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Extension

Same relation on all universes?

If quantifiers are seen as relations (or functions) on each universe, we can
ask if it shouldn’t be the same relation on every universe?

The question is somewhat vague, but seems to make some sense.

It would have been more difficult to arrive at this question if quantifiers are
classes of models. In fact, the question only arose (in this form) when
quantifiers started to be used in formal semantics (van Benthem).

For example, consider

QM(A,B) ⇐⇒ 13 ∈ M

Q is 1M when 13 ∈ M, and 0M otherwise. It surely isn’t the same on all
universes.

Or take

blikM =

{
someM if |M| ≥ 12
allM if |M| < 12

Again, not the same on all universes.

The following property attempts to capture the idea of being the same on all
universes (sometimes called universe independence).
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Extension

Extension

Recall that a quantifier Q of type 〈n1, . . . , nk〉 is a k-ary second-order
relation QM on every M.

Definition
Q satisfies extension (Ext) iff whenever M ⊆ M ′ and Ri ⊆ Mni ,

QM(R1, . . . ,Rk) ⇐⇒ QM′(R1, . . . ,Rk)

That is, just extending the universe ‘changes nothing’.

Fact

(a) All type 〈1, 1〉 quantifiers we have seen so far (except the two
counter-examples just mentioned) are Ext.

(b) Qrel is always Ext.

(c) Ia is always Ext.

(d) QA is Ext if Q is Ext.

(e) Ext is preserved under Boolean operations, but not inner negation.

Check!
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Extension

Recapitulation: some type 〈1, 1〉 quantifiers

From Aristotle:
allM(A,B) ⇐⇒ A ⊆ B
someM(A,B) ⇐⇒ A ∩ B 6= ∅
noM(A,B) ⇐⇒ A ∩ B = ∅

From model theory:
IM(A,B) ⇐⇒ |A| = |B| (the Härtig quantifier)
moreM(A,B) ⇐⇒ |A| > |B|

From natural language:
between two and fiveM(A,B) ⇐⇒ 2 ≤ |A ∩ B| ≤ 5
finitely manyM(A,B) ⇐⇒ A ∩ B is finite
all but at most threeM(A,B) ⇐⇒ |A− B| ≤ 3
mostM(A,B) ⇐⇒ |A ∩ B| > |A− B|
more than p/q of theM(A,B) ⇐⇒ |A ∩ B|/|A| > p/q
the tenM(A,B) ⇐⇒ |A| = 10 & A ⊆ B
no except JohnM(A,B) ⇐⇒ A ∩ B = {j}
Mary’sM(A,B) ⇐⇒ ∅ 6= {b∈A : R(m, b)} ⊆ B (R(x , y) iff x ‘owns’ y)
at least two of every girl’sM(A,B) ⇐⇒ girl ∩ {a : ∃b∈A R(a, b)} ⊆ {a :
|{b∈A : R(a, b)}∩B| ≥ 2}
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Extension

Recapitulation: some type 〈1〉 quantifiers

From logic:

∀M(B) ⇐⇒ B = M (‘everything’)

∃M(B) ⇐⇒ B 6= ∅ (‘something’)

(∃≥5)M(B) ⇐⇒ |B| ≥ 5 (‘at least 5 things’)

(Qℵ0)M(B) ⇐⇒ B is infinite

(Qℵ1)M(B) ⇐⇒ B is uncountable

(Qeven)M(B) ⇐⇒ |B| is even

(QR)M(B) ⇐⇒ |B| > |M − B| (the Rescher quantifier)

Proper names (Montagovian individuals):

(Ia)M(B) ⇐⇒ a ∈ B

NP denotations:

(threeA)M(B) ⇐⇒ |A ∩ B| = 3

(mostA)M(B) ⇐⇒ |A ∩ B| > |A− B|
5 of 23



Extension

Ext as a linguistic universal?

Besides artificial examples, natural language quantifiers that are not Ext
include those involving a logical constant thing that always denotes the
universe: ∀ (‘everything’), QR (‘most things’), . . . .

∀ is co-Ext (its inner negation is Ext), but QR is neither Ext nor co-Ext.

Intuitively, ∀ and QR are still ‘the same’ on every universe, in contrast with
blik above.

We could turn the observation about thing into a possible linguistic
universal: All natural language quantifier expressions not involving thing

are Ext (PW ch. 4.5.3).

But since non-Ext quantifiers are so easily definable from Ext ones (using
inner negation), it makes no sense to require Ext in general.

It might still be a correct linguistic universal that all lexical quantifier
expressions in natural languages denote Ext quantifiers (then everything

must be seen as composed from every and thing).
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Extension

More about Ext

All quantifiers are logically definable from Ext ones. This is clear for type
〈1〉,

QM(B) ⇐⇒ (Qrel)M(M,B),

but holds for any type. [Check]

Ext is crucial when checking that NL quantifier expressions that involve
non-logical words (John’s, every but Mary, three students, . . . ) can
be taken to denote global quantifiers (PW ch. 3.5).

Likewise in the context of so-called definite Dets and NPs (PW ch. 4.6).

Ext plays a role for possessive quantifiers, in particular for when a type 〈1〉
quantifier Q can be decomposed: Q = (Q1)A for some (suitable) type 〈1, 1〉
quantifier Q1 and some set A. (Some facts in PW, but see W-hl,
‘Decomposing generalized quantifiers’, Review of Symbolic Logic 1 (2008),
355–371.) We come back to this in Lecture 4.

Ext is equivalent to a well-known property of safety of database queries
(PW ch. 3.4.2).
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Conservativity

Conservativity

While Ext applies to all quantifiers, conservativity is about those who
identify a noun argument (or several) that restricts the domain of
quantification. For type 〈1, 1〉:

Definition

Q is conservative (Conserv) iff for all M and all A,B ⊆ M;

QM(A,B) ⇐⇒ QM(A,A ∩ B)

One checks that all Det denotations so far are Conserv, in contrast with
some type 〈1, 1〉 quantifiers found in logic, like the Härtig quantifier.

This is more than an empirical fact. Note first the apparent a priori
character of the following equivalence:

(1) Q As are B
(2) Q As are As that are B
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Conservativity

Domain restriction

Second, Conserv and Ext together explain the domain restricting
function of Dets:

Fact

Q is Conserv and Ext iff it is the relativization of some type 〈1〉 quantifier. In
fact, the mapping ·rel is a bijection from the class of all type 〈1〉 quantifiers to the
class of Conserv and Ext type 〈1, 1〉 quantifiers, that preserves Boolean
operations (also inner negation), monotonicity (later), and Isom (later).

Prove this.

In other words, we find that the typical syntactic position of the Det —
belonging to the same constituent as the N but not to the VP constituent
— corresponds to a precise semantic property.

So we have used a tool from logic — relativization — to isolate a feature of
natural languages that has no counterpart in standard logical languages.

NB We claim that all Det denotations are Conserv and Ext quantifiers;
not conversely! (E.g. DM(A,B) ⇐⇒ |A ∩ B| divides |A|.)
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Symmetry

Symmetry

Aristotle noted that two of the quantifiers in the square are convertible, or,
as we would say now, symmetric:

Definition
Q is symmetric (Symm) iff for all M and all A,B ⊆ M;

QM(A,B) ⇒ QM(B,A)

1 some, no, at least four, exactly six, an even number of, no but John
are symmetric (as is the Härtig quantifier).

2 all, all but three, every but John are co-symmetric (the inner negation
is symmetric).

3 most, more than two-thirds of are neither symmetric nor co-symmetric.

A closely related (but more general) property:

Definition
Q is intersective (Int) iff for all M and all A,B,A′,B ′ ⊆ M;

If A ∩ B = A′ ∩ B ′, then QM(A,B) ⇐⇒ QM(A′,B ′).

I.e. only A ∩ B ‘matters’ for whether QM(A,B) holds or not.
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are symmetric (as is the Härtig quantifier).

2 all, all but three, every but John are co-symmetric (the inner negation
is symmetric).

3 most, more than two-thirds of are neither symmetric nor co-symmetric.

A closely related (but more general) property:

Definition
Q is intersective (Int) iff for all M and all A,B,A′,B ′ ⊆ M;

If A ∩ B = A′ ∩ B ′, then QM(A,B) ⇐⇒ QM(A′,B ′).

I.e. only A ∩ B ‘matters’ for whether QM(A,B) holds or not.
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Symmetry

A useful picture

A∩BA−B
B−A

M−(A∪B)

M

Ext says that M − (A ∪ B) is irrelevant to Q.

Conserv says that B − A is irrelevant. Note that Conserv is equivalent
to

A ∩ B = A′ ∩ B ′ and A− B = A′ − B ′ , then QM(A,B)⇔ QM(A′,B ′).

Int says that A− B is also irrelevant.
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Symmetry

Symmetry, cont.

Here is how Symm and Int relate:

Fact

Under Conserv, Symm and Int are equivalent.

Check.

What property of type 〈1〉 quantifiers does Symm correspond to under the
bijection ·rel ? The answer is revealing:

Fact

For Q of type 〈1〉: Qrel is Symm iff Q is Ext.
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Symmetry

Proof that Q rel is Symm iff Q is Ext

Proof.

Suppose Qrel is symmetric. If B ⊆ M,M ′:

QM(B) ⇐⇒ Qrel
M (M,B) [using def.]

⇐⇒ Qrel
M (B,M) [Symm]

⇐⇒ Qrel
B (B,B) [Qrel is Conserv and Ext]

⇐⇒ Qrel
M′(B,M ′)

⇐⇒ Qrel
M′(M ′,B)

⇐⇒ QM′(B)

Thus, Q satisfies Ext. Conversely, suppose Q is Ext and A,B ⊆ M:

Qrel
M (A,B) ⇐⇒ QA(A ∩ B) [def.]

⇐⇒ QA(B ∩ A)

⇐⇒ QB(B ∩ A) [Ext]

⇐⇒ Qrel
M (B,A)
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Isomorphism Closure

Isomorphism closure

Logicians usually require that generalized quantifiers, as classes of models,
are closed under isomorphism (Isom).

For monadic quantifiers (second-order relations between sets) this is
equivalent to a cardinality requirement on the sets involved.

In the type 〈1, 1〉 case, recall that 4 sets are involved:

A∩BA−B
B−A

M−(A∪B)

M

Isom1 If f : (M,A,B) ∼= (M ′,A′,B ′), then QM(A,B)⇔ QM′(A′,B ′).

Isom2 If |A−B| = |A′−B ′|, |A∩B| = |A′∩B ′|, |B−A| = |B ′−A′|, and
|M − (A∪B)| = |M ′ − (A′∪B ′)|, then QM(A,B)⇔ QM′(A′,B ′).
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Isomorphism Closure

Permutation closure

A weaker condition restricts attention to one universe. We get Perm1 and
Perm2 by letting M ′ = M in Isom1 and Isom1.

‘Perm’ stands for permutation closure. A permutation f of M is a bijection
from M to M, which induces an isomorphism from (M,A,B) to
(M, f (A), f (B)), i.e. an automorphism.

A quantifier which is ∃M if 13 ∈ M and ∀M otherwise, is Perm but not
Isom.

Some (Tarski, Sher) take Isom (or Perm) to be the criterion of logicality.
Most theorists think it is only a necessary condition.

Ext removes the difference:

Fact

Under Ext, Isom and Perm are equivalent (for quantifiers of any type).
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Isomorphism Closure

Monadic Isom quantifiers as relations between numbers

Easily:

Fact

Isom1 and Isom2 are equivalent.

An Isom type 〈1, 1〉 quantifier can be seen as a relation between 4 cardinals.

Assuming also Conserv and Ext, it is a relation between 2 cardinals:

Q(m, n)⇔ ∃M ∃A,B⊆M s.t. |A−B| = m, |A∩B| = n, and QM(A,B)

Also, under Isom, a type 〈1〉 quantifier is a relation between 2 cardinals:

Q(m, n)⇔ ∃M ∃B⊆M s.t. |M−B| = m, |B| = n, and QM(B)

Recall that Q 7→ Qrel which is Conserv and Ext.

Fact

If Q is Isom, Q and Qrel are the same binary relation between numbers.
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Isomorphism Closure

Examples

∀(m, n) ⇐⇒ ∀rel(m, n) ⇐⇒ every(m, n) ⇐⇒ m = 0

∃(m, n) ⇐⇒ some(m, n) ⇐⇒ n 6= 0

¬∃(m, n) ⇐⇒ no(m, n) ⇐⇒ n = 0

∃≤5(m, n) ⇐⇒ at most five(m, n) ⇐⇒ n ≤ 5

Qeven(m, n) ⇐⇒ an even number of (m, n) ⇐⇒ n is even

QR(m, n) ⇐⇒ most(m, n) ⇐⇒ n > m

If we restrict attention to finite universes (Fin), m, n are natural numbers.

Then Isom type 〈1〉 quantifiers, or Conserv, Ext, and Isom type 〈1, 1〉
quantifiers, have a perspicuous graphic representation.
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The Number Triangle

The number triangle

The number triangle is just N2 rotated 135 degrees:

(0,0)

(1,0) (0,1)

(2,0) (1,1) (0,2)

(3,0) (2,1) (1,2) (0,3)

(4,0) (3,1) (2,2) (1,3) (0,4)

. . . . . . . . . . .
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The Number Triangle

The number triangle, cont.

Horizontal lines (levels) are the size of the universe M in the type 〈1〉 case, or the
size of the noun argument A in the type 〈1, 1〉 case:

|A| = n
|A ∩ B| = k
|A− B| = n−k

n

n−k

(n−k , k)

k
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The Number Triangle

Some quantifiers in the number triangle

Put a + sign on the points in Q and a − sign on the other points:

−− +− + +− + + +− + + + +− + + + + +− + + + + + +− + + + + + + +− + + + + + + + +− + + + + + + + + +. . . . . . . . . . . . . . . . . . . . .
some (or ∃)

+− +− − +− − − +− − − − +− − − − − +− − − − − − +− − − − − − − +− − − − − − − − +− − − − − − − − − +. . . . . . . . . . . . . . . . . . . . .
all (or ∀)

−− +− − +− − + +− − − + +− − − + + +− − − − + + +− − − − + + + +− − − − − + + + +− − − − − + + + + +. . . . . . . . . . . . . . . . . . . . .
most (or QR)

+
+ −

+ − +
+ − + −

+ − + − +
+ − + − + −

+ − + − + − +
+ − + − + − + −

+ − + − + − + − +
+ − + − + − + − + −. . . . . . . . . . . . . . . . . . . . .

an-even-number-of (or Qeven)
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The Number Triangle

Uses of the number triangle

The number triangle (introduced in this context by Johan van Benthem) is
very useful for

1 representing familiar quantifiers

2 finding examples of quantifiers corresponding to certain patterns

3 finding examples of quantifiers with certain properties

4 illustrating properties of quantifiers, such as monotonicity

5 finding and proving results about quantifiers

Note that the number triangle presupposes Isom. But it happens that a
result discovered in the number triangle in fact holds for arbitrary Conserv
quantifiers (we will see examples).

But not always. Although monotonicity properties for Isom quantifiers are
spectacularly well representable in the number triangle (next lecture), these
insights do not transfer to the monotonicity properties of possessive
quantifiers, which are quite intricate, although possessive quantifiers are not
Isom (PW ch. 7.13).
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The Number Triangle

An example: refuting a conjecture

An example of (2), “finding examples of quantifiers corresponding to certain
patterns”: Are there NL expressions (Dets) denoting the following quantifiers?

−− −− − −− − − −− − − − −− − − − − −− − − − + + +− − − − − − − −− − − − − − − − −− − − − − − − − − −. . . . . . . . . . . . . . . . . . . . .

−− −− − −− − − −− − − − −− − − − − −− − − − + + +− − − − + + + +− − − − + + + + +− − − − + + + + + +. . . . . . . . . . . . . . . . . . . . .

Answer:

at least four of the six

and
at least four of the six or more

(This refutes the conjecture (U3) made i Väänänen and W-hl, ‘On the expressive

power of monotone natural language quantifiers over finite models’, JPL 31

(2002), 327–358.)
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The Number Triangle

Another example

As another example, consider the question of whether quantifers of the form at
least k of the n or more are ever symmetric.

The answer can be read off directly in the number triangle: it is exactly when
n = k:

−− −− − −− − − −− − − − +− − − − + +− − − − + + +− − − − + + + +− − − − + + + + +− − − − + + + + + +. . . . . . . . . . . . . . . . . . . . .

at least four of the four or more

(This becomes relevant for the much studied problem of characterizing the
quantifiers that work in so-called existential there sentences; PW ch. 6.3.)
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