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1 Background

There is an old saying in China that ”Three people spreading reports of a tiger
makes you believe there is one around” or more general one ”A repeated slander
makes others believe”, which means when the same statement is repeated, it is
inclined to be believed if it is doubtable at the beginning. And as we know, this
is a quite natural phenomenon in normal life. Inspired from this, the paper is
going to explore a theory of belief revision to modal this kind of situation.

Since along with the repeat of some statement, there will be a process from
disbelief to belief it. For describing this process, at the first step, we need to
modify traditional belief revision and make it to deal with belief with degree.
Then introduce the repeated game between some statement and its contradiction
to present the change of the belief degree for some statement after it is repeated.

2 Ranked Belief Revision

Definition 1 (Ranked World) A set can be called a ranked world is a binary
< W, k >, where W is a set of possible worlds and k is a ranking function
defined as follows.

k(w) =
{

min{nsuch that limε→0
P (w)

εn 6= 0} if Pε(w) > 0
∞ if Pε(w) = 0

Remark: The above definition of ranking function is traced from Adams.
P (w) is a probability distribution defined over the set of possible world. And
we write the probability P (w) as a polynomial in ε.

Then we can extend the ranking function to the rankings on wffs. And give
the next definition of the assignment.
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Definition 2 (Assignment) A ranking function k on the wffs is an assign-
ment of non-negative integers to elements in wffs satisfying

k(ϕ) =
{

min(M,ω)|=ϕk(w) if ϕis satisfiable
∞ otherwise

And where M is the model of the formula and |= is defined as usual, w ∈W .

Definition 3 (Assignment for Belief Set) An assignment function k can be
called an assignment for the wffs in belief set, if k is a ranking function and it
satisfies:

1. k(¬ϕ) = n iff k(ϕ) = n

2. if k(ϕ ∧ ψ) = n, then k(ϕ) = k(ψ) = n

3. if k(ϕ) = m, k(ψ) = n,then k(ϕ ∧ ψ) = min(m.n)

4. if k(ϕ ∨ ψ) = n, then k(ϕ) = k(ψ) = n

5. if k(ϕ) = m, k(ψ) = n,then k(ϕ ∨ ψ) = min(m.n)

6. if k(ϕ→ ψ) = m, k(ϕ) = n, then k(ψ) = min(m,n)

Definition 4 (Rankings of wffs) For any formulas ϕ,ψ ∈ wffs, ψ is said to
be as at least believable as ϕ denoted as ϕ ≤ ψ iff k(ϕ) ≥ k(ψ).

Note that we use ϕ = ψ to represent ϕ > ψ and ϕ < ψ

Theorem 1 The following proposition can be gotten easily from the definition.

1. k(ϕ) = 0, iff ψ ≤ ϕ for every ψ ∈ wffs.

2. k(ϕ) =∞ iff ψ ≥ ϕ for every ψ ∈ wffs.

3. |= ¬ϕ iff k(ϕ) =∞.

4. if |= ϕ ,then k(ϕ) = 0.

5. if ϕ 6∈ wffs, then k(ϕ) =∞

From the definition of rankings of wffs, we can easily get.

Proposition 1 ϕ ≤ ¬ϕ iff k(ϕ) ≥ k(¬ϕ).

This is what we really need in our belief revision. And we denote this prop-
erty as (C,≤). Then we can give the definition of our belief revision operator.

Definition 5 (Ranked Belief State) A ranked belief state denoted as Ψ =<
B, k > is a binary where B is a subset of wffs closed under the classic con-
sequence to indicate the belief set. And k is a ranking function over all the
formulas in B and satisfying the assignment for belief set.
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Remark. We use belief state instead of belief set in our belief revision which
inspired from the work of A,Darwiche and J.pearl(1996). Namely, we use a new
formula(belief) to revise our old belief state.

Definition 6 An operator ◦k can be called a belief revision with the degree k
on the belief state Ψ, if it satisfies,

Ψ ◦k ϕ =
{

Ψ if k(ϕ) ≥ k(¬ϕ)
(Ψ	 ¬ϕ)⊕ ϕ if k(ϕ) < k(¬ϕ)

Proposition 2 (Postulates for Ranked Belief Revision) The postulates of
ranked belief revision are as follows.

(K1) Ψ ◦k ϕ is a belief set.

(K2) Ψ ◦k ϕ implies ϕ if ϕ > ¬ϕ, otherwise not.

(K3) Ψ ◦k ϕ ⊆ Ψ⊕ ϕ

(K4) if ¬ϕ 6∈ ψ then Ψ⊕ ϕ ⊆ Ψ ◦k ϕ.

(K5) Ψ ◦k ϕ = Ψ⊥ iff ` ¬ϕ

(K6) if ` ϕ↔ ψ and ϕ = ψ, then Ψ ◦k ϕ= Ψ ◦k ψ

(C1) ¬ϕ < ϕ iff ϕ ∈ Ψ or ϕ ∈ Ψ ◦k ϕ.

(C2) ¬ϕ = ϕ iff ϕ 6∈ Ψ ◦k ϕ.

Theorem 2 The function ◦k satisfies (K1)-(K6) and (C1),(C2) iff ◦k is a
ranked belief revision operator and satisfies (C,≤).

3 Repeated Revision

When we meet the situation like k(ϕ) = k(¬ϕ), according to the previous
discuss. We do not make any change for the old belief state. But if the statement
ϕ appears repeatedly, whether the situation will make change? Back to the
example at the beginning, the repeated slander can make others belief, The
answer is Yes. Thus, the repeated appearances of the same statement matters a
lot in our theory. We will introduce a game model to express this matter based
on the ranked belief revision.

First we introduce a game G as follows.

Definition 7 A game called a simple game if it is a game like.
¬ϕ

ϕ (a, b)
Where ϕ and ¬ϕ are the actions respectively of the game. And a is the payoff

of ϕ being chosen and b is the payoff of ¬ϕ being chosen. And a, b ∈ Z.
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Since there is just one option for each player to choose so here the utility
and paroff should be the same. Thus u(ϕ) = a will be the utility of ϕ being
chosen (ϕ to be believed).

Definition 8 δ is to be called the memory discount factor if δ ∈ [0, 1].

Considering the situation of the same statements appearing several times,
the influences of the very latest time should be more important than the less
latest time. So we use the memory discount factor to indicate the different
importance of the different appearance in our calculation.

Once we meet the new belief which was rejected repeatedly, we are inclined
to count the cost carefully. For making this process clearly, one natural way is
to count the redundant utility of choosing one rather than the other. The next
definition is given to show this intuition.

Definition 9 (Difference Utility Ration) Given the a finite sequence of the
simple games g1, g2, · · · , gn and the memory discount factor we define the dif-
ference utility ration D(ϕ) with respect to ϕ as follows.

D(ϕn) = δ−1(a1 − b1) + δ−2(a1 − b1) + · · ·+ δ−n(a1 − b1)/δ−1a1 + δ−2a2 +
· · ·+ δ−nan

Definition 10 The rank of ϕ after repeated n times kn(ϕ) should be defined as

kn(ϕ) =
{
k(ϕ) if D(ϕn) ≤ D(¬ϕn)
k(ϕ) + 1 if D(ϕn) > D(¬ϕn)

When we get the new rank of ϕ then we can do the revision using ◦kn . And
the similar theorem can be gotten as before.

Theorem 3 The function ◦kn satisfies (K1)-(K6) and (C1),(C2) iff ◦kn is a
repeated ranked belief revision operator and satisfies (C,≤).
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