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Abstract

We discuss the Location Game played on a line (LGl). We char-
acterize Nash Equilibria with pure strategies (NEp) in LGl using four
first-order definable local properties. We give an algorithm that com-
putes NEp for LGl efficiently by means of a query strategy for an
oracle of local properties using fragment cycles of strategy profiles.
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1 Introduction and Motivation

Intelligent interaction between rational agents is a ubiquitous phenomenon
in our highly, and increasingly, connected contemporary world. Finding so-
lutions in scenarios of rational interaction becomes even more relevant when
agents are competing for, and depleting, scarce or limited resources.

In this general context, the location game is a paradigmatic example of a
social interaction in an environment with limited resources for which finding
efficient solutions is in the same time theoretically interesting and also po-
tentially practically important. The location game has a very simple formal
representation that turns out to be relevant for a wide range of practical
applications such as over-fishing the oceans, overloading communication net-
works, deciding over an optimal positioning on open markets or inside a
spectrum of political preferences, and the list can be further extended.

1.1 The Location Game and its Applications

In this section we will introduce the intuitions behind the location game
played on a line (LGl) using an intuitive example, the formal definition can
be found in Section 5. Using this illustrative example, we will also show how
the intuitions behind LGl are relevant for modeling practical applications in
a large variety of concrete scenarios of rational interaction in social contexts.

An Intuitive Example. Consider a coastline divided in seven distinct
fishing regions. Several fishing companies can chose one of these regions as
their fishing location. The choice determines their access to resources which
are evenly distributed along the seven regions, in this example the resources
are fish population. Each location is assigned a unit of payoff and each player
gains access to the payoff units in the locations that are closest to his choice.
If several players have chosen the same location and if a location is equally
distant from several players the payoff is evenly split between those players.

4

5

3 1

2

6

1 2 3 4 5 6 7

We can represent this in the above figure in which we have N = {1, 2, 3, 4, 5, 6}
the set of players, with p = |N | = 6, and each player can chose a location
from the set Si = {1, 2, 3, 4, 5, 6, 7} of available locations, with l = |Si| = 7,
for i ∈ N . As an alternative representation, we can think of the locations
as apartment buildings on a densely populated street of a crowded city, and
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of the players as companies deciding where to open a new shop. The model
assumes that each inhabitant will become the customer of the shop situated
in the closest location to his living place. For instance, inhabitants living in
the locations 6 and 7 will become the customers of the closest shop, which
in this example is 6. Therefore player 6 will get a payoff of p6 = 1 + 1 = 2
consisting of the sum of unit payoffs in locations 6 and 7. Alternatively we
can think of the locations in the game as representing a spectrum of political
preferences for voters in an election and the candidates will have to chose
a platform that will attract the most voters, assuming that the voters will
cast their ballot for the candidate representing the closest position to their
preferences. In this case, for instance, players 1 and 2, which have chosen the
same position 4 will attract the most sympathetic voters in locations 4 and 5
of the preference spectrum and will split evenly the payoff. In this example,
the two candidates will have each the following payoff p1 = p2 = 1

2
+ 1

2
= 1.00.

As a final illustration, we can think of the locations as hot-spots in a wireless
network providing Internet access to all users in their range. In this case the
users that are equally closer to the same network hub will have to share its
limited resources. In our example, the bandwidth of the hub from position
2 will be evenly allocated to the closest users, which are players 3, 4 and 5,
giving them a total payoff of p3 = 1 + 1

3
= 1.33, and p4 = p5 = 1

2
+ 1

3
= 0.83.

1.2 Solving LG and Computing Solutions Efficiently

The General Problem. The list of possible practical applications for this
very simple model is potentially endless, however, the main concern behind
all these examples should be a more general problem. This general problem is
finding a way to solve such interactive situations. This means to define solu-
tion concepts for such games and design algorithms that find such solutions.
For instance, in our example, player 5 can increase her payoff by moving to
location 5, and other players can increase their payoff by deviating from their
choices. Then a general question is ‘can we find a configuration of choices in
which all players are satisfied with the result?’. This solution concept is a
Nash equilibrium of the game [2], the formal definition is given in Section 5.

Our main goal will be to find an algorithm that computes efficiently a
solution for the location game on a line formulated as a general problem:

Consider the location game for l locations and p players. Compute all NEp.

We will not consider NE with mixed strategy, this is known to always
exist in strategic games, and computing it is a hard problem [9]. We will only
consider pure strategy NEa, these do not always exist in strategic games.
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Motivating the Research. Given a general standard definition for game
solutions, the next step is to design an algorithm that finds them. Several
standard algorithms for this purpose exist in the literature, like, for instance,
iterated elimination of strictly dominated strategies (IESDS) [2, 1]. A general
game theoretic motivation is to find such solutions for all game instances, or,
if this cannot be dome for all cases, to show that standard algorithms solve
particular classes of cases. Interesting facts are known about solutions of
particular instances of LGl using standard algorithms, like, for instance, that
IESDS solves LGl for n = 2k + 1 locations and 2 players in k rounds [1].

Another general motivation has an algorithmic nature, it aims at solving
games in an efficient way. For the general case, computing NEp is a search
problem if the game matrix is given explicitly as an input. In a game with
N = {1, 2, . . . , n} players the search space is the number of strategy profiles
p = |S1| × |S2| × · · · × |Sn| where Si is the strategy set of player i, for i ∈ N .
In order to determine if any given strategy profile is a NEp a number of
t = (|S1|−1)× (|S2|−1)×· · ·× (|Sn|−1) tests have to be performed. In the
worst-case scenario p × t tests are needed to compute pure NE in a matrix.
This makes the general algorithm exponential in the number of players.

Several proposal of efficient algorithms for solving games exist in the lit-
erature: some use heuristics to reduce the search space [7], others use special
game properties to limit computations to only few relevant interactions [8].

Our work is motivated by, and addresses in various degrees, both game-
theoretical and algorithmic aspects. An additional motivation consists of
establishing a useful link between questioning actions theory and implemen-
tation tools [11, 12] and potential applications to general problem solving.

Overview. The content is structured in the following way: we start in Sec-
tion 2 with an analysis of of the computational complexity of NLp in LGl

using an oracle model for backtrack searches. We first show that the local
properties of the game are essential for an algorithm that computes NLp in
LGl efficiently. We classify the local properties in negative ones, used to se-
lect relevant profiles and construct query strategies, and positive ones, used
to define an backtrack oracle, and to characterize NLp in LGl. Then we
show that local properties alone are not sufficient for for an algorithm that
computes NLp in LGl efficiently. Next we give a method that computes NLp

in LGl efficiently using cycles of profile fragments. We continue in Section 3
by giving a characterization of NLp in LGl by meas of local properties in the
game. We conclude, in Section 4, by a brief presentation of some implemen-
tation tools used in the process and by indicating some open problems for
future research. The final Sections 5-7 contain further technical details.
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2 Computing NEp in LGl by QSb

In this section we will use structural and local properties in LGl to design an
efficient algorithm for computing NEp. A first observation about LGl is that
we have various levels of symmetry in the game. For example, we can use
the fact that all the players have the same strategies to simplify the general
structure of the search space for NEp. In general, for a LGl with n players
and m locations, the number of tests needed to compute NEp is:

f(n,m) = mn · (m− 1) · n ∈ Ω(mn)

This will generate a search space that is also exponential in the input, the
number of players and locations in the game. However, the fact that payoffs
are also computed symmetrically, suggest this can be further improved.

2.1 Solving LG by Querying Local Properties

Another important observations is that payoffs are computed symmetrically
for all players. This allows us to further reduce the search space by using this
symmetry and consider only the so called canonical games. These are all the
strategy profiles in which locations chosen by players are weakly increasing.
If some NEp are found among canonical strategy profiles then all other NEp

in the game are isomorphic with one of these up to permutations of players.

Counting Canonical Games. The figure below illustrates the way the
canonical games are constructed in a game with 3 locations and 3 players:

·

1

1

1 2 3

2

2 3

3

3

2

2

2 3

3

3

3

3

3

The depth of the tree corresponds to the number of players while the branch-
ing factor represents the available choices for each player. For instance, if
the first player has chosen 2, location 1 is no longer available as a choice for
the players having higher indexes, here the second and the third players.
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Local Properties are Necessary. Let cp(n,m) denote the number of
canonical profiles for a LGl with n players and m locations. We can see from
the example in the figure above that cp(3, 3) = 3+2+1+2+1+1 = 10. We
can generalize some basic observations about how this counting is performed:

– for n = 1 player and arbitrary m locations, cp(n,m) = m,

– for m = 1 location and arbitrary n players, cp(n,m) = 1,

– for arbitrary n players and m locations we will have:

cp(n,m) = cp(n− 1,m) + cp(n− 1,m− 1) + · · ·+ cp(n− 1, 2) + cp(n− 1, 1)

Putting all these observations together, we see that cp(n,m) can be computed
for arbitrary m and n by the following recursive function:

cp(n,m) =


m if n = 1,
1 if m = 1,

cp(n− 1,m) + cp(n,m− 1) otherwise.

This shows that the number of canonical profiles will also generate a search
space exponential in the size of the input, here the number m of locations:

cp(m,n) ∈ Ω(1.6m)

and that symmetry of the game is not enough, and further local properties
are essentially needed for an algorithm that computes NEp in LGl efficiently.

Querying Strategies by Local Properties. We will try to further re-
strict the search space for NEp in LGL by safely ignoring strategy profiles
that despite being canonical cannot satisfy further conditions required by to
be a NEp. The background model during this section assumes the existence
of an oracle of local properties for NEp. Intuitively, such an oracle can an-
swer the question about NEp using local properties of the game, the formal
definition is included in Section 5. For instance, let h denote the number of
players occupying a location and assume that we can show that if h > 2 then
that strategy profile is not a NEp. Then many canonical strategy profiles can
be safely excluded from the search space. In a similar way, if we can show
that in any NEp we have d < 2, where d is the maximal distance between
any two players we can further restrict the search space by safely ignoring
some location choices for certain players. Using such local properties, we can
construct a query strategy to select only relevant profiles for further inves-
tigation. Intuitively, a query strategy is an economic way of selecting only
relevant profiles, the formal definition is included in Section 5.

6



Negative Local Properties. We can be sure that a query strategy is
correct because all the profiles that are ignored cannot be NEp. We are using
only negative properties to construct the query strategy. The figure below
gives an intuitive illustration for the negative properties described above:

max
height max distance

Let us consider our previous example with p = 3 players and l = 3 loca-
tions, in which d = h = 2 are the maximal distance and height, respectively.
The way in which a query strategy restricts the search space by considering
only relevant profiles can be represented intuitively by the following tree:

·

1

1

2 3

2

2 3

3

3

2

2

3

3

3

3

3

max h

max d

Let rp(l, p, d, h) denote the number of relevant strategy profiles. We can see
that for our example rp(3, 3, 2, 2) = 2 + 2 + 1 + 1 + 1 + 1 = 8. We can notice
that the maximal distance restricts the branching factor in this tree and the
maximal height makes further profiles irrelevant due to previous choices.

In order to be correct for finding NEp a query strategy has to include
further queries local properties, as indicated in the following definition:

Definition 1 (Local Query). An LPQ of order k is a k-tuple over {0, 1,X}:

q = 〈X1 X2 · · · Xn︸ ︷︷ ︸
S0

Xn+1 Xn+2 · · · Xn+n︸ ︷︷ ︸
S1

· · · Xmn+1 Xmn+2 · · · X(m+1)n︸ ︷︷ ︸
Sm

〉

for k = n(m + 1), having the following structure:

– S0, S1, . . . , Sm are locally relevant strategy profiles,

– each qin+j, for 0 ≤ i ≤ m, 0 ≤ j ≤ n, is a Si local property,

– every qin+j = 1 and qin+j = 0 represents a Y or a N answer from an
oracle of local properties, respectively.
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Positive Local Properties. Queries of local properties can include other
aspects of the game. For instance, we can inquire weather a relevant profile
satisfies a requirement of minimal payoff u, assuming that we can show that
any NEp profile then ui ≥ 1 for any player i. Another important positive
property for NEp describes the game dynamics. For instance the proximal
move property or unit deviation property will have to be satisfied by any NEp

strategy profile. The following figure illustrates such positive properties:

1.5

right

left

payoff
min

Local Properties are not Sufficient. Intuitively, the time complexity for
a deterministic query strategy is the maximum number of queries required
to find all the positive answers from the backtrack oracle, formal definitions
and references to results are included in Section 5. Hence it is important to
count how many relevant profiles a query strategy will have to consider. We
include a recursive method of counting relevant profiles in Section 7 and only
mention here the fact that this is still exponential in the input of the game:

rp(l, p, h, d) ∈ Ω((d + 1)p)

This negative result motivates the approach developed in the next section.

2.2 Efficient Solutions as Cycles of Profile Fragments

In this section assume a characterization of NE by local properties and give
an efficient algorithm for solving LGl for arbitrary locations m, and players n,
using h max height, d max distance. The crucial new feature is the definition
of local strategy fragments and of local matching queries used to construct
cycles of strategy fragments, which require a constant amount of queries.

Using Cycles of Local Profile Fragments. Let us assume that the
maximum distance in a NEp profile is d, then any strategy profile will can
be decomposed in fragments of length d + 1. If we can also show that the
maximum height in a NEp profile is h, then we can generate all possible
fragments of length d+ 1 in a combinatorial way. We illustrate below such a
construction for the case in which d = 1 and h = 2 and include the general
definition in Section 5. An additional aspect that we have to consider is the
fact that the border fragments have particular properties and require a special
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treatment. We will therefore construct three kinds of profile fragments, two
for the left and right limits, respectively and one for the middle profile regions.

For d = 1, and h = 2 let the set of all atomic local profile fragments be
F h
d := {22, 21, 12, 20, 11, 02, 10, 01} representing all possible combinations of

h + 1 column heights in fragments of length d + 1, as illustrated below:

Left and right fragment sets are the cartesian product of atomic fragments:

S0 = S2 = {22, 21, 12, 20, 11, 02, 10, 01} × {22, 21, 12, 20, 11, 02, 10, 01}

The middle fragment set is also constructed from the atomic fragment set:

S1 = S0 × {22, 21, 12, 20, 11, 02, 10, 01}

We have now all the ingredients to define a query strategy using fragments:

Definition 2 (Local Properties Querying Strategy). An LPQS is a is a
finite decision tree T in which nodes are LPQs

q = 〈X1 X2 · · · Xn︸ ︷︷ ︸
Sn
0

〉 or q = 〈X1 X2 · · · Xn︸ ︷︷ ︸
Sn
1

〉 or q = 〈X1 X2 · · · Xn︸ ︷︷ ︸
Sn
2

〉

or local matching queries (LMQs) of with the following structure, 1 ≤ k ≤ d:

– q = 〈Sn
0 [d−k+1]

?
=Sm

1 [0], Sn
0 [d−k+2]

?
=Sm

1 [1], . . . , Sn
0 [2d+2]

?
=Sm

1 [k−1]〉

– q =〈Sm
1 [2d−k+2]

?
=Sn

1 [0], Sm
1 [2d−k+3]

?
=Sn

1 [1], . . . , Sm
1 [3d+3]

?
=Sn

1 [k−1]〉

– q = 〈Sn
1 [2d−k+1]

?
=Sm

2 [0], Sn
1 [2d−k+2]

?
=Sm

2 [1], . . . , Sn
1 [3d+3]

?
=Sm

2 [k−1]〉

and with the edges linking LPQS nodes constructed in the following way:

– PQ(Sn
0 )

N−→ PQ(Sn+1
0 ), PQ(Sn

0 )
M−→ MQ(Sn

0 , S
0
1), if n < l0;

PQ(Sn
0 )

N−→ noNEp, PQ(Sn
0 )

M−→ MQ(Sn
0 , S

0
1) for n = l0,
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– MQ(Sn
0 , S

m
1 )

N−→ MQ(Sn
0 , S

m+1
1 ), MQ(Sn

0 , S
m
1 )

M−→ PQ(Sm
1 ), if m < l1;

MQ(Sn
0 , S

m
1 )

N−→ PQ(Sn+1
0 ), MQ(Sn

0 , S
m
1 )

M−→ PQ(Sm
1 ), if m=l1, n<l0;

MQ(Sn
0 , S

m
1 )

N−→ noNEp, MQ(Sn
0 , S

m
1 )

M−→ PQ(Sm
1 ), if m=l1, n=l0;

– Analogously for PQ(Sn
1 ), PQ(Sn

2 ), MQ(Sn
1 , S

m
1 ), MQ(Sn

1 , S
m
2 )

with PQ(Sn
2 )

N−→ noNEp, PQ(Sn
0 )

M−→ ∃ NEp for n = l0.

The figure below illustrates a representative segment of a query strategy
with local properties and local matching as a decision tree. This strategy is
correct for an NEp oracle of local properties as each answer from the oracle
allows us to prune one outgoing branch at the respective node such that all
the queries from the root to the leafs form a cover for the backtrack oracle.

PQ(Sn
0 )

PQ(Sn+1
0 )

PQ(Sl0
0 )

noNE

N

MQ(Sl0
0 ,S

0
1)

...

N

...

M

M

N

MQ(Sn+1
0 ,S0

1)

...

N

...

M

M

N

MQ(Sn
0 ,S

0
1)

MQ(Sn
0 ,S

n
1 )

MQ(Sn
0 ,S

n+1
1 )

...

N

...

M

N

PQ(Sn
1 )

...

N

...

M

M

N

...

NE

M

M

M

Counting Cycles of Local Profile Fragments. Since the previous query
strategy is deterministic, its time complexity is the maximum number of
queries needed to determine all the instances for which the oracle gives a
positive answer. So we have to determine how many such queries there are
for arbitrary locations l, players p, maximal height h, and max distance d.

|F h
d | = |P h+1

d+1 |+ h =
(h + 1)!

(d− h)!
+ h

l0 = |S0| = |F h
d × F h

d |, l1 = |S1| = |F h
d × F h

d × F h
d |

|LPQ(Sx
i )| = n, for any i ∈ {0, 1, 2}, 0 ≤ x ≤ |Si|

|LMQ(Sx
i , S

z
j )| = 2d± k, for any i, j ∈ {0, 1, 2}, k < d
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|{LMQ(Sx
i , y) : y ∈ Sj}| = |Sj|, for any i, j ∈ {0, 1, 2}

any LMQ(Sx
1 , S

z
1) is repeated at most k · |S1||S1| times

The execution time (i.e. max required queries) for this LPQS is in

O

(
(F h

d )l
l1
1

)
The notable feature here is that neither l nor p is a parameter in this counting.
This means that NEp can be computed in constant time for increasing number
of players and locations, as long as the values of d and h are determined.

3 Characterizing NEp in LGl by BOc

In this section we give a characterization of NEp in LGl using local proper-
ties of the game and use this to define a backtrack oracle. The local game
properties can describe various game aspects, we mention here a relevant list:

– Maximum column (tower) height (MH)

– Maximal empty distance (MD), Minimal distance (mD),

– Minimal payoff value for a player (MP),

– Incentive for proximal move (unit deviation) (PM).

3.1 Local Properties Oracle Characterizing NEp

Both NE on one side, and the local properties we define below are definable
by first order logic formulae. So the definition of a backtrack oracle of local
properties reduces to checking entailment between the NE definition and
the conjunction of formulae for local properties of a given strategy profile.
We proceed below by giving both the formal definitions and an intuitive
illustration for each of the properties used to characterize NEp in LGl:

Definition 3 (Maximum Height, case invariant). A strategy profile S =
(si, s−i) is P2 (MH) iff ∀i, j, k :

(i 6= j ∧ i 6= k ∧ j 6= k ∧ si = sj)→ sk 6= sj

max
height
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Definition 4 (Maximum Distance, case dependent). A strategy profile S =
(si, s−i) is P3 iff (MD) ∀i, j :

si − 1 ≤ 1 ∧ sj − si ≤ 1 ∧ n− sj ≤ 1

max distance

Definition 5 (Minimum Payoff, case dependent). A strategy profile S =
(si, s−i) is P1 (MP) iff ∀i : pi(si, s−i) ≥ 1

0.5

payoff
min

Definition 6 (Proximal Move, case invariant). A strategy profile S = (si, s−i)
is P4 (PM) iff ∀i, si :

pi(si − 1, s−i) ≤ pi(si, s−i) ≥ pi(si + 1, s−i)

right

left

We proceed by a series of entailments between local properties leading to
the characterization of NEp in LGl. The proofs are included in Section 6.

Claim 1 (NE ⇒ MP). For m < n, S is NEp ⇒ S is P1.

Claim 2 (NE ⇒ MH). For m < n, S is NEp ⇒ S is P2.

Claim 3 (MP & PM ⇒ MH). For m < n, S is P1 and P4⇒ S is P2.

Claim 4 (MP & PM ⇒ MD). For m = n− 1, S is P1 and P4⇒ S is P3.

Proposition 1 (Local NE Characterization). For n = m− 1,

S is NEp ⇔ S is P1 and P4

Corollary 1 (in Alloy, scope 7). For n = m− 1,

S is NEp ⇔ S is P2 and P4
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3.2 Generalizing Fragment Cycle Solution to LGl

In this section we give some illustrations of how the result works for the class
of games with n=m−1 and point out how this can be generalized to other
game classes, using the same pattern with case dependent local properties.

Note that in Proposition 1 we have a characterization of NE using local
properties that are case dependent. This means that for games in which,
for instance, n = m − 3 the maximum distance might be different from 1.
Corollary 1, on the other side, gives a characterization by case invariant local
properties, however, these cannot be used to construct profile fragments.

We will use Haskell and Alloy output to illustrate NE strategy profiles
with only brief explanations about the underlying implementation, more de-
tails about the implementation tools used are included in Section 7. As both
NE and the Local Properties can be expressed as FOL formulae, Alloy can
be used to test FOL entailment (up to a finite scope). But the construction
of local fragments depends on the maximum profile distance which can be
different from case to case. In Haskell a QSLPs can be implemented as a lists
comprehension. The list of relevant strategy profiles can be further filtered
using the other local properties characterizing NE profiles. For example,
when we input 5 locations and 4 players we get the following output:

*LOGM> nelg 5 4

[[2,2,4,4]]

This output is a list of choices that represents abstractly to the strategy
profile that can be intuitively represented in the following figure:

We can notice that it is decomposable by the following pattern P1=S0S
1
1S2

representing the profile fragment cycle highlighted in the figure below:

S0 S2

S1

Such observations generalize to larger number of locations, witness:

*LOGM> nelg 7 6

[[2,2,3,5,6,6],[2,2,4,4,6,6]]

*LOGM> nelg 11 10

[[2,2,3,5,5,7,7,9,10,10],[2,2,4,4,6,6,8,8,10,10]]
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And can be lifted into general results solving large classes of cases:

Proposition 2. For l = p+1 and p even the pattern of profile fragment cycles
Pn = S0S

∗
1S2 is one of the (possible many) Nash equilibria, for ∗ denoting

matching sequential composition, S0 = 〈0202〉, S1 = 〈020202〉, S2 = 〈2020〉.

Similar observations, with more complex patterns, generalize in the com-
plement class of odd p, l = p− 1 cases, witness the examples:

*LOGM> nelg 6 5

[[2,2,3,5,5],[2,2,4,5,5]]

*LOGM> nelg 8 7

[[2,2,3,5,5,7,7],[2,2,4,4,6,7,7]]

And can again be lifted into general results solving large classes of cases:

Proposition 3. For l = p + 1 and p odd the pattern of profile fragment
cycles Pn = S0S

1
1(S2

1)∗S2 is one of the (possible many) Nash equilibria, where
the concatenation and ∗ represent matching sequential composition, and for
S0 = 〈0210〉, S1

1 = 〈10202020〉, S2
1 = 〈20202020〉, S2 = 〈2020〉.

The method can be further generalized to other classes of cases to obtain
analogous results. The caveat here is that the maximal distance d is a local
property that can change from case to case. Even so our result can be
straightforwardly applied to any class of games for which a maximal distance
has been determined. This will only require a analogous proof of Proposition
1 using a corresponding property P3 as Definition 4 for increasing d values.

4 Concluding Remarks and Further Topics

We conclude with interesting problems and topics for future research: Does a
general, case-independent NE-characterization exist? Can the location game
be analyzed by a potential argument? Can the method be used for other
LGs: circle, networks, etc.? Can the analysis be extended: mixed strategies,
probabilistic query-strategies? We also mention the role of implementations.

4.1 Implementation Tools for Questioning Actions

We already mentioned two implementations that were used to model NEp

in LGl: Haskell and Alloy analyzer. Haskell offers the advantages and ver-
satility of functional programming [3] and Alloy analyzer [6] was used for
characterizing NEp in LGl. Some further details about both are included in
Section 7. This connection is certainly worth extending further in the future.
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5 Appendix A: Background Definitions

Definition 7 (Location Game). LGl is defined in the following way:

– N = {1, . . . , n},

– Si = {1, . . . ,m}, for i ∈ N ,

– for i ∈ N , pi(si, s−i) =

m / n if ∀j 6= i si = sj ,

pn + div2(pr − pn − 1)

ns
+

mod2(pr − pn − 1)

ns + nr
if ∀j 6= i si ≤ sj ,

div2(pn − pl − 1) + m− pn + 1

ns
+

mod2(pn − pl − 1)

ns + nl
if ∀j 6= i si ≥ sj ,

1+div2(pn−pl−1)+div2(pr−pn−1)
ns

+ mod2(pr−pn−1)
ns+nr

+ mod2(pn−pl−1)
ns+nl

otherwise.

where pn = si, pr and pl are the strategies that are right-, respectively, left-
proximal (as locations) to si, nr and nl are the numbers of players that have
chosen a pr, respectively, a pl strategy, ns is the number of players in the
same location as i, and m is the number of positions (locations) in the game.

Definition 8 (Nash Equilibrium). A pure Nash equilibrium is a profile s∗

of pure strategies s.t. for any player i ∈ N and every strategy si of i we have:

pi(s
∗
−i, s

∗
i ) ≥i pi(s

∗
−i, si).

Definition 9 (Query). A query Q of oder n is an n-tuple over the alphabet
containing the symbols {0, 1,X}. Replacing X with 0 or 1 induces a partial
order on queries: for instance, 1XXX ⊇ 10X1; the minimal elements in the
order are the atomic queries, which do not contain X.

Definition 10 (Backtrack Oracle). A backtrack oracle (BO) of order n is a
function:

A : {0, 1,X}n → {Y,N,M}

satisfying the following properties:

– no M is given as a response to an atomic query, and

– if A(Q) = Y or A(Q) = N, and Q′ ⊆ Q,

then A(Q′) = Y or A(Q′) = N, respectively.
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Definition 11 (Oracle Cover). A cover of order k for a BO is a set of queries

S = {Q0, Q1, . . . , Qk}

such that every atomic query is contained in some of the queries from S to
which the BO answers Y or N.

Definition 12 (Oracle Search). A BO search is a method of finding every
BO query Qi for which A(Qi) = Y, or conclude that there are none.

Definition 13 (Search Strategy). An order n search strategy is a finite
decision tree T in which nodes are queries of order n with two outgoing
branches N and M.

Definition 14 (Correct Search Strategy). A search strategy T is correct for
oracle A if for every leaf z of the answers-pruned tree (the answers from the
oracle A allow to prune one outgoing branch from each query node in T ):

- if S is the set of queries lying on the path from the root to z,

then S is a cover for A.

Theorem 1 (Carter, Stockmeyer & Wegman [5]). Let C be a collection of or-
acles of order N which have K-covers. Let T be a probabilistic search strategy

which is correct for C: Etime(T, C) ≥ 1
4

(
N−log2 K

log2 N log2 K

)blog2 Kc
.

For a deterministic search strategy the time complexity is given by the maxi-
mum number of queries required.

Definition 15 (Profile Fragment). For arbitrary d, h let F h
d be defined by:

F h
d := {(x0, .., xd) | 0 ≤ xi ≤ h, 0 ≤ i ≤ d}∪{(x0, .., xd) | 0 < xi ≤ h, xi = xi+1, 0 ≤ i ≤ d}

6 Appendix B: Proofs of Main Results

Proof of Claim 1. Suppose not, then ∃i : pi(si, s−i) < 1 for some NEp (si, s−i).
As m < n, ∃s∗i : pi(s

∗
i , s−i) ≥ 1, therefore (si, s−i) cannot be NEp.

Proof of Claim 2. Suppose not, then ∃i, j, k : i 6= j ∧ i 6= k ∧ j 6= k ∧ si =
sj = sk and S = (si, sj, sk, s−ijk) is NEp. Hence, pi(s) + pj(s) + pk(s) ≥ 3,
using Claim 1. Hence, wlog ∀s∗ ∈ S : s∗ 6= si − 1 ∧ s∗ 6= si − 2.

Thus, pi(si − 1, s−i) > pi(si, s−i) and (si, s−i) cannot be NEp.
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Proof of Claim 3. Suppose not, then ∃i, j, k : i 6= j ∧ i 6= k ∧ j 6= k ∧ si =
sj = sk and S = (si, sj, sk, s−ijk) is P4. We have pi(s) + pj(s) + pk(s) ≥ 3,
because S is P1. Hence, wlog ∀s∗ ∈ S : s∗ 6= si − 1 ∧ s∗ 6= si − 2. Thus,
pi(si − 1, s−i) > pi(si, s−i) and (si, s−i) cannot be P4.

Proof of Claim 4. Suppose not, then, if S is P1 and P4, by Claim 3, S is P2,
so we have to consider the following two cases:
(1) ∃i : si and ∀k : (sk 6= si ∧ sk 6= si − 1 ∧ sk 6= si − 2) ∨ (sk 6= si ∧ sk 6=
si+1∧sk 6= si+2). Assume wlog that sk 6= si∧sk 6= si−1∧sk 6= si−2 then,

in the best case,

∑
sk≥si+3 pk(S)

|{k | sk ≥ si + 3}|
=

n− 4

m− 1
=

n− 4

n− 2
< 1, so S is not P1.

Otherwise, (2) ∃i, j : si = sj and ∀k : (sk 6= si ∧ sk 6= si − 1 ∧ sk 6=
si−2)∨ (sk 6= si∧sk 6= si +1∧sk 6= si +2). Assume wlog that sk 6= si∧sk 6=
si − 1 ∧ sk 6= si − 2 then, because S is P1 and P4, p(si, s−i) ≥ 1.33, hence,
pi(S)+pj(S) ≥ 2.66, therefore ∀k : sk 6= si +1∧sk 6= si +2. But then, in the

best case,

∑
sk≥si+3 pk(S)

|{k | sk ≥ si + 3}|
=

n− 5

m− 2
=

n− 5

n− 3
< 1, so S cannot be P1.

Proof of Proposition 1 (Sketch). (⇒) Assume S = (si, s−i) is NEp. Then,
by Claim 1, S is P1. Also, ∀i : pi(si, s−i) ≥ pi(s

∗
i , s−i), hence, in particular,

∀i : pi(si − 1, s−i) ≤ pi(si, s−i) ≥ pi(si + 1, s−i). (⇐) Assume S = (si, s−i)
is P1 and P4. Suppose S = (si, s−i) is not NE. Then ∃i, l : l = s∗i →
pi(si, s−i) < pi(s

∗
i , s−i). If s∗i = si − 1, s∗i = si or s∗i = si + 1 we are done.

Otherwise, we have to consider the following (sub)cases:

(1) |h(l)| = 0, i.e. location l is empty, h(l) = {i | si = l},

(2) |h(l)| = 1, i.e. there is one player in l,

(3) |h(l)| = 2, i.e. there are two players in l. Cases |h(l)| > 2 are, by Claim
3, impossible. In each case we have to consider two possibilities:

(.1) |h(si)| = 1, and

(.2) |h(si)| = 2, by Claim 3 |h(s1)| > 2 is also impossible.

For m = n− 1 we have to consider four cases:

(..1) d− = 0, and d+ = 0, where d− = l − max({l′ | s−i < l} ∪ {0})

(..2) d− = 0, and d+ = 1, where d+ = min({l′ | s−i > l} ∪ {n})−l

(..3) d− = 1, and d+ = 0,

(..4) d− = 1, and d+ = 1, by Claim 4, d± > 1 are impossible.

In all (24) (sub)cases S is not (P1 to P4), respectively.

18



7 Appendix C: Implementation Tools

Haskell function to compute the number of canonical profiles:

cp :: Integer -> Integer -> Integer

cp l 1 = l

cp 1 p = 1

cp l p = cp (l-1) p + cp l (p-1)

For example, in a game with n = 10 players and m = 11 locations the number
of strategy profiles in which the chosen locations are weakly increasing is:

*CANG> cp 10 11

184756

The counting of relevant profiles in the given example proceeds as follows:

rp(3, 3, 2, 2) = 2 + 2 + 1 + 1 + 1 + 1 = 8
rp(3, 3, 2, 2) = rp(2, 2, 2, 2) + rp(1, 2, 2, 2) + rp(2, 1, 2, 2) + rp(1, 1, 2, 2)
rp(3, 3, 2, 2) = rp(1, 1, 2, 2) + rp(1, 0, 2, 2) + rp(0, 1, 2, 2)+

rp(1, 2, 2, 2) + rp(2, 1, 2, 2) + rp(1, 1, 2, 2)

We can generalize these basic observations in a the following Haskell function:

rp :: Integer -> Integer -> Integer -> Integer -> Integer

rp l p h d | l == 1 = 1

| p == 1 = d

| l < 1 = 0

| p < 1 = 0

|otherwise = (rp (l-1) (p-1) h d)+(rp (l-2) (p-1) h d)

+(rp (l-1) (p-2) h d)+(rp (l-2) (p-2) h d)

Below we include P1-P4 profile examples for l=p+2, l=p+3, and p < l:

*LOGM> nelg 5 3 [] *LOGM> nelg 11 3 []

*LOGM> nelg 6 4

[[2,2,5,5]]

*LOGM> nelg 7 5

[[2,2,3,5,6],[2,2,3,6,6],[2,2,5,6,6],[2,3,5,6,6]]

*LOGM> nelg 8 5

[[2,2,3,6,6],[2,2,3,6,7],[2,2,4,7,7],[2,2,5,7,7],[2,3,6,7,7],[3,3,6,7,7]]

*LOGM> nelg 10 2 *LOGM> nelg 11 2

[[5,5],[5,6],[6,6]] [[6,6]]

*LOGM> nelg 11 5

[[2,2,4,9,9],[2,2,5,9,9],[2,3,6,9,9],[2,3,6,9,10],[3,3,6,9,9], [3,3,6,9,10],[3,3,7,10,10],[3,3,8,10,10]]

*LOGM> nelg 11 10

[[2,2,3,5,5,7,7,9,10,10],[2,2,4,4,6,6,8,8,10,10]]

*LOGM> nelg 11 6

[[2,2,3,6,9,9],[2,2,3,6,9,10],[2,2,5,6,9,9],[2,2,5,6,9,10],[2,2,5,7,9,10],[2,2,5,7,10,10],[2,3,5,6,9,9],

[2,3,5,6,9,10],[2,3,5,7,9,10],[2,3,5,7,10,10],[2,3,6,6,9,9],[2,3,6,6,9,10],[2,3,6,7,9,10],[2,3,6,7,10,10],

[2,3,6,9,10,10],[3,3,6,6,9,9],[3,3,6,6,9,10],[3,3,6,7,9,10],[3,3,6,7,10,10],[3,3,6,9,10,10]]
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