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Monotonicity in General

Monotonicity in general

Monotonicity may occur whenever you have an n-ary function f from one
partially ordered set (X ,≤1) to another, (Y ,≤2):

Definition

f is monotone or increasing in the kth argument iff

xk ≤1 x ′k ⇒ f (x1, . . . , xk−1, xk , xk+1, . . . , xn) ≤2

f (x1, . . . , xk−1, x ′k , xk+1, . . . , xn).

Monotone functions are well-behaved in many ways. Example:

Theorem (Knaster-Tarski Theorem)

Let f be a unary monotone function from (X ,≤) to itself, where (X ,≤) has a
smallest element and there is some y s.t. f (y) ≤ y. Then f has a fixed point (i.e.
an x s.t. f (x) = x).

For n-ary (generalized) quantifiers, the order on the left is set inclusion, and
the order on the right is implication, or, if you will, the natural order in the
set of truth values {0, 1}.
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Monotonicity for Quantifiers

Monotonicity for quantifiers

We exemplify with the type 〈1, 1〉 case, since it allows some convenient
notation, and concerns Det denotations, but the definitions extend mutatis
mutandis to any quantifier.

Definition
Q is right (monotone) decreasing, written Mon ↑, iff for all M and all
A,B,B ′ ⊆ M,

QM(A,B) & B ⊆ B ′ ⇒ QM(A,B ′)

Analogously for right (monotone) increasing, i.e. Mon ↓, and for the left variants,
↑Mon and ↓Mon.

Right monotonicity concerns the VP argument, and is preserved when we fix
the noun argument, i.e. for the type 〈1〉 NP denotations. More precisely, in
terms of the bijection ·rel between type 〈1〉 quantifiers and Conserv and
Ext type 〈1, 1〉 quantifiers:

Fact
A type 〈1〉 quantifier Q is increasing (decreasing) iff Qrel is Mon ↑ (Mon ↓).

3 of 28



Monotonicity for Quantifiers

Monotonicity for quantifiers

We exemplify with the type 〈1, 1〉 case, since it allows some convenient
notation, and concerns Det denotations, but the definitions extend mutatis
mutandis to any quantifier.

Definition
Q is right (monotone) decreasing, written Mon ↑, iff for all M and all
A,B,B ′ ⊆ M,

QM(A,B) & B ⊆ B ′ ⇒ QM(A,B ′)

Analogously for right (monotone) increasing, i.e. Mon ↓, and for the left variants,
↑Mon and ↓Mon.

Right monotonicity concerns the VP argument, and is preserved when we fix
the noun argument, i.e. for the type 〈1〉 NP denotations. More precisely, in
terms of the bijection ·rel between type 〈1〉 quantifiers and Conserv and
Ext type 〈1, 1〉 quantifiers:

Fact
A type 〈1〉 quantifier Q is increasing (decreasing) iff Qrel is Mon ↑ (Mon ↓).

3 of 28



Monotonicity for Quantifiers

Right vs. left monotonicity

What properties of type 〈1〉 quantifiers does left monotonicity correspond to?

This is less obvious. Since the noun argument has its domain-restricting role
for Det denotations, right and left monotonicity are quite different.

This shows up also in that right monotonicity is much more common:

Right increasing Dets:
all, every, a, some, several, the, both, at least four, more than ten, all
but at most five, infinitely many, all but finitely many, most (all the
proportional determiners), John’s, Mary’s ten, most children’s, some
teachers’, the eight, at least four of the seven

Right decreasing Dets:
no, not all, at most three, fewer than eleven, finitely many, at most half
of the, neither John’s nor Mary’s, no students’, at most one of the ten

Neither:
exactly five, all but nine, some but not all, at least two and no more
than ten, either fewer than five or else more than a hundred, an odd
number of, between twenty and forty percent of the, exactly two
students’, exactly five of the ten, no but John, every except Mary
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Monotonicity for Quantifiers

Right vs. left monotonicity, cont.

The left case:

Left increasing Dets, also called persistent:
a, some, several, not all, at least four, more than ten, infinitely many,
some of John’s

Left decreasing Dets, also called antipersistent:
all, every, no, at most three, fewer than eleven, finitely many, all but at
most five, all but finitely many, no students’

Neither:
the, both, exactly five, all but nine, some but not all, at least two and
no more than ten, either fewer than five or else more than a hundred,
an odd number of, between twenty and forty percent of the, most,
more than two thirds of the, the eight, John’s, exactly two students’, at
least four of the seven, no but John, every except Mary
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Monotonicity for Quantifiers

Right vs. left monotonicity, cont.

The striking difference between left and right monotonicity for Det
denotations is further illustrated by the following two results.

Let Var say that for each A 6= ∅, Q(A,B) and ¬Q(A,B ′) for some B,B ′.

Proposition (van Benthem)
Under Fin, the only left monotone quantifiers satisfying Conserv, Ext, Isom,
and Var, are the four quantifiers in square(all), i.e., all, some, no, and not all.

The difference concerns also expressive power.

Proposition
Under Fin, left monotone quantifiers satisfying Conserv, Ext, and Isom, are
first-order definable.

The proofs of both results are easy if one uses the number triangle.

No similar results hold for right monotonicity.

No similar contrast between left and right monotonicity exists for arbitrary
type 〈1, 1〉 quantifiers.
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Monotonicity for Quantifiers

Monotonicity and negation

The monotonicity behavior of Q determines (and is determined by) the
behavior of all the other quantifiers in square(Q):

Fact
Q is Mon ↑ iff ¬Q is Mon ↓

iff Q¬ is Mon ↓
iff Qd is Mon ↑

Q is ↑Mon iff ¬Q is ↓Mon

iff Q¬ is ↑Mon

iff Qd is ↓Mon

Similarly (with reversed arrows) for the downward monotone case.

This means that when discussing monotonicity, one can often focus on one
case (increasing or decreasing), and the others follow automatically.

7 of 28



Monotonicity for Quantifiers

Monotonicity and negation

The monotonicity behavior of Q determines (and is determined by) the
behavior of all the other quantifiers in square(Q):

Fact
Q is Mon ↑ iff ¬Q is Mon ↓

iff Q¬ is Mon ↓
iff Qd is Mon ↑

Q is ↑Mon iff ¬Q is ↓Mon

iff Q¬ is ↑Mon

iff Qd is ↓Mon

Similarly (with reversed arrows) for the downward monotone case.

This means that when discussing monotonicity, one can often focus on one
case (increasing or decreasing), and the others follow automatically.

7 of 28



Monotonicity in the Number Triangle

Right monotonicity in the number triangle

Recall that the number triangle illustrates — on finite universes — both
Isom type 〈1〉 quantifiers, and Conserv, Ext, and Isom type 〈1, 1〉
quantifiers.

First, observe that right increasing (decreasing) (and thus increasing and
decreasing in the type 〈1〉 case), means that you can move to the right (left)
on the same level and still stay in the quantifier:

That is: Q(m, k) & m 6= 0 ⇒ Q(m − 1, k + 1)

Similarly in the decreasing case.

For example, since some(k,m)⇔ m > 0, and all(k,m)⇔ k = 0, you see
directly in the triangle that they are Mon↑.
Likewise for at least five.

Likewise for most or, more generally, more than p/q of the.
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Monotonicity in the Number Triangle

Right monotonicity in the number triangle, cont.

This illustrates that Mon↑ means that, at each level n:

either there is a smallest k such that Q(n − k , k), and all points to the
right are in Q, or

no point at level n is in Q.

Let f (n) = k in the first case, f (n) = n + 1 in the second case.

Then f in fact defines Q:

Q(m, k) ⇐⇒ k ≥ f (m + k), or

Q(A,B) ⇐⇒ |A ∩ B| ≥ f (|A|)

Conversely, every Conserv, Ext, and Isom type 〈1, 1〉 quantifier which is
Mon↑ is determined by some such f .

Notation: Qf for the increasing type 〈1〉 quantifier determined by f . So the
corresponding Mon↑ type 〈1, 1〉 quantifier is (Qf )rel.

E.g. ∃ is determined by f (n) = 1, all n, and ∀ by f (n) = n, all n.

Likewise, QR , or most, is determined by f (n) = smallest number > n/2.
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Monotonicity in the Number Triangle

Left monotonicity in the number triangle

One checks that ↑Mon is the following property of Q:

Q(m, k) ⇒ Q(m + 1, k) and Q(m, k + 1)

which we picture as follows:

Similarly, ↓Mon is:
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Monotonicity in the Number Triangle

Applications

Now it becomes easy to prove the two propositions about left monotonicity
mentioned earlier.

For example, suppose Q (assumed to be Conserv, Ext, and Isom) is
↑Mon.

Each point in Q determines a downward triangle.

So Q is a union of downward triangles.

We can disregard Q-triangles included in some other Q-triangle. Call the
remaining ones basic.

But it is clear that there can be only finitely many basic downward triangles
for Q. (This is the combinatorial argument required. It is related to the
so-called Dickson’s Lemma (1913), but is intuitively clear in the number
triangle.)

Clearly, each basic triangle is definable in FO. Therefore, a finite disjunction
of basic triangles is also FO-definable.

So Q is first-order definable. 2
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Monotonicity in the Number Triangle

Applications, cont.

Further, we can now see what property of type 〈1〉 quantifiers corresponds to
↑Mon and ↓Mon under the bijection ·rel: Just look in the number triangle!

This correspondence holds under the assumptions of Isom and Fin. But as
we now know what it is, we can see if holds also without those assumptions.

That it does is the content of the next result:

Proposition
Let Q be any type 〈1〉 quantifier. The following are equivalent:

(a) Qrel is ↑Mon.
(b) Q has the following two properties:

(i) QM(A) &M ⊆ M ′ ⇒ QM′(A)
(ii) QM(A) &M ⊆ M ′ & A′ ⊆ M ′ &M−A = M ′−A′ ⇒ QM′(A′)

Analogously for the ↓Mon case.

Properties (i) and (ii) are found by translating ‘moving along the two
arrows’ (the two edges of the downward triangle) in the number triangle.

The proof is not completely trivial (p. 200), but without the diagram in the
number triangle, it would have been hard to come up with (i) and (ii).
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Fine-structure of Monotonicity Properties

Six basic monotonicity properties

The number triangle also helps isolate six basic monotonicity properties,
from which all the others are built.

Again the diagram presupposes Isom and Fin, but the properties are fully
general (in the type 〈1, 1〉 case, they make sense for arbitrary Conserv and
Ext quantifiers).

The first two properties are just Mon↑ and Mon↓; we already know what
these amount to in general, for type 〈1〉 and type 〈1, 1〉 quantifiers.

The others correspond to the four directions parallel to the sides of the
number triangle. We use compass directions to name them. Thus:

↑SEMon:

type 〈1, 1〉: QM(A,B) & A⊆A′⊆M & A−B = A′−B ⇒ QM(A′,B)

type 〈1〉: QM(A) & M ⊆ M ′ & A′ ⊆ M ′ & M−A = M ′−A′ ⇒ QM′(A′)
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Fine-structure of Monotonicity Properties

Six basic monotonicity properties, cont.

↑SWMon:

type 〈1, 1〉: QM(A,B) & A⊆A′⊆M & A∩B = A′∩B ⇒ QM(A′,B)

type 〈1〉: QM(A) & M ⊆ M ′ ⇒ QM′(A)

↓NEMon:

type 〈1, 1〉: QM(A,B) & A′⊆A & A∩B = A′∩B ⇒ QM(A′,B)

type 〈1〉: QM(A) & A ⊆ M ′ ⊆ M ⇒ QM′(A)
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Fine-structure of Monotonicity Properties

Six basic monotonicity properties, cont.

Finally, ↓NWMon:

type 〈1, 1〉: QM(A,B) & A′ ⊆ A & A−B = A′−B ⇒ QM(A′,B)

type 〈1〉: QM(A) & A′ ⊆ M ′ ⊆ M & M−A = M ′−A′ ⇒ QM′(A′)

Thus, in the number triangle: ↑Mon = ↑SEMon + ↑SWMon.

But in fact something stronger holds:

Fact
For any conservative quantifier:

(a) ↑Mon = ↑SEMon + ↑SWMon

(b) ↓Mon = ↓NEMon + ↓NWMon

15 of 28
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Fine-structure of Monotonicity Properties

Symmetry as monotonicity

There are also new notable combinations of the basic properties.

First, observe that symmetry, i.e. (for Conserv and Ext quantifiers),
intersectivity, which says that only A ∩ B — in the Isom case, only |A ∩ B|
— matters for the truth value of Q(A,B), means that if some point in the
number triangle is in Q, so are all the points on the same (SW – NW) line.

Thus symmetry amounts to ↑SWMon + ↓NWMon. Again, this holds
without the extra assumptions:

Fact

A Conserv quantifier is symmetric iff it satisfies ↑SWMon and ↓NEMon.
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Fine-structure of Monotonicity Properties

Proof of the fact

Proof.

First, note (Lecture 2) that under Conserv, symmetry is equivalent to the
property:

(1) QM(A,B) ⇐⇒ QM(A ∩ B,A ∩ B)

It is easy to verify that this property entails both ↑SWMon and ↓NEMon.

Now suppose Q has these two properties, and that QM(A,B). Then
QM(A ∩ B,B) by ↓NEMon, so QM(A ∩ B,A ∩ B) by Conserv. Similarly,
QM(A ∩ B,A ∩ B) implies QM(A,B), by ↑SWMon and Conserv.
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Smooth Quantifiers

Smooth quantifiers

The following strengthening of right monotonicity turns out to be
interesting:

Definition

A quantifier is smooth if it is both ↑SEMon and ↓NEMon.

It is immediate in the number triangle that smoothness implies Mon↑, but
again this holds under much weaker conditions:

Fact

Any Conserv and smooth quantifier is right increasing.

18 of 28



Smooth Quantifiers

Smooth quantifiers

The following strengthening of right monotonicity turns out to be
interesting:

Definition

A quantifier is smooth if it is both ↑SEMon and ↓NEMon.

It is immediate in the number triangle that smoothness implies Mon↑, but
again this holds under much weaker conditions:

Fact

Any Conserv and smooth quantifier is right increasing.

18 of 28



Smooth Quantifiers

Smooth quantifiers, cont.

Under Fin and Isom, every smooth quantifier is of the form Qf (or Qrel
f ),

for some f , just because it is (right) increasing.

In fact, smoothness corresponds to f being particularly well behaved.

First, let a monotonicity function be a function f from N to N such that
f (n) ≤ n + 1 for all n.

Define

f d(n) = n − f (n) + 1

Then

Fact

If f is a monotonicity function, so is f d, and Qf d = (Qf )d (Qrel
f d = (Qrel

f )d).

Now we get the following informative characterization of smoothness:
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If f is a monotonicity function, so is f d, and Qf d = (Qf )d (Qrel
f d = (Qrel

f )d).

Now we get the following informative characterization of smoothness:
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Smooth Quantifiers

Characterizing smooth quantifiers

We consider the type 〈1, 1〉 case:

Proposition
(Fin) If Q is a Conserv, Ext, and Isom type 〈1, 1〉 quantifier, the following
are equivalent:

(a) Q is smooth.

(b) Q is of the form Qrel
f , for some monotonicity function f with the property

that for all n,

f (n) ≤ f (n + 1) ≤ f (n) + 1

In this case, f too is called smooth.

(c) Q is of the form Qrel
f , for some monotonicity function f such that both f

and f d are increasing.

Corollary
Smoothness is preserved under taking duals.
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Smooth Quantifiers

Smooth quantifiers, cont.

Smoothness was first noted (van Benthem) in another context, defined as in
(b) of the Proposition. It describes a very regular pattern of f (n) going
down the triangle: either it stays the same or increases by 1.

NB There are uncountably many infinite branches of this form in the
triangle, and hence uncountably many smooth quantifiers (even under Fin).

By contrast, there are only countably many left monotone (Conserv, Ext,
and Isom) quantifiers under Fin, since they are all first-order definable in a
language with two non-logical symbols, and there are only countably many
such sentences.

21 of 28



Smooth Quantifiers

Smooth quantifiers, cont.

Smoothness was first noted (van Benthem) in another context, defined as in
(b) of the Proposition. It describes a very regular pattern of f (n) going
down the triangle: either it stays the same or increases by 1.

NB There are uncountably many infinite branches of this form in the
triangle, and hence uncountably many smooth quantifiers (even under Fin).

By contrast, there are only countably many left monotone (Conserv, Ext,
and Isom) quantifiers under Fin, since they are all first-order definable in a
language with two non-logical symbols, and there are only countably many
such sentences.

21 of 28



Smooth Quantifiers

Smooth quantifiers, cont.

Smoothness was first noted (van Benthem) in another context, defined as in
(b) of the Proposition. It describes a very regular pattern of f (n) going
down the triangle: either it stays the same or increases by 1.

NB There are uncountably many infinite branches of this form in the
triangle, and hence uncountably many smooth quantifiers (even under Fin).

By contrast, there are only countably many left monotone (Conserv, Ext,
and Isom) quantifiers under Fin, since they are all first-order definable in a
language with two non-logical symbols, and there are only countably many
such sentences.

21 of 28



Smooth Quantifiers

Proportional quantifiers

Define, for 0 < p < q, the quantifiers (p/q) and [p/q] (assuming Fin):

(p/q)M(A,B) ⇐⇒ |A ∩ B| > p/q · |A|
[p/q]M(A,B) ⇐⇒ |A ∩ B| ≥ p/q · |A|

Call these the (basic) proportional quantifiers. Clearly they are Conserv,
Ext, and Isom, and e.g. most = (1/2).

NB This is as in PW. It is nicer (Keenan) to let proportionality be the
following more general property:

(2) If |A ∩ B|/|A| = |A′ ∩ B ′|/|A′|, then Q(A,B)⇔ Q(A′,B ′).

A little calculation shows the following

Fact

(a) (p/q)d = [q−p/q]

(b) Proportionality (as in (2)) is preserved under Boolean operations.

(c) The basic proportional quantifiers are smooth.
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Smooth Quantifiers

A too quick generalization

One notes that the usual examples of right increasing natural language
quantifiers in fact have the stronger property of smoothness.

But to conjecture (as Väänänen and Westerst̊ahl did . . . ) that this holds in
general is too quick, since the following pattern in the number triangle is a
Det denotation but not smooth:

−− −− − −− − − −− − − − −− − − − − −− − − − + + +− − − − + + + +− − − − + + + + +− − − − + + + + + +. . . . . . . . . . . . . . . . . . . . .

at least four of the six or more

23 of 28



Smooth Quantifiers

A too quick generalization

One notes that the usual examples of right increasing natural language
quantifiers in fact have the stronger property of smoothness.

But to conjecture (as Väänänen and Westerst̊ahl did . . . ) that this holds in
general is too quick, since the following pattern in the number triangle is a
Det denotation but not smooth:

−− −− − −− − − −− − − − −− − − − − −− − − − + + +− − − − + + + +− − − − + + + + +− − − − + + + + + +. . . . . . . . . . . . . . . . . . . . .

at least four of the six or more

23 of 28



Smooth Quantifiers

A too quick generalization

One notes that the usual examples of right increasing natural language
quantifiers in fact have the stronger property of smoothness.

But to conjecture (as Väänänen and Westerst̊ahl did . . . ) that this holds in
general is too quick, since the following pattern in the number triangle is a
Det denotation but not smooth:

−− −− − −− − − −− − − − −− − − − − −− − − − + + +− − − − + + + +− − − − + + + + +− − − − + + + + + +. . . . . . . . . . . . . . . . . . . . .

at least four of the six or more

23 of 28



Smooth Quantifiers

Two curious inferences

Keenan observed that proportional quantifiers exhibit valid inference
patterns that are not completely obvious:

(3) Between one-third and two-thirds of the students passed the exam
Hence: Between one-third and two-thirds of the students didn’t pass the exam

This is due to the behavior of the basic proportionals, and negations and
duals in general:

Fact

If Q = [p/q] ∧ ¬(q−p/q), then Q¬ = Q.

Proof.
Q¬ = [p/q]¬ ∧ (¬(q−p/q))¬

= ¬[p/q]d ∧ (q−p/q)d

= ¬(q−p/q) ∧ [p/q]

= Q
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Smooth Quantifiers

Second inference

Here is the second inference:

(4) More than two-thirds of the students passed the exam
At least one-third of the students are athletes

Hence: At least one student who is an athlete passed the exam

Thus:

(5) (p/q)(A,B)
[q−p/q](A,C )

Hence: some(A,B ∩ C )

This time, contrary to first appearances, the pattern has nothing to do with
proportionality, only with (right) monotonicity:

Proposition

If Q is Conserv, the inference scheme

Q(A,B) & Qd(A,C ) ⇒ some(A,B ∩ C )

is equivalent to Mon↑.
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Smooth Quantifiers

Proof of the Proposition

Proof.

Suppose Q satisfies the inference scheme, and QM(A,B) and B ⊆ B ′ ⊆ M. We
must show QM(A,B ′).

Suppose instead ¬QM(A,B ′). Then, Qd
M(A,M − B ′). By

the scheme, A ∩ B ∩ (M − B ′) 6= ∅. In particular, B − B ′ 6= ∅, but this
contradicts B ⊆ B ′. Thus, QM(A,B ′) holds.

In the other direction, suppose Q is Mon↑, that QM(A,B) and Qd
M(A,C ) hold,

but that B ∩ C = ∅. Then B ⊆ M − C , so by Mon↑, QM(A,M − C ). Thus,
Q¬M(A,C ), but this contradicts Qd

M(A,C ). Hence, B ∩ C 6= ∅. And by
Conserv, we may assume that B,C ⊆ A, so in fact A ∩ B ∩ C 6= ∅, and the
inference scheme is valid.
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Left Anti-Additive Quantifiers

LAA quantifiers

An interesting linguistic issue is the meaning of NPs of the form

Det N and N

Sentences with these can be three-way ambiguous:

(6) Five linguists and logicians were invited to speak
(7) five(A ∩ B,C )
(8) five(A,C ) & five(B,C )
(9) five(A ∪ B,C )

The intersection/union ambiguity seems built into languages, and is resolved
by factual considerations:

(10) It was time for every wife and mother to bring her finest delicacies
(11) Five men and women from four states have been elected

When is the union reading equivalent to the conjunctive reading?

Definition
Q is left anti-additive (LAA) iff QM(A,C ) & QM(B,C ) ⇐⇒ QM(A ∪ B,C )

every and no are LAA.
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Left Anti-Additive Quantifiers

LAA quantifiers, cont.

Are there any others?

NB The left-to-right direction of LAA entails (in fact is equivalent to)
↓Mon.

So LAA is a very strong requirement:

Proposition

(Fin) The only non-trivial Conserv, Ext, and Isom quantifiers satisfying the
condition LAA are every, no, and the quantifier QM(A,B)⇔ A = ∅ (‘every and
no’).

The proof is a nice application of number triangle techniques (see notes).
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