciplinary meeting in honor of Juliette Kennedy

Helsinki
3-4 June 2016



By Set Theory we shall mean here the first-order theory of the
set-theoretic universe V.



The axioms of Zermelo-Fraenkel with Choice (ZFC)

I Extensionality: If two sets A and B have the same
elements, then they are equal.

I Power Set: For every set A there exists a set, called the
power set of A, whose elements are all the subsets of A.

I Union: For every set A, there exists a set, called the union
of A, whose elements are all the elements of the elements of
A.

I Infinity: There exists an infinite set.
I Separation: For every set A and every given property,

there is a set containing exactly the elements of A that
have that property. A property is given by a formula ϕ of
the first-order language of set theory.



The axioms of Zermelo-Fraenkel with Choice (ZFC)

I Replacement: For every given definable function with
domain a set A, there is a set whose elements are all the
values of the function.

I Foundation: Every non-empty set A contains an element
such that no element of A belongs to it.

I Choice: For every set A of pairwise-disjoint non-empty
sets, there exists a set that contains exactly one element
from each set in A.



Set Theory as the foundation of Mathematics

Set theory has become the standard foundation for
mathematics, as every theorem of mathematics can be logically
deduced in the Predicate Calculus from the axioms of ZFC.

By Gödel’s incompleteness theorem, if ZFC is consistent, then
it is incomplete. That is, there are sentences in the language of
set theory that are independent of ZFC, i.e., can neither be
proved nor disproved from ZFC.



Axioms beyond ZFC

Empirical fact

Every statement of the language of set theory that is
independent of ZFC is equiconsistent either with ZFC or with
ZFC plus a large cardinal axiom.

Question

What is a large cardinal axiom?

Informal answer: It is an assertion of the existence of a
cardinal (or some set) having some properties that make it very
large, and whose existence cannot be proved in ZFC.



Example I: Inaccessible cardinals

An infinite cardinal κ is called inaccessible if it is uncountable,
regular (i.e., it cannot be reached from below in less than
κ-many steps), and a strong limit (i.e., 2λ < κ, for every
cardinal λ < κ).

One cannot prove in ZFC that inaccessible cardinals exist,
because if κ is inaccessible, then Vκ is a model of ZFC.



Example II: Measurable cardinals
A cardinal κ is measurable if there is a κ-complete
non-principal ultrafilter over κ. (Ulam 1931)

Equivalently, if there is an elementary embedding j : V →M, M
transitive, with critical point κ. (Scott 1961)



Example III: Supercompact cardinals
A cardinal κ is supercompact if, for every λ > κ there exists an
elementary embedding j : V →M, M transitive, with critical
point κ, and such that j(κ) > λ and M is closed under
λ-sequences. (Solovay-Reinhardt, late 1960’s)



Example IV: Vopeňka’s Principle (VP)

Vopeňka’s Principle asserts that here is no rigid proper class of
graphs. (Vopeňka 1940)

Equivalently, for every proper class of structures C of the same
type, there exist distinct M and N in C and an elementary
embedding j : N→M.



Example V: 0] exists

0
] exists if and only if there exists a (unique) well-founded

remarkable Ehrenfeucht-Mostowski set. (Silver 1966)

Equivalently, if and only if there exists a non-trivial elementary
embedding j : L→ L. (Kunen 1970)



Example VI: Remarkable cardinals
A cardinal κ is remarkable iff for all regular cardinals θ > κ and
for every a ∈ H(θ) there are M, N, π, �κ, σ, and �θ such that the
following hold:
1. M and N are countable and transitive,
2. π :M→ H(θ) is an elementary embedding,
3. a is in the range of π,
4. π(�κ) = κ,
5. σ :M→ N is an elementary embedding with crit(σ) = �κ,
6. �θ =M ∩OR is a regular cardinal in N,
7. σ(�κ) > �θ, and
8. M = H(�θ)N, i.e., M ∈ N and N |= \M = {x : |TC(x)| < �θ}".

(Schindler 2000)

Equivalently, if for every regular cardinal λ > κ, there is a
regular cardinal �λ < κ such that in VColl(ω,<κ) there is an
elementary embedding j : HV�λ → HVλ with j(crit(j)) = κ.
(Schindler 2014)



On Simplicity and Truth

Questions

I Are these axioms true?

I Do their simpler equivalent formulations provide
evidence of their being true?

I Does the fact that some of them fit into a general form,
e.g., the existence of certain non-trivial elementary
embeddings, make them more plausible (i.e., likely
true)?



The Copernican vs. the Ptolemaic system

Illustration from Nicolaus Copernicus’ De revolutionibus
orbium coelestium (1543).



The Copernican vs. the Ptolemaic system

Pages from a 1550 edition of Johannes de Sacrobosco’s
Tractatus de Sphaera, based on Ptolemaeus’ Almagest.



[...] the ratio of order in which these bodies succeed one another
and the harmony of the whole world teaches us their truth, if
only – as they say – we would look at the thing with both eyes.

[...] in this ordering we find that the world has a wonderful
commensurability and that there is a sure bond of harmony for
the movement and magnitude of the orbital circles such as
cannot be found in any other way.1

1Copernicus, N. (2002). On the revolutions of the heavenly spheres (S.
Hawking, Ed., with commentary; C. G. Wallis, Trans.). Philadelphia &
London: Running Press. (Translation of De revolutionibus orbium
coelestium, Nuremberg: Johann Petreius, 1543)



Copernicus’ arguments [in favor of the heliocentric system] are
not pragmatic. They appeal, if at all, not to the utilitarian
sense of the practicing astronomer but to his aesthetic sense and
to that alone. They had no appeal to laymen, who, even when
they understood the arguments, were unwilling to substitute
minor celestial harmonies for major terrestrial discord. They
did not necessarily appeal to astronomers, for the harmonies to
which Copernicus’ arguments pointed did not enable the
astronomer to perform his job better. New harmonies did not
increase accuracy or simplicity. Therefore they could and did
appeal primarily to that limited and perhaps irrational group of
mathematical astronomers whose Neoplatonic ear for
mathematical harmonies could not be obstructed by page after
page of complex mathematics leading finally to numerical
predictions scarcely better than those they had known before.2

2Thomas S. Kuhn (1957). The Copernican Revolution: Planetary
Astronomy in the Development of Western Thought. Harvard University
Press.



The move[s] from the Ptolemaic model to the Copernican
model [...] involved a reduction in the number of epicycles and
free parameters postulated. Since these are both reductions in
theoretical apparatus, rather than reductions in the number of
objects (or kinds of objects) postulated in the world, this
amounts in each case to an increase in elegance [i.e., the
number and conciseness of the theory’s basic principles] rather
than in parsimony [i.e., the number of kinds of entities
postulated by the theory].3

3Alan Baker (2010). Simplicity. In SEP.



[...] the old hypotheses simply do not account for a number of
outstanding features. For instance, they do not give the reasons
for the number, extent, and time of the retrogressions, and why
they agree precisely, as they do, with the positions and mean
motion of the Sun. On all these points, as a magnificent order
is shown by Copernicus, the cause must necessarily be found in
it.4

4Kepler, J. (1981). The secret of the universe (A. M. Duncan, Trans.;
with notes by E. J. Aiton). New York: Abaris Books. (Translation of
Mysterium cosmographicum; first published Tübingen: Georgius
Gruppenbachius, 1596)



[...] one of the important differences between the Copernican
and Ptolemaic systems is that the Copernican system, together
with observations, imposes more constraints on which planetary
models can be constructed than the Ptolemaic, at least when
considered qualitatively. This is a different notion of simplicity
than comparing the number of circles used.5

5Martens, R. (2009). Harmony and simplicity: aesthetic virtues and the
rise of testability. Studies in History and Philosophy of Science 40 (2009)
258 – 266



If a heliocentric theory is not inherently more accurate, what
advantages does it offer? There are in fact two major
advantages. First, the heliocentric theory explains a weird
connection between the motion of the Sun and the motions of
the planets. [...] The second major advantage of the
Sun-centered theory is that it makes the system of the planets a
true system, with a manifest order and coherence. In particular,
it allows us to fix the relative sizes of the planets’ orbits. In
ancient planetary astronomy, the system for each planet is
logically independent.6

6Evans, J. (1998). The History and practice of Ancient Astronomy.
Oxford Univ. Press. New York, Oxford.



A unifying principle in the theory of large cardinals:
Structural Reflection

Structural reflection (SR)

For every definable (in the first-order language of set theory)
class of structures C, there exists κ such that κ reflects C, i.e.,
for every A in C there exists B in C ∩ Vκ and an elementary
embedding from B into A.

Fact
SR for Σ1-definable classes of structures is provable in ZFC.



Stronger forms of Structural Reflection
Theorem (M. Magidor, J.B.)

The following are equivalent:
1. SR for Σ2-definable classes of structures.
2. There exists a supercompact cardinal.

Theorem
The following are equivalent:
1. SR for Σ3-definable classes of structures.
2. There exists an extendible cardinal.

Theorem
The following are equivalent:
1. SR for all definable classes of structures.
2. Vopeňka’s Principle.



SR relativized to an inner model

If M is an inner model of ZFC, we may consider SR for classes
of structures that are definable in M. (Note: the elementary
embeddings may not be in M.)

Theorem
The following are equivalent:
1. SR for classes of structures definable in L.
2. 0

] exists.



Generic Structural Reflection

Generic Structural Reflection (GSR)

For every definable (in the first-order language of set theory,
with parameters) class of structures C, there exists κ such that
κ generically reflects C, i.e., for every A in C there exists B in
C ∩ Vκ such that in VColl(ω,B) there is an elementary
embedding from B into A.

Thus, GSR says: SR holds for classes of structures definable in
V, but the witnessing elementary embeddings may only exist in
some generic extension of V.



GSR and remarkable cardinals

Theorem (J. B., V. Gitman, and R. Schindler, 2015)

1. If κ is a remarkable cardinal, then GSR holds for all
Σ2-definable classes of structures.

2. If GSR holds for all Σ2-definable classes of structures,
then either there is a remarkable cardinal, or there is a
transitive model of ZFC with a proper class of
remarkable cardinals.

Corollary

The following are equiconsistent:
1. GSR for all Σ2-definable classes of structures.
2. There exists a remarkable cardinal.



A Conjecture (aiming to become a Definition)

Conjecture

Every large cardinal axiom is equivalent to some form of SR.





Happy Birthday!
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