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Logics of Imperfect Information and Game Theoretical Semantics

Logics of Imperfect Information ([7], [9], [17], [16]) are generalizations of First Order Logic which allow for more
complex patterns of dependence and independence between variables.

The first such logic was Branching Quantifier Logic [7], which can be obtained by adding to First Order Logic
branching quantifiers of the form







Q1,1v1,1 . . . Q1,nv1,n
...

...
...

Qm,1vm,1 . . . Qm,nvm,n






,

where Qi,j ∈ {∀, ∃} for all i and j and the intended interpretation is that the choice of the value of the variable vi,j
may depend on the values of the variables vi′,j for i′ < i, but not on the values of the variables vi′,j′ for any j

′ 6= j.
This informal notion can be made more precise by taking into consideration the corresponding Skolem functions:
for example, the expression

(

∀x ∃y
∀z ∃w

)

R(x, y, z, w) (1)

is equivalent1 to the existential second order sentence

∃fg ∀xz R(x, f(x), z, g(z)).

Game Theoretical Semantics (GTS) ([8], [12]) proved itself a highly valuable tool for the study of these logics:
indeed, given the usual GTS for First Order Logic, one may easily extend it to a logic of imperfect information
by expressing the independency constraints between the variables as restrictions over the information available to
the players at the stages of the play corresponding to the respective quantifiers. Furthermore, the game-theoretical
treatment of branching quantification led naturally to a linearization of the above notation, and hence to the
development of Independence Friendly Logic (IF -Logic) ([11], [14], [3]).

The syntax of this logic is obtained by adding to the language of First Order Logic slashed quantifiers of the
form (∀x/W ), (∃x/W ) for any variable x and for finite set of variables W , with the intended interpretation of “for
all x, chosen independently on W” and “there is a x, chosen independently on W” respectively; the truth of a
IF -Logic sentence φ in a model M is then defined in terms of the existence of winning strategies for Player2 II in
a semantic game of imperfect information GM (φ).

An useful way of thinking of slashed quantification is to consider it as a means to restrict the scope of a quan-
tified variable: for example, in the sentence ∀x∃y∀z(∃w/{x, y})R(x, y, z, w), which is equivalent to the Branching
Quantifier Logic sentence of Equation (1), the quantifier (∃w/{x, y}) is in the syntactic scope of the quantifiers ∀x,
∃y and ∀z, but in the semantic scope of the quantifier ∀z alone. This distinction between syntactic and semantic
scope is of some interest for applications in formal linguistics, and has even led to doubts concerning the value of
the very notion of scope ([10]).

For some time, it was an open question whether it was possible to extend the above described Game Theoretic
Semantics to formulas in a natural way, thus obtaining a compositional semantics for a logic of imperfect information:
in particular, in [9], Jaako Hintikka famously argued, with regards to IF -Logic, that

1For what concerns truth in a model, but not necessarily for what concern falsity in a model.
2In the relevant literature, Player II is also sometimes Verifier, or Eloise.
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No perverse ingenuity can make the semantics of sentences like [example] conform to compositional-
ity . . .As a consequence, there is no realistic hope of formulating compositional truth-conditions for IF
first-order sentences, even though I have not given a strict impossibility proof to that effect [pages 110
ff].

However, in [13] Wilfrid Hodges was able to define these compositional truth conditions for a version of IF -Logic
and showed that - mutatis mutandis - his semantics could be adapted to all logics of imperfect information known at
the time. In brief, the main intuition driving his breakthrough was the generalization of the semantic games GM (φ),
where φ ranges over IF -Logic sentences, to games of the form GM

X (φ), where φ ranges over IF -Logic formulas, X
is a set of assignments with the same domain Dom(X) ⊇ FV (φ) (that is, a team, according to the definition given
in [17]), and the game is played as follows:

1. The assignment s0 is selected arbitrarily among the assignments in X;

2. The game GM (φ) is played according to the usual rules, but starting from with the initial assignment s0.

A team X is then said to satisfy positively a formula φ, or to be a trump for it, if and only if Player II has a
winning strategy in the game GM

X (φ); and similarly, a team X is said to satisfy negatively φ, or to be a cotrump for
it, if and only if Player I has a winning strategy in the game GM

X (φ). If one then defines the meaning of a formula
φ in a model M as

‖φ‖M = ({X : X is a trump for φ}, {X : X is a cotrump for φ}),

the resulting semantics can be found to be compositional and, in the opinion of the author, highly elegant.
The exact definition of this semantics, and in particular the way in which the independency conditions are

interpreted within its framework, provided the initial motivation for the development of Dependence Logic ([17]).
This new formalism differs from Independence Friendly Logic in that it separates the notion of dependence and
independence between quantifiers from the notion of quantification, and furthermore in that it takes dependence
- rather than independence - as the most primitive notion; more precisely, Dependence Logic may be seen as an
extension of First Order Logic which adds to its language dependency atomic formulas =(t1 . . . tn), with the intended
interpretation of “The value of the term tn is a function of the values of the terms t1 . . . tn−1”. A game theoretic
semantics for this logic can be obtained by adapting in the natural way the game theoretic semantics for IF -Logic;
but of more interest is the Dependence Logic version of Hodges’ Semantics, which will now be briefly presented for
reference and for comparison with the results of the last section of this abstract.

Given a team X and a Dependence Logic formula φ with FV (φ) ⊆ Dom(X), which for simplicity we will assume
to be in Negation Normal Form,3 we say that X is a trump of φ in the model M and we write M |=X φ if and only
if

1. φ is a First Order literal and M |=s φ for all s ∈ X, or

2. φ is a Dependency atom =(t1 . . . tn) and any two assignments s, s′ ∈ X which coincide over t1 . . . tn−1 also
coincide over tn, or

3. φ is of the form φ1∨φ2 and the team X may be split into two teams X1, X2 such that X = X1∪X2,M |=X1
φ1

and M |=X2
φ2, or

4. φ is of the form φ1 ∧ φ2, M |=X φ1 and M |=X φ2, or

5. φ is of the form ∃xψ, and there exists a function F : X → Dom(M) such that M |=X[F/x] ψ, where

X[F/x] = {s[F (s)/x] : s ∈ X}, or

6. φ is of the form ∀xψ and M |=X[M/x] ψ, where

X[M/x] = {s[m/x] : s ∈ X,M ∈ Dom(M)}.

A full description of the current state of the art in Dependence Logic research is much beyond the scope of this
work; here we will just mention that, in Dependence Logic, there is no need to distinguish between the “syntactic
scope” and the “semantic scope” of a quantifier, since, differently from what occurs in IF -Logic, the notions of
dependency and independency are treated as entirely distinct from the notion of quantification.

3Since the law of double negation and the De Morgan laws hold in Dependence Logic, as well as in IF -Logic, this is not a particularly
problematic requirement.
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Dynamic Semantics

As briefly summarized in the previous section, the development of logics of imperfect information led to doubts
about the possibility of compositionality and to the development of a more refined notion of scope, but with the
development of Hodges Semantics and of Dependence Logic respectively it was possible to recover the former and
to return to a straightforward form of the latter.

These two concepts were also found to be somewhat troublesome from a different, more linguistic perspective:
indeed, at first sight the standard interpretations of such phenomena as anaphora resolution and donkey sentences
([4]) may appear to be wholly incompatible with them, at least according to their standard formulation.

As a fairly standard example of which difficulties may be encountered when trying to preserve these notions, let
us consider the discourse

A man1 walks in the park. He1 whistles.

A typical logical interpretation of the first sentence would be
∃x1(MAN(x)∧WALKS IN PARK(x1)), and a typical logical interpretation of the second one would beWHISTLES(x1);
however, the interpretation of the whole discourse would then be of the form

∃x1(MAN(x) ∧WALKS IN PARK(x1)) ∧WHISTLES(x1).

This does not carry the intended meaning: indeed, the variable x1 in WHISTLES(x1) cannot be bound by the
quantifier ∃x1 according to the usual scoping rules. This appears the opposite of the issue discussed in the previous
section: rather than forcing a variable to be independent from some quantifier in whose scope it occurs, we apparently
need a way to let a variable depend on a previous one even though the former does not appear in the scope of the
latter!

Furthermore, compositionality seems to fail: indeed, even if within our current model the sentences “A man1
walks in the park” and “A kid1 walks in the park” had the same truth value, there would be no guarantee that the
discourses

A man1 walks in the park. He1 whistles.

and
A kid1 walks in the park. He1 whistles.

also have the same truth value in it!
This and similar issues led to the development of representationalist frameworks such as File Change Semantics

([6]) and Discourse Representation Theory ([15]), in which sentences are interpreted as operators over the mental
representations of the information states of the listener.

In [5], Jeroen Groenendijk and Martin Stokhof introduced Dynamic Semantics as a way to model these and
similar phenomena inside a variant of First Order Logic and thus recover compositionality. In brief, their main
intuition was to assign, as the meanings of formulas, transition systems between assignments rather than mere sets
of assignments, and to do so in such a way that the information change induced by the antecedent of a conjunction
may affect the interpretation of its consequent. More precisely, given a fixed model M , the semantics of Dynamic
Predicate Logic may be defined as follows:

• If φ is atomic, M |=(s,s′) φ if and only if s = s′ and s |= φ in the usual First Order Logic sense;

• M |=(s,s′) ¬φ if and only if s = s′ and for no s′′ it holds that M |=(s,s′′) φ;

• M |=(s,s′) (φ ∨ ψ) if and only if s = s′ and there is a s′′ such that M |=(s,s′′) φ or M |=(s,s′′) ψ;

• M |=(s,s′) (φ ∧ ψ) if and only if there exists a s′′ such that M |=(s,s′′) φ and M |=(s′′,s′) ψ;

• M |=(s,s′) (φ→ ψ) if and only if s = s′ and whenever M |=(s,s′′) φ there exists a s′′′ such that M |=(s′′,s′′′) ψ;

• M |=(s,s′) ∃xψ if and only if there exists an element m ∈ Dom(M) such that M |=(s[m/x],s′) ψ;

• M |=(s,s′) ∀xψ if and only if s = s′ and for all elementsm ∈ Dom(M) there exists a s′′ such thatM |=(s[m/x],s′′)

ψ.

An in-depth discussion of this system, of its generalizations and of their applications to formal linguistics is unnec-
essary here: it will suffice to mention that this formalism treats in the correct way the above discussed examples,
as well as Donkey Sentences and other similar cases, while preserving compositionality and maintaining a simple
notion of scope.

What is instead definitely worth mentioning is the intuition at the base of this system, as summarized by
Groenendijk and Stokhof in their paper:
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The meaning of a sentence does not lie in its truth conditions, but rather in the way it changes (the
representation of) the information of the interpreter.

This basic principle was further developed by Frank Veltman in his Update Semantics ([19], [20]) and proved itself
a highly useful perspective for the study of the semantics of natural languages ([18]). Not being a linguist himself,
the author of the present work will refrain from further discussion of the uses and the drawbacks of this approach
to formal linguistics; however, the point of view exemplified by Groenendijk and Stokhof’s quote appears of very
general applicability, and there is the legitimate hope that it may lead to further intriguing developments even
within the field of “narrow” mathematical logic. As the next section will show, this work presents one such possible
development: more precisely, a dynamic semantics will be found for an extension of Dependence Logic, and some
of its properties will be studied.

Dynamic Dependence Logic

In [1] and [2], Samson Abramsky considered a multi-agent logic of imperfect information with a few additional
connectives, among which the “sequential conjunction” φ ·ψ was perhaps the most striking. Game-theoretically, the
semantic game corresponding to φ ·ψ is the concatenation of the semantic games corresponding to φ and ψ, and the
resulting game theoretical semantics can be seen as a very natural generalization of the one for IF -Logic; however,
the question whether this logic, or some fragment thereof, admits a natural compositional semantics analogous to
Hodges’ is still open.

The main contribution of the present work is to give such a semantics for Dynamic Dependence Logic, that is,
for the logic obtained by adding the above mentioned sequential conjunction to the language of Dependence Logic.
This semantics is dynamic in the sense of Groenendijk and Stockhof in that it interprets formulas in terms of team
transition systems, and it can be summarized as follows:4

• If φ is a First Order literal or a Dependence Atomic Formula then M |=(X,Y ) φ if and only if X ⊆ Y and
M |=X φ in the usual Dependence Logic sense;

• M |=(X,Y ) φ∨ψ if and only if there exist teamsX1, X2 such thatX = X1∪X2,M |=(X1,Y ) φ andM |=(X2,Y ) ψ;

• M |=(X,Y ) φ ∧ ψ if and only if M |=(X,Y ) φ and M |=(X,Y ) ψ;

• M |=(X,Y ) φ · ψ if and only if there exists a team Z such that M |=(X,Z) φ and M |=(Z,Y ) ψ;

• M |=(X,Y ) ∃xφ if and only if there exists a function F : X → Dom(M) such that M |=(X[F/x],Y ) φ;

• M |=(X,Y ) ∀xφ if and only if M |=(X[M/x],Y ) φ.

The link between this “transition team semantics” and the Game Theoretical Semantics for Dynamic Dependence
Logic can verified by defining the games GM

X→Y (φ), where X and Y are teams, φ is a Dynamic Dependence Logic
formula, and the game is played as follows:

• The assignment s0 is selected arbitrarily among the assignments in X;

• The game GM (φ) is played according to the usual rules, but starting from with the initial assignment s0;

• A terminal position is winning for Player II if and only if the last assignment belongs to Y .5

The following theorem is then proved in order to verify the equivalence of the Game Theoretic Semantics and
Team Transition Semantics for Dynamic Dependence Logic:

Theorem 1 Let M be a first order model, let X,Y be teams, and let φ be a Dynamic Dependence Logic formula.
Then M |=(X,Y ) φ if and only if there exists a winning strategy for Player II in GM

X→Y (φ).

Furthermore, it is verified that

Proposition 1 For every Dependence Logic formula φ,

M |=X φ⇔ ∃Y s.t. M |=(X,Y ) φ

4In this framework, it is possible to further simplify the treatment of the quantifiers by considering them as atomic formulas and
then defining ∃xφ as ∃x · φ and ∀xφ as ∀x · φ. This reflects the game-theoretic interpretation of quantifiers, which in this framework
can be seen as one-move games in which the relevant player picks a new value for the variable which is being quantified upon, and then
Player II wins no matter what this value is.

5In this framework, literals are interpreted as “tests” which either succeed, and lead to the empty (and terminal) subformula, or fail
and make the active player lose. Hence, at the end of the play it is unnecessary to check whether the current assignment satisfies some
literal.
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and that

Proposition 2 For every Dynamic Dependence Logic formula φ, there exists a Dependence Logic formula φ∗ such
that

M |=X φ∗ ⇔ ∃Y s.t. M |=(X,Y ) φ.

The present work, by developing a compositional dynamic semantics for an extension of a logic of imperfect
information, answers partially the question posed by Abramsky’s paper and, moreover, establishes a link between
two highly stimulating directions of research in contemporary mathematical logic. It is the opinion of the author
that this link and similar ones may eventually lead to far-reaching consequences in both subdisciplines, and that
the results and the logical system developed in this paper provide a promising starting point for part of this
investigation.
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