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A Quick Tour of the Expressivity of First-order Quantifier Logics Quantifier logics

Quantifier logics

To talk about definability and expressive power we need to be precise about
formal languages with (generalized) quantifiers.

Let Q be of type 〈1, 1〉 (for example). FO(Q) is obtained by adding to the
formation rules of FO the rule

If ϕ,ψ are formulas then Qx(ϕ,ψ) is a formula,

and to the truth definition the clause

M |= Qx(ϕ(x , a), ψ(x , a)) iff QM(ϕ(x , a)M,x , (ψ(x , a)M,x),

where

ϕ(x , a)M,x = {b ∈ M :M |= ϕ(b, a)}
Compare the standard clause

M |= ∃xϕ(x , a) iff for some b ∈ M, M |= ϕ(b, a)

iff ∃M(ϕ(x , a)M,x)

Similarly for logics FO(Q1, . . . .Qn). Call these quantifier logics.
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A Quick Tour of the Expressivity of First-order Quantifier Logics Expressive power and definability

Expressive power and definability

Relative expressive power among logics is a completely natural notion:

L ≤ L′ iff for every L-sentence there is a logically equivalent L′-sentence
(one that is true in the same models).

L ≡ L′ iff L ≤ L′ and L′ ≤ L.

L < L′ iff L ≤ L′ and L′ 6≤ L.

We say that Q (still of type 〈1, 1〉, but the idea works for all types) is
definable in a (quantifier) logic L iff there is an L-sentence ψ with exactly
two non-logical symbols (both unary predicate symbols) such that

QM(A,B) ⇐⇒ (M,A,B) |= ψ

The following is easy:

Fact

FO(Q1, . . . .Qn) ≤ L iff each Qi is definable in L.
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A Quick Tour of the Expressivity of First-order Quantifier Logics Definability

Definability

Proving definability is, in principle, a finite task: when you have found a
defining sentence you are done.

Sometimes this is easy:

1 some is definable in FO:

Formally: some x(Ax ,Bx)↔ ∃x(Ax ∧ Bx) is valid.
A little less formally, we can write: someM(A,B)⇔ ∃M(A ∩ B)

2 Qℵ0 is definable in FO(I ) (where IM(A,B)⇔ |A| = |B|):

(Qℵ0)M(B)⇔ B is infinite ⇔ ∃a ∈ M IM(B,B−{a})
3 The Härtig quantifier I is definable in FO(more):

IM(A,B)⇔ ¬moreM(A,B) ∧ ¬moreM(B,A)

4 most is definable in FO(more):

mostM(A,B)⇔ moreM(A ∩ B,A−B)

5 Q is definable in FO(Qrel). If Q is Ext, FO(Qrel) ≡ FO(Q):

(Qrel)M(A,B)⇔ QA(A ∩ B)⇔ QM(A ∩ B)
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3 The Härtig quantifier I is definable in FO(more):

IM(A,B)⇔ ¬moreM(A,B) ∧ ¬moreM(B,A)

4 most is definable in FO(more):

mostM(A,B)⇔ moreM(A ∩ B,A−B)

5 Q is definable in FO(Qrel). If Q is Ext, FO(Qrel) ≡ FO(Q):

(Qrel)M(A,B)⇔ QA(A ∩ B)⇔ QM(A ∩ B)

4 of 26



A Quick Tour of the Expressivity of First-order Quantifier Logics Definability

Definability

Proving definability is, in principle, a finite task: when you have found a
defining sentence you are done.

Sometimes this is easy:

1 some is definable in FO:

Formally: some x(Ax ,Bx)↔ ∃x(Ax ∧ Bx) is valid.
A little less formally, we can write: someM(A,B)⇔ ∃M(A ∩ B)

2 Qℵ0 is definable in FO(I ) (where IM(A,B)⇔ |A| = |B|):

(Qℵ0)M(B)⇔ B is infinite ⇔ ∃a ∈ M IM(B,B−{a})
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A Quick Tour of the Expressivity of First-order Quantifier Logics Definability

Definability, cont.

Sometimes it is a little less trivial. Is more definable in FO(most)?

On finite universes we have:

moreM(A,B) ⇔ |A| > |B|(1)

⇔ |A ∩ B|+ |A−B| > |A ∩ B|+ |B−A|(2)

⇔ |A−B| > |B−A|(3)

⇔ mostM((A−B) ∪ (B−A),A−B)(4)

And on infinite universes it is not too hard to see that:

moreM(A,B) ⇔ |A−B| > |B−A| and |A−B| > |A ∩ B|(5)

Using these observations, one obtains:

Fact
more is definable in FO(most,Qℵ0); in fact, FO(more) ≡ FO(most,Qℵ0).

But sometimes finding the definition can be very non-trivial.
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A Quick Tour of the Expressivity of First-order Quantifier Logics Undefinability

Undefinability

Proving undefinability in L is, in principle, an infinite task: you must check
that none of the infinitely many L-sentences works.

We roughly sketch a method for doing this, the Ehrenfeucht-Fraissé method
(details in the notes).

Let the quantifier rank of an L-formula ϕ be the number of nestings of
quantifier symbols in ϕ. E.g.

qr(P(x , y , z) ∨ R(x)) = 0

qr(P(x , y , z) ∨ ∃xR(x)) = 1 = qr(QyP(x , y , z) ∨ ∃xR(x))

qr(Q1z(QyP(x , y , z) ∨ ∃xR(x))) = 2

Definition

M≡LM′ iff the same L-sentences are true in M and M′.

M≡Lr M′ iff the same L-sentences of quantifier rank at most r are true in
M and M′.
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A Quick Tour of the Expressivity of First-order Quantifier Logics A method

A method

A method for proving that Q is not definable in a logic L is the following:

Find an L(Q)-sentence ψ such that for every r > 0 there are two
models M,M′ such that

(i) M≡Lr M′

(ii) M |= ψ butM′ 6|= ψ.

This is enough: If Q were definable by some L-sentence, we could transform
ψ into an L-sentence ψ′ logically equivalent to ψ. If r is the quantifier rank
of ψ′, this contradicts (i) and (ii).

To use this method, one needs a way to establish (i).

Ehrenfeucht and Fraissé gave a criterion which is useful in practice and
particularly simple when M and M′ are monadic structures.

We illustrate with the type 〈1, 1〉 case.
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of ψ′, this contradicts (i) and (ii).

To use this method, one needs a way to establish (i).

Ehrenfeucht and Fraissé gave a criterion which is useful in practice and
particularly simple when M and M′ are monadic structures.

We illustrate with the type 〈1, 1〉 case.
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A Quick Tour of the Expressivity of First-order Quantifier Logics A method

A method, cont.

A∩BA−B
B−A

M−(A∪B)

M

A′∩B′A′−B′
B′−A′

M′−(A′∪B′)

M′

We compare the cardinalities not just of the 4 parts of these models, but of
the 16 possible unions that can be formed by these; call these the blocks.

Let L = FO(Q). We say that M and M′ are Lr -similar iff

(a) corresponding parts with < r elements have the same cardinality;

(b) if (roughly) X1,X2 ⊆ M and X ′1,X
′
2 ⊆ M ′ result from corresponding

blocks by ‘moving’ fewer than r elements (in the same way), then

QM(X1,X2)⇔ QM′(X ′
1,X

′
2)

Theorem (Ehrenfeucht and Fraissé)
M≡Lr M′ iff M and M′ are Lr -similar.
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A Quick Tour of the Expressivity of First-order Quantifier Logics Examples

Examples

Fact
Qeven is not FO-definable.

Proof.

For each r > 0, take

r+1 r

r r+1

M M

Only condition (a) needs to be checked, and it is trivially satisfied.

NB the extreme simplicity of this proof! And the same models show:

Fact
QR is not FO-definable.

Fact
QR is not definable in FO(Qℵ0).
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A Quick Tour of the Expressivity of First-order Quantifier Logics Examples

Examples, cont.
Fact
QR (and hence most) is not definable in FO(I ).

Proof.

4r 2r

2r 4r

M M

Fact
Qℵ0 is not definable in FO(most).

Proof.

ℵ0 3r

r r

M M′
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A Quick Tour of the Expressivity of First-order Quantifier Logics Examples

Examples, cont.

In the last proof, it takes some patience to check that Lr -similarity holds (16
cases), but it is straightforward. The next proof is a bit easier:

Proposition (Kaplan, Barwise and Cooper)

most is not definable in FO(QR).

Proof.

r r r r+1

4r 4r

M M′

A B A′ B′

This shows conclusively that Dets must denote type 〈1, 1〉 quantifiers. Type 〈1〉 is

not enough. Relativized quantifiers are often not definable in terms their

unrelativized versions.

11 of 26



A Quick Tour of the Expressivity of First-order Quantifier Logics Examples

Examples, cont.

In the last proof, it takes some patience to check that Lr -similarity holds (16
cases), but it is straightforward. The next proof is a bit easier:

Proposition (Kaplan, Barwise and Cooper)

most is not definable in FO(QR).

Proof.

r r r r+1

4r 4r

M M′

A B A′ B′

This shows conclusively that Dets must denote type 〈1, 1〉 quantifiers. Type 〈1〉 is

not enough. Relativized quantifiers are often not definable in terms their

unrelativized versions.

11 of 26



A Quick Tour of the Expressivity of First-order Quantifier Logics Examples

Examples, cont.

In the last proof, it takes some patience to check that Lr -similarity holds (16
cases), but it is straightforward. The next proof is a bit easier:

Proposition (Kaplan, Barwise and Cooper)

most is not definable in FO(QR).

Proof.

r r r r+1

4r 4r

M M′

A B A′ B′

This shows conclusively that Dets must denote type 〈1, 1〉 quantifiers. Type 〈1〉 is

not enough. Relativized quantifiers are often not definable in terms their

unrelativized versions.

11 of 26



A Quick Tour of the Expressivity of First-order Quantifier Logics Examples

Examples, cont.

These results can be strengthened (more involved uses of the EF method):

Theorem (W-hl)

(Fin) If Q is a monotone type 〈1〉 quantifier, then Qrel is definable in FO(Q) iff
Q is first-order definable.

Theorem (Kolaitis and Väänänen)

most is not definable in any logic of the form FO(Q1, . . . ,Qn), where the Qi are
of type 〈1〉.
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A Quick Tour of the Expressivity of First-order Quantifier Logics Definability from monotone quantifiers

Definability from monotone quantifiers (Fin)

Here is another illustration of the great difference in expressive power
between type 〈1〉 quantifiers and their relativizations.

Recall that increasing and Isom type 〈1〉 quantifiers have the form Qf .

Fact
Qeven is not definable from monotone type 〈1〉 quantifiers.

This follows from a characterization of the quantifiers definable from
monotone type 〈1〉 quantifiers in Väänänen (1997).

However,

Fact
Qeven is definable from a quantifier of the form (Qf )rel.

13 of 26



A Quick Tour of the Expressivity of First-order Quantifier Logics Definability from monotone quantifiers

Definability from monotone quantifiers (Fin)

Here is another illustration of the great difference in expressive power
between type 〈1〉 quantifiers and their relativizations.

Recall that increasing and Isom type 〈1〉 quantifiers have the form Qf .

Fact
Qeven is not definable from monotone type 〈1〉 quantifiers.

This follows from a characterization of the quantifiers definable from
monotone type 〈1〉 quantifiers in Väänänen (1997).

However,

Fact
Qeven is definable from a quantifier of the form (Qf )rel.

13 of 26



A Quick Tour of the Expressivity of First-order Quantifier Logics Definability from monotone quantifiers

Definability from monotone quantifiers (Fin)

Here is another illustration of the great difference in expressive power
between type 〈1〉 quantifiers and their relativizations.

Recall that increasing and Isom type 〈1〉 quantifiers have the form Qf .

Fact
Qeven is not definable from monotone type 〈1〉 quantifiers.

This follows from a characterization of the quantifiers definable from
monotone type 〈1〉 quantifiers in Väänänen (1997).

However,

Fact
Qeven is definable from a quantifier of the form (Qf )rel.

13 of 26



A Quick Tour of the Expressivity of First-order Quantifier Logics Definability from monotone quantifiers

Definability from monotone quantifiers (Fin)

Here is another illustration of the great difference in expressive power
between type 〈1〉 quantifiers and their relativizations.

Recall that increasing and Isom type 〈1〉 quantifiers have the form Qf .

Fact
Qeven is not definable from monotone type 〈1〉 quantifiers.

This follows from a characterization of the quantifiers definable from
monotone type 〈1〉 quantifiers in Väänänen (1997).

However,

Fact
Qeven is definable from a quantifier of the form (Qf )rel.

13 of 26



A Quick Tour of the Expressivity of First-order Quantifier Logics Definability from monotone quantifiers

Proof that Qeven is definable from a relativized monotone
quantifier

Proof.

Recall that

(Qrel
f )M(A,B) ⇐⇒ |A ∩ B| ≥ f (|A|)

Let

f (n) =

{
1 if n is even,
2 if n is odd

Then

(Qeven)M(A) ⇐⇒ |A| is even

⇐⇒ 1 ≥ f (|A|)
⇐⇒ A = ∅ or ∃a ∈ A(|{a}| ≥ f (|A|))

⇐⇒ A = ∅ or ∃a ∈ A (Qrel
f )M(A, {a})

⇐⇒ (M,A) |= ¬∃xA(x) ∨ ∃x(A(x) ∧ Qrel
f y(A(y), y = x))
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A Quick Tour of the Expressivity of First-order Quantifier Logics Definability from monotone quantifiers

Monotone definability, cont.

Väänänen and W-hl (2002) characterize definability from quantifiers of the
form Qrel

f , making heavy use of the number triangle.

They also show that Qeven is not definable from smooth quantifiers.

A general characterization of definability from smooth quantifiers is still
open.
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Weaker, but Complete, Syllogistic Systems (L. Moss)

Syllogisms and monotonicity

The format of inferences involving Conserv and Ext type 〈1, 1〉
quantifiers is very much like Aristotelian syllogistics.

E.g. ‘Barbara’:

(6) All monarchs are human beings
All human beings are mortal

Hence: All monarchs are mortal

This can be read as saying ‘all is Mon↑’.

(7) All monarchs are human beings
No human beings are infallible

Hence: No infallible beings are monarchs (Jevons, 1869)

This is (modulo symmetry) ‘no is Mon↓’.
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Weaker, but Complete, Syllogistic Systems (L. Moss) Syllogistic languages

Syllogistic languages

Syntax: Let X ,Y , . . . ,X1,X2, . . . be (set) variables. Sentences have the form

QXY

where Q names some type 〈1, 1〉 quantifier. Let L(Q1, . . . ,Qn) be the set of
such sentences where with quantifier symbols from Q1, . . . ,Qn.

Semantics: A model is a pair M = (M, [[·]]) where M is a set and [[·]] a
function from variables to subsets of M. The truth definition takes
quantifier symbols to have their usual meaning,

M |= QXY ⇐⇒ QM([[X ]], [[Y ]])

Thus, for example,

M |= all XY ⇐⇒ [[X ]] ⊆ [[Y ]]
M |= no XY ⇐⇒ [[X ]] ∩ [[Y ]] = ∅
M |= most XY ⇐⇒ |[[X ]] ∩ [[Y ]]| > |[[X ]]− [[Y ]]|

M |= ϕ is sometimes read ‘M is a model of ϕ’.

Logical consequence: Γ |= ϕ iff every model of (all the sentences in) Γ is a
model of ϕ.
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Weaker, but Complete, Syllogistic Systems (L. Moss) L(all)

Proofs and completeness

Since each L = L(Q1, . . . ,Qn) is a formal language with a well-defined
notion of consequence, we can ask if some formal system captures all
(completness) and only (soundness) valid consequences.

We consider formal systems whose inference rules have the form

ψ1, . . . , ψk

ϕ

where ψ1, . . . , ψk , ϕ are L-sentences, and we allow n = 0 (no premisses).

A proof tree over Γ is a finite tree whose nodes are L-sentences, such that
each node is either an element of Γ or comes from its parents by application
of one of the rules. Γ ` ϕ iff there is a proof tree over Γ in the system with
ϕ at the root.

Let Fall be the system for the language L(all) consisting of the rules:

all XY all YZ
all XZ all XX

We can now prove what “appears to be the simplest possible completeness
result of any logical system” (Moss) holds: Fall is complete.
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Proof of the completeness of Fall

Proof.

Suppose Γ 6` all XY . We must show Γ 6|= all XY .

We build a model M as follows:
M = {0} (any unit set will do), and, for any variable Z ,

[[Z ]] =

{
M if Γ ` all XZ
∅ otherwise

Then [[X ]] = M by the first rule, and [[Y ]] = ∅ by assumption, so

M 6|= all XY

Suppose all UV ∈ Γ. If M 6|= all UV , then it must be that [[U]] = M and
[[V ]] = ∅. That is, Γ ` all XU and Γ 6` all XV . But since Γ ` all UV , this in
inconsistent with the second rule. Thus,

M |= Γ

and we are done.
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Weaker, but Complete, Syllogistic Systems (L. Moss) L(all, some)

L(all , some)

Of course L(all) is a very poor language. We get some strength by adding
some. Fall,some is Fall plus the following rules:

some XY some XY some XY all YZ
some YX some XX some XZ

NB L(all , some) is still quite weak. E.g. there are no contradictions:

(8) Every Γ ⊆ L(all , some) has a model.

Proof: Let M = {0} and [[X ]] = M for all X . 2

The proof of the next theorem is a little more involved:

Theorem (Moss)
Fall,some is complete.

First a lemma.

Lemma

Each Γ has a model M such that

(a) Γ ` all XY ⇒ [[X ]] ⊆ [[Y ]]

(b) Γ ` some XY ⇔ [[X ]] ∩ [[Y ]] 6= ∅ (Hence M |= Γ.)
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Proof of the Lemma

Proof.

Let M = {1, . . . ,m}, where Γsome = {some V1W1, . . . , some VmWm}, and

(9) [[Z ]] = {i : Γ ` all ViZ or Γ ` all WiZ}

(i): Suppose Γ ` all XY and i ∈ [[X ]]. We must show i ∈ [[Y ]]. If Γ ` all ViX
then Γ ` all ViY , so i ∈ [[Y ]]. Similarly if Γ ` all WiX .

(ii): Take a sentence some ViWi ∈ Γsome . By (9) and the axiom for all,
i ∈ [[Vi ]] ∩ [[Wi ]]. Using (i), we get M |= Γ, so the left-to-right direction of (ii)
follows by soundness of the rules.

For the other direction, suppose i ∈ [[X ]] ∩ [[Y ]]. There are 4 cases, depending
on whether Γ ` all ViX or Γ ` all WiX , and whether Γ ` all ViY or Γ ` all WiY .
In each case, it is straightforward to deduce, together with Γ ` some ViWi , that
Γ ` some XY .
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Proof of the Completeness of Fall ,some

Proof.

Suppose first that Γ |= all XY .

Claim: Γall |= all XY

To see this, suppose M |= Γall , and define M′ by M ′ = M ∪ {∗} (∗ new) and
[[Z ]]′ = [[Z ]] ∪ {∗}, all Z . Then also all some-sentences are true in M′, so
M′ |= Γ. So M′ |= all XY , i.e. [[X ]] ∪ {∗} ⊆ [[Y ]] ∪ {∗}, and hence
[[X ]] ⊆ [[Y ]]. This means that M |= all XY , so the Claim is proved.

Now it follows from the completeness theorem for L(all) that Γ ` all XY .

It remains to consider the case when Γ |= some XY . Let M be as in the Lemma.
Then M |= Γ, so M |= some XY . Thus, [[X ]] ∩ [[Y ]] 6= ∅, and the Lemma gives
Γ ` some XY .
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Then M |= Γ, so M |= some XY . Thus, [[X ]] ∩ [[Y ]] 6= ∅, and the Lemma gives
Γ ` some XY .
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Weaker, but Complete, Syllogistic Systems (L. Moss) L(all, some, no) etc.

L(all , some, no)

Adding the quantifier no gives the language more power, and no model can
satisfy a set of sentences containing both some XY and no XY .

Also, M |= no XX iff X = ∅.

Add rules saying that (a) the empty set is a subset of every set; (b) if X is
empty, then no XY ; (c) if all XZ and no ZY then no YX ; and (d) every
sentence follows from some XY and no XY .

Moss shows that this system is complete for L(all , some, no).

He also extends this to the language which in addition contains names (so
that e.g. Yj follows from Xj and all XY ), and furthermore to the closure of
this language under Boolean operations.
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Weaker, but Complete, Syllogistic Systems (L. Moss) Syllogisms with most

Syllogisms with most

One can also consider syllogistic systems for non-first-order definable
quantifiers, like most.

With just most, there is no so much you can say. But we have:

most XX ⇐⇒ X 6= ∅

Let Fmost consist of

most XY most XY
most XX most YY

Then

Theorem (Moss)

Fmost is complete.
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Weaker, but Complete, Syllogistic Systems (L. Moss) Syllogisms with most

Proof that Fmost is complete

Proof.

Suppose Γ 6` most XY . We must find M |= Γ such that M 6|= most XY .

If X = Y , then X cannot occur in Γ. Then it works to let M = {0}, [[X ]] = ∅,
and [[Z ]] = M for Z 6= X .

If X 6= Y , let M = {1, 2, 3, 4, 5}, [[X ]] = {1, 2, 4, 5}, [[Y ]] = {1, 2, 3}, and
[[Z ]] = M for Z 6= X ,Y . The only sentence of L(most) which is false in M is
most XY , and most XY 6∈ Γ.
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Weaker, but Complete, Syllogistic Systems (L. Moss) Syllogisms with most

Syllogisms with most, cont.

If we add some, a bit more can be said. Let Fmost,some have the rules for
some plus

most XY some XX most XY most YZ
some XY most XX some YZ

Moss shows:

Theorem

Fmost,some is complete.

However, it is an open problem to find a complete axiomatization for
L(some, all ,most).

Here is a sound rule in L(some, all ,most):

all UX most XV all VY most YU
some UV
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