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EXTENDED ABSTRACT

1. INTRODUCTION

Dependence Logic (DL), as a new approach to independence friendly logic (IF-
logic) [Hintikka and Sandu 1989], was introduced in [Väänänen 2007]. Hodges
gave a compositional semantics for IF-logic in [Hodges 1997a], [Hodges 1997b].
Recent research by Abramsky, Väänänen [Abramsky and Väänänen 2009] gener-
alized Hodges’ construction for team semantics and introduced BID-logic, which
extends dependence logic and includes both intuitionistic implication and linear
implication. We call the intuitionistic fragment of BID-loigc “intuitionistic depen-
dence logic (IDL)”.

By the method in [Enderton 1970] and [Walkoe 1970], we know that sentences
of DL have the same expressive power of sentences second order Σ1

1 fragment.
It follows from [Hodges 1997b] that any open DL-formula of vocabulary L can
be represented by a Σ1

1-formula with an extra predicate interpreting the team. In
[Kontinen and Väänänen 2009], Kontinen and Väänänen proved that open formu-
las of DL defines, by means of identity only, exactly those subsets of a domain that
are definable in second order Σ1

1 fragment with an extra predicate, occurring only
negatively.

[Abramsky and Väänänen 2009] gives a translation from IDL formulas into
second order sentences with extra predicates interpreting the teams. In [Yang 2010],
it was proved that sentences of IDL have exactly the same expressive power of sen-
tences of the whole second order logic. The idea of introducing the intuitionistic
implication→ in the general context of Hodges’ construction in [Abramsky and Väänänen 2009]
is very natural and in particular→ satisfies the axioms for intuitionistic implication,
however, this result shows that the intuitionistic implication in fact has a very strong
expressive power. In this paper, we study the expressive power of open formulas of
IDL. We generalize the result on definability of DL in [Kontinen and Väänänen 2009],
and we prove that open formulas of IDL defines, by means of identity only, exactly
those subsets of a domain that are definable in second order logic with an extra
predicate, occurring only negatively, for the teams. This proof uses a similar argu-
ment with that in [Yang 2010] and the same trick as the one in [Kontinen and Väänänen 2009].
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2. INTUITIONISTIC DEPENDENCE LOGIC AS A FRAGMENT OF
BID-LOGIC

Well-formed formulas of BID-logic are given by the rule

φ ::=α |=(t1, · · · , tn) | ¬=(t1, · · · , tn) | ⊥ | ψ∧χ | ψ⊗χ | ψ∨χ |
ψ→ χ | ψ( χ | ∀xψ | ∃xψ

where α is a first order literal, t1, · · · , tn are terms. For the semantics for BID-logic,
we adopt and generalize Hodges’ (trump) team semantics. For any structure M , a
team X of M is a set of assignments on M . The team semantics for BID-logic is
given by the following clauses:

• M |=X α with α first-order literal iff M |=s α for all s ∈X ,

• M |=X=(t1, · · · , tn) iff for all s,s′ ∈X such that t1(s)= t1(s
′),· · · , tn−1(s)=

tn−1(s
′), we have tn(s) = tn(s

′),

• M |=X ¬=(t1, · · · , tn) iff X = /0,

• M |=X ⊥ iff X = /0,

• M |=X φ∧ψ iff M |=X φ and M |=X ψ,

• M |=X φ⊗ψ iff X = Y ∪Z such that M |=Y φ and M |=Z ψ,

• M |=X φ∨ψ iff M |=X φ or M |=X ψ,

• M |=X φ→ ψ iff for all Y ⊆X , if M |=Y φ then M |=Y ψ,

• M |=X φ( ψ iff for all Y , if M |=Y φ then M |=X∪Y ψ,

• M |=X ∃xφ iff M |=X(F/x) φ for some F :X →M ,

• M |=X ∀xφ iff M |=X(M/x) φ,

where the supplement team X(F/xn) = {s(F (s)/xn) : s ∈X} and the duplicate
team X(M/xn) = {s(a/xn) : a ∈M, s ∈X}. The intuitionistic implication and
linear implication are adjoints of conjunctions:

φ∧ψ |= χ⇐⇒ φ |= ψ→ χ, φ⊗ψ |= χ⇐⇒ φ |= ψ( χ.

BID-logic has the downwards closure property that for any formula φ, if M |=X φ
and Y ⊆X , then M |=Y φ. The propositional fragment without dependence for-
mulas of BID-logic is the BI logic, the “logic of Bunched Implications” introduced
in [O’Hearn and Pym 1999], [Pym 2002]. The intuitionistic fragment of BID-logic
is called intuitionistic dependence logic. That is, well-formed formulas of IDL are
formed by the following rule

φ ::= α |=(x) | ⊥ | ψ∧χ | ψ∨χ | ψ→ χ | ∀xψ | ∃xψ

2



where α is a first order atom. Note that the dependence atoms of IntDL have only
single variables, the disjunction ∨ is classical and the implication→ is intuitionis-
tic.

We call the DL formulas with no occurrence of dependence subformulas (clas-
sical) first-order formulas (of BID-logic), that is first-order formulas of BID-logic
are formulas with only first-order literals, ∧, ⊗, ∀x and ∃x. A formula φ is said to
be flat if for all models M and teams X

M |=X φ⇐⇒ (M |={s} φ for all s ∈X).

First-order formulas are flat. Throughout the abstract, we sometimes will talk about
first-order formulas of BID-logic and the normal first-order formulas at the same
time, in such cases, we identify the first-order connective ⊗ of BID-logic and the
normal first-order connective ∨.

3. EXPRESSIVE POWER OF IDL SENTENCES

Two BID formulas φ and ψ are said to be logically equivalent to each other (in
symbols φ≡ ψ) if for any model M and any team X it holds that

M |=X φ⇐⇒M |=X ψ.

Let L be a sublogic of BID. We say that a formula φ of BID is expressible in
L , if there exists an L formula ψ such that φ ≡ ψ; a second order sentence φ is
expressible in L , if there exists an L sentence ψ such that for any model M

M |= φ⇐⇒M |={ /0} ψ.

Lemma 1. We have the following logical equivalences in BID-logic:

(1) =(t1, · · · , tn) ≡=(t1)∧·· ·∧=(tn−1)→=(tn) for any terms t1, · · · , tn;

(2) ¬φ ≡ φ→⊥ whenever φ is an atom (first-order or dependence atom);

(3) φ⊗ψ ≡ (φ→⊥)→ ψ whenever both φ and ψ are flat formulas.

Lemma 2. First order formulas are expressible in IDL.

Proof. Apply Items (2) and (3) of Lemma 1 to the quantifier-free formula in con-
junctive normal form of any first order formula in prenex normal form.

Theorem 3. DL sentences are expressible in IDL.

Proof. Every DL sentence φ is equivalent to a sentence in the following normal
form described in Section 6.3 of [Väänänen 2007]:

φ = ∀x1 · · ·∀xm∃y1 · · ·∃yn(=(x11 , · · · ,x1k1
,y1)∧

·· ·∧=(xn1 , · · · ,xnkn ,yn)∧ψ ),

where ψ is quantifier-free and first order. Then the theorem is proved by applying
Item (1) of Lemma 1 and Lemma 2.
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Theorem 4 ([Abramsky and Väänänen 2009], [Yang 2010]).
Second order sentences are expressible in IDL and vice versa.

4. CHARACTERIZING DEFINABILITY PROPERTIES OF TEAMS IN IDL

For any vocabulary L and any relation symbol R not occurring in L, let L(R)
denote the vocabulary extended from L by adding a new relation symbol R.

Definition 5. Let R be a k-ary relation symbol and φ a second order L(R) sen-
tence. We say that φ is downwards monotone with respect to R if for all L(R)
model (M,Q) and Q′ ⊆Q,

(M,Q) |= φ =⇒ (M,Q′) |= φ.

Every teamX of a modelM with domain {x1, · · · ,xk} induces a k-ary relation
rel(X) defined as

rel(X) = {(s(x1), · · · ,s(xk)) : s ∈X}.

Theorem 6 ([Hodges 1997b]). For any L-formula φ of DL, there is a Σ1
1 L(R)-

sentence τφ(R) such that for all models M

M |=X φ⇐⇒ (M,rel(X)) |= τφ(R).

Theorem 7 ([Abramsky and Väänänen 2009]). For any L-formula φ of IDL, there
is a second order L(R)-sentence τφ(R) such that for all models M ,

M |=X φ⇐⇒ (M,rel(X)) |= τφ(R).

It follows immediately from the downwards closure of BID-logic, the two
τφ(R) formulas are downwards monotone with respect to R.

Theorem 8 ([Kontinen and Väänänen 2009]). For any vocabulary L, any L-model
M , and any family F of sets of k-tuples of M which is closed under subsets, the
following are equivalent:

• F = {rel(X) : M |=X ψ(w1, · · · ,wk)} for some L-formula ψ(w1, · · · ,wk)
of DL.

• F = {Y : (M,Y ) |= φ(R)} for some Σ1
1 L(R)-sentence, in which R occurs

only negatively.

The next lemma is an easy generalization of Proposition 4.7 in [Kontinen and Väänänen 2009].
It plays an important role in the proof of an important lemma (Lemma 11) for the
main theorem (Theorem 14).

Lemma 9. An L(R)-sentence φ ∈ Σ1
2n+1 is downwards monotone with respect to

R iff there exists an L(R)-sentence ψ ∈ Σ1
2n+1 such that φ≡ ψ and R occurs only

once and negatively in ψ.
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Lemma 10. Every Σ1
2n+1 L(R) downwards monotone (with respect toR) sentence

is equivalent to a sentence φ of the form

∃f1
1 · · ·∃f1

p1
∀g1

1 · · ·∀g1
q1
· · ·∀gn1 · · ·∀gnqn∃f

n+1
1 · · ·∃fn+1

pn+1
∀z̄∀x̄∀ȳ∀w̄ψ(¬R),

where

• ψ(¬R) is quantifier free, and R occurs in ψ only once and negatively, the
occurrence is of the form ¬R(w1, · · · ,wk);

• every occurrence of fγi (1 ≤ γ ≤ n, 1 ≤ i ≤ pγ) in ψ is of the form fγi xγ,i,
where xγ,i = 〈xγ,i1 , · · · ,xγ,io(fγi )

〉 is a subsequence of x;

• every occurrence of gδj (1 ≤ δ ≤ n, 1 ≤ j ≤ qδ) in ψ is of the form gδjyδ,j ,
where yδ,j = 〈yδ,j1 , · · · ,yδ,jo(gδj )

〉 is a subsequence of y.

In the proof of the following lemma, we use a similar argument with that in
[Yang 2010], and apply the same trick as the one in [Kontinen and Väänänen 2009].

Lemma 11. For any Σ1
2n+1 downwards monotone (with respect toR)L(R)-sentence

φ, there exists a formula φ∗(r1, · · · , rk) of BID-logic such that for any L-model M
and any team X with domain {r1, · · · , rk}

(M,rel(X)) |= φ(R)⇐⇒M |=X φ∗(r̄).

Proof. Without loss of generality, we may assume φ is of the form described in
Lemma 10. Let

φ∗ =∀v1,1 · · ·∀v1,q1 · · ·∀vn,1 · · ·∀vn,qn∀z̄∀x̄∀ȳ∀w̄
∃u1,1 · · ·∃u1,p1(Ψ1∧ (Θ1→∃u2,1 · · ·∃u2,p2(Ψ2∧ (Θ2→ ···
∧ (Θn→∃un+1,1 · · ·∃un+1,pn+1(Ψn+1∧ψ′(r̄)))) · · ·))))︸ ︷︷ ︸

2n+1

,

where

Ψγ =

pγ∧
i=1

=(xγ,i,uγ,i) for every 1≤ γ ≤ n+1,

Θδ =
qδ∧
j=1

=(yδ,j ,vδ,j) for every 1≤ δ ≤ n

and ψ′(r̄) is the first-order formula obtained from ψ by replacing everywhere

• fγi xγ,i by a new variable uγ,i (1≤ γ ≤ n+1, 1≤ i≤ pγ),

• gδjyδ,j by a new variable vδ,j (1≤ γ ≤ n, 1≤ j ≤ qδ).

• ¬R(w1, · · · ,wk) by (w1 6= r1)⊗·· ·⊗ (wk 6= rk).
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Then φ∗(r̄) is the required formula.

Theorem 12. For any Σ1
2n+1 downwards monotone (with respect to R) L(R)-

sentence φ, there exists an IDL formula φ∗(r1, · · · , rk) such that for any L-model
M and any team X with domain {r1, · · · , rk}

(M,rel(X)) |= φ(R)⇐⇒M |=X φ∗(r̄).

Proof. Follows from Lemma 1 and Lemma 2.

Corollary 13. DL formulas are expressible in IDL .

For any n ∈ N, let φ0(R) be any downwards monotone Σ1
2n or Π1

n L(R)-
sentence (with respect to R). By adding dummy second order quantifiers, one
may turn φ0 to an equivalent Σ1

2n+1 sentence φ1. In this way, the same theorem as
Theorem 12 holds for Σ1

2n and Π1
n formulas as well.

Theorem 14. For any vocabulary L, any L-model M , and any family F of sets of
k-tuples of M which is closed under subsets, the following are equivalent:

• F = {rel(X) : M |=X ψ(w1, · · · ,wk)} for some L-formula ψ(w1, · · · ,wk)
of IDL.

• F = {Y : (M,Y ) |= φ(R)} for some second order L(R)-sentence, in which
R occurs only negatively.
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