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Abstract

A sentence of IF-logic is nondetermined in a model if neither player
has a winning strategy in the two-player semantic game on that model.
It is well-known that there are sentences1 of IF-logic that are nonde-
termined in every model with at least two elements. In fact, only the
first-order definable sentences of IF-logic are determined in all mod-
els.2 Thus every non first-order IF-sentence is nondetermined in some
models. In this paper we take a closer look at some familiar examples
of sentences of IF-logic and models in which they are determined. It
turns out that if we want to use the familiar examples of IF-sentences
to characterize well-known mathematical structures, we observe that
the relevant IF-sentences are nondetermined in exactly the standard

∗This paper is based on a talk in the seminar “Logic and games” of Rohit Parikh in the
Graduate Center of CUNY, July 2001. The author is indebted to Professor Parikh for the
invitation and for his comments. The paper was written while the author was visiting the
Philosophy Department of Princeton University in July 2005, and the author is indebted
to Professor John Burgess for interesting comments on the paper.

†Research partially supported by grant 40734 of the Academy of Finland.
1E.g. ∀x∃y/x(x = y).
2Skolemization yields two disjoint Σ1

1-classes (see Fact 1) from model classes definable
by a determined sentence φ of IF-logic and its dual (see later for a definition of dual).
Craig Interpolation Theorem gives a first-order sentence φ′ separating these two model
classes, and φ′ gives a first-order definition of φ.

1



models. This raises the question of what the game-theoretical inter-
pretation of these sentences tells us, if neither player has a winning
strategy in the standard, i.e. intended, models. We consider also
classes of structures with some standardness property and make a
similar observation.

1 Introduction

By IF-logic we mean the extension of first-order logic3, introduced in [?], in
which quantifiers of the form

∃x/y1, ..., ynφ

∀x/y1, ..., ynφ

are allowed. For player II to win the semantic game associated with these
formulas she has to have a winning strategy in the ordinary sense and in
addition, if the game is played again and players have played similarly apart
from the elements y1, ..., yn, then II has played the same element x. A similar
restriction concerns winning strategies of player I. We write M |= φ, and say
that φ is true in M (or M is a model of φ) and that φ has a model, if player
II has a winning strategy in the associated semantical game. An IF-sentence
is said to be valid if φ is true in every model. For the complexity of testing
the validity of an IF-sentence, see [?].

A crucial property of IF-logic is its close relationship with Σ1
1-sentences

of second-order logic. A Σ1
1-sentence has the form

∃R1...∃Rnφ,

where R1, ..., Rn are relation variables and φ is first-order. The relationship
we use is

Fact 1 (The Σ1
1-reduction) If φ is a sentence of IF-logic, then there is a

Σ1
1-sentence Φ such that for all models M we have

M |= φ ⇐⇒ M |= Φ.

The converse is also true by [?, ?].

3We assume first-order logic formulated so that negation is allowed only in front of
atomic formulas, and the logical operations are ∨, ∧, ∃, ∀.
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An immediate consequence of Fact 1 and the Compactness Theorem of
first-order logic, is the following fact, which we use in an essential way:

Fact 2 (The Compactness Theorem) Suppose L is an arbitrary vocabu-
lary and Σ any set of sentences of IF-logic in the vocabulary of L. If every
finite subset of Σ has a model, then Σ itself has a model.

Another immediate consequence of Fact 1 is:

Fact 3 (The Löwenheim-Skolem Theorem) Suppose L is an arbitrary
vocabulary and φ any sentence of IF-logic in the vocabulary of L. If φ has
an infinite model or arbitrary large finite models, then φ has models of all
infinite cardinalities.

We say that an IF-sentence φ is determined in the model M if one of the
players has a winning strategy in the semantic game on φ and M. The dual
φ̃ of an IF-sentence φ is defined as follows:

φ̃ = ¬φ if φ atomic

¬̃φ = φ if φ atomic

˜(φ ∨ ψ) = φ̃ ∧ ψ̃

˜(φ ∧ ψ) = φ̃ ∨ ψ̃

∃̃x/~yφ = ∀x/~yφ̃

∀̃x/~yφ = ∃x/~yφ̃

It follows from the definitions that

II has a winning strategy in the semantic game on φ and M
if and only if

I has a winning strategy in the semantic game on φ̃ and M
Thus the determinacy of an IF-sentence φ in a model M means the same
as the truth of φ ∨ φ̃ in M, i.e. that either φ or its dual is true in M.
John Burgess [?] has pointed out that the dual operation is not a semantical
operation in the sense that there are IF-sentences φ and ψ which have the
same models but their duals do not have the same models.
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2 IF-characterizable structures

The truth of a first-order sentence in a modelM can be characterized in many
important cases by means of validity in IF-logic. For example, suppose M
is any of the following models:

(N, +, ·, 0, 1, <) The standard model of arithmetic.

(P(N),N,∈, +, ·, 0, 1, <) The standard model of second-order arithmetic.

(R, +,×, 0, 1, <) The ordered field of real numbers.

(Q, +,×, 0, 1) The field of rational numbers (We use Julia Robinson’s defi-
nition of the integers in this field [?]).

(Rn, +, 0;R, +,×, 0, 1, <; ·) The Euclidean vector space Rn as a two-
sorted structure (the last operation · is
the operation of multiplying a vector by a
scalar).

(ω,<) The order-type of (standard) natural numbers.

(Vω,∈) The smallest level of cumulative hierarchy of sets that is a model of
Zermelo’s set theory (The cumulative hierarchy is defined as follows:
V0 = ∅, Vα+1 = P(Vα), Vν =

⋃
α<ν Vα for limit ν.)

(Vκ,∈) The smallest level of cumulative hierarchy of sets, where κ is
strongly inaccessible. A very natural standard model of Zermelo-
Fraenkel’s axioms for set theory.

Then there is an IF-sentence φ such that for all N we have4

N |= φ ⇐⇒ N �M.

Naturally there are many different φ with this property. Let us call all such
φ IF-characterizations of M. Note that, for every first-order (or IF) ψ we
have

M |= ψ ⇐⇒ |= φ ∨ ψ.

Thus to decide whetherM |= ψ all we have to do is study the validity of φ∨ψ
in IF-logic for our favorite characterization φ of M. This gives a reduction

4We may ask why we did not define an IF-sentence φ to be an IF-characterization of
M if we have for all N : N |= φ ⇐⇒ N ∼= M. But then there would be no infinite
IF-characterizable models, an immediate consequence of Fact 2.
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of truth in a structure to validity in IF-logic, emphasized strongly in [?]. The
usefulness of this reduction is diminished by the high complexity of validity
in IF-logic (It is Π2-complete, see [?] for details).

Theorem 1 Suppose M is an infinite model with an IF-characterization φ.
Then φ is nondetermined in exactly the models isomorphic to M.

Proof. Suppose N �M. Then N |= φ, so φ is determined in N . On the
other hand, suppose N ∼= M. Then II does not have a winning strategy in
the semantic game on φ and N . Let us suppose I has. That means N |= φ̃.

Since N ∼= M, N is an infinite model. By Fact 2, there is N ′ |= φ̃ of
cardinality > |M|. Thus N ′ �M, whence N ′ |= φ. But this is impossible,

since N ′ |= φ̃. Thus neither player has a winning strategy in the semantic
game on φ and N . The theorem is proved. 2

We have shown that in the case of the standard infinite structures any IF-
characterization of the structure is bound to be nondetermined, and moreover
exactly in the very structure that we have characterized. This is not affected
by the choice of the characterizing IF-sentence.

Not all familiar mathematical structures are IF-characterizable. We give
below three examples:

Lemma 1 The following structures do not have an IF-characterization:

(C, +,×, 0, 1) The field of complex numbers

(Q, <) The order-type of rational numbers.

(Z, +) The abelian group of integers.

Proof. M = (Q, <): Since there are infinite models N ≡ M (i.e. N is
elementarily equivalent to M) with N � M, there are dense order-types
N |= φ without endpoints. By Fact 3 there is one of cardinality ℵ0. Thus
N ∼= (Q, <). This contradicts N |= φ.

M = (C, +,×, 0, 1): Since there are infinite N ≡M with N �M, there
are algebraically closed fields N |= φ of characteristic zero. By Fact 3 there is
one of cardinality 2ω. By 2ω-categoricity of the theory of algebraically closed
fields of characteristic zero, N ∼= (C, +,×, 0, 1). This contradicts N |= φ.
2

By the Π2-completeness of the set of Gödel-numbers of valid IF-sentences,
([?, Theorem 1]), truth in almost any structure can be reduced by some

5



recursive function to validity in IF-logic. In particular this concerns any
mathematical structure first-order definable in (Vω,∈). For any such M
there is a recursive function f mapping a first-order sentence to IF-sentences
such that for all ψ:

M |= ψ ⇐⇒ |= f(ψ).

3 IF-characterizable classes of structures

We now extend the discussion on nondeterminacy and characterizations by
IF sentences from single structures to classes of structures. By Fact 1, IF-
definable model classes are exactly the Σ1

1-definable model classes. In line
with the previous section we investigate, not definability of model classes but
characterizability of truth in a model class. Truth of φ in a class K, K |= φ,
means truth of φ in every member of K. The truth of a first-order sentence
in all members of a model class K can be characterized in some important
cases by means of validity in IF-logic. For example, suppose M is any of the
following model classes:

K<ℵ0 The class of finite structures of a fixed vocabulary L

K<ℵ0
abel The class of finite abelian groups

Kc
< The class of complete infinite dense order-types (M,<)

Kwf The class of infinite well-orderings

Kst The class of transitive models (M,∈) of ZFCn (i.e. of a large
finite part of the ZFC axioms)

Kcof
>ℵ0

The class of well-ordered order-types of cofinality > ℵ0

Kcd
>ℵ0

The class of well-ordered order-types of cardinality > ℵ0

K∈ The class of levels of the cumulative hierarchy that are models
of a fixed large finite part of ZFC

Kcd The class of order-types of cardinal numbers

KIC The class of order-types of inaccessible cardinal numbers

Then there is an IF-sentence φ such that for all N we have

N |= φ ⇐⇒ N /∈ K,
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in other words, K is Π1
1-definable. Naturally there are many different φ with

this property. Let us call all such φ IF-characterizations of K. Note that,
for every first-order (or even IF) ψ we have

K |= ψ ⇐⇒ |= φ ∨ ψ.

Thus to decide whether K |= ψ all we have to do is study the validity of
φ ∨ ψ in IF-logic for our favorite characterization φ of K.

Let us call a model class K Σ1
1-thin if it does not contain any Σ1

1-class
that has an infinite element or for each n an element with universe of size at
least n. All the above classes are Σ1

1-thin.

Theorem 2 Suppose K is a Σ1
1-thin model class consisting of infinite or

arbitrary large finite models, with an IF-characterization φ. Then there is
a finite number N such that for models of size ≥ N , φ is nondetermined in
exactly the models in K.

Proof. Suppose N /∈ K. Then N |= φ, so φ is determined in N . On the
other hand, suppose N ∈ K is infinite. Then II does not have a winning
strategy in the semantic game on φ and N . Let us suppose I has. That
means N |= φ̃. Let K ′ be the class of models of φ̃. Now K ′ is a Σ1

1-class
with an infinite element. By the Σ1

1-thinness of K, there is N ′ ∈ K ′ \K. But

this is impossible, since then N ′ |= φ̃∧ φ. Thus neither player has a winning
strategy in in the semantic game on φ and N . Let us then consider the finite
N ∈ K. Still II does not have a winning strategy in the semantic game on
φ and N . Let us suppose I has a winning strategy in arbitrarily large such
N . Let K ′ be the class of models of φ̃. Now K ′ is a Σ1

1-class with arbitrarily
large finite models. By the Σ1

1-thinness of K, there is N ′ ∈ K ′ \K. But this

is impossible, since then N ′ |= φ̃ ∧ φ. Thus there is a finite number N such
that for models of size ≥ N the sentence φ is nondetermined in exactly the
models in K. 2

We have shown that in the case of the standard classes of mathematical
structures any IF-characterization of the class is bound to be nondetermined,
apart from some finite number of finite structures, and moreover exactly in
the very class of structures we have characterized.

Lemma 2 The following classes do not have an IF-characterization:

Kℵ0 The class of countable models of a fixed vocabulary L
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K<κ The class of models of size < κ of vocabulary L

Knwf The class of non-well-founded models (M,E)

Proof. K = Kℵ0 : Since there are infinite N /∈ K, there are N |= φ of
cardinality ℵ0. This contradicts the very definition of φ.

K = Knwf: Since there are infinite N /∈ K, there are non-well-founded
N |= φ. This contradicts the very definition of φ. 2
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