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1 Introduction

In virtue of possible world semantics, logicians have developed many kinds of
languages and systems which are used to describe or analyze the rules of im-
portant phenomenon on many research areas as philosophy, linguistic, cognitive
science, computer science and so on. The basic structures of those formalisms
are a series of transitions among states. Therefore, structural similarity is an
important issue..

In these semantics, a state (or node, world) which represents certain situation
is described by propositions that are true at the states. Formulas with model
operators describe the accessibility relation among these states.

There should be some potential relevance between the inner characters of
states and the accessibility relation among them. We discuss structural simi-
larity in this paper in the sense that states connected by accessibility relations
should be similar in a prescribed degree.

For example, in temporal logic, events happen in time in a manageable man-
ner. Two adjacent time points should be similar, because no so much happened
between them, and therefore no so much have been changed from one to the
other. It means that for a description of situation at two different points, the
more the points are close, the more they are similar.

The structural similarity in temporal logic is also important in applications.
Consider the software models developed for programming intelligent agents.
Such model is usually the natural number model. The agents will make the
system transiting from one instantaneous state to another by a series of actions.
Actions executed are to realize intentions of agents. In general, in the process
of achieving these intentions, agents need continuously observe changes of the
environment and act (in a finite manner). So, actions and the effects of actions
must be within a limit so that they are under control of agents. Changes between
adjacent states should be similar within a degree.

In this paper, similarity between two states is directly defined by numbers
of propositions that share the same value at the two states. We define degrees
of similarity in the temporal logic of concurrency, whose frame is isomorphic
to the natural numbers and present a complete system of the theory. This will
help us to describe the uniform distribution of changes on a discrete linear flow
of time.
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2 Syntax and Semantics

Lh(X,U, F ) is based on L(X,U, F ) from Gabbay et.al.[1980]. So we introduce
L(X,U, F ) first. The alphabet of L(X,U, F ) consists of a countable set of
propositions P = {p1, p2 . . .}, Boolean connectives ¬ and →, existential future
operator �, universal future operator 2, next instant operator ◦ and until opera-
tor U . Formulas of the form �ϕ is read as that there exists some future instants
at which it is the case that ϕ. 2ϕ is read as that it is always the case that ϕ in
the future. ◦ϕ is read as that it is the case ϕ at the next instant. ϕ Uψ is read
as it will be the case that ϕ until the case that ψ. L(X,U, F ) is constructed as
follows:

ϕ =:: p | ¬ϕ | ϕ1 → ϕ2 | 2ϕ | ◦ ϕ |ϕ1 Uϕ2.

Definition 2.1 A frame of L(X,U, F ) is a pair F = (S, σ), where σ is a sur-
jective function ω → S enumerating S as a sequence

σ0, σ1, σ2, . . . , σn, . . .

called a state sequence.

There are two kinds of relations between states, that is, the relation ≥, which
interprets 2, and the relation R, where jRk iff k = j+ 1, which interprets ◦. ≥
is the reflexive transitive closure of R.

Definition 2.2 A model of L(X,U, F ) is a triple M = (S, σ, V ), V is a truth
assignment that is defined as usual.

The inner character of each state is described by propositions that are true
at the state. Then the uniform changes among adjacent states is showed by the
uniform changes of values of propositions at adjacent states.

Now we add a superscript h on L(X,U, F ), then we get Lh(X,U, F ).
The superscript h of Lh(X,F,U) is a fixed natural number, called the degree

of changes, which is used to restrict changes between adjacent instant states. In
any two adjacent instant states, the number of propositions whose values have
been changed between the two states is less than h.

Definition 2.3 A frame of Lh(X,U, F ) is a triple Fh(S, σ, h) h that is as
defined in 2.1.

Definition 2.4 Let V be the truth assignment of the model of L(X,U, F ), then

(1) A function Dm(i, j) is given by

Dm(i, j) =


1 σi ∈ V (pj) and σi+1 6∈ V (pj)

1 σi 6∈ V (pj) and σi+1 ∈ V (pj)

0 otherwise

(2) A function Sm(i) is given by Sm(i) =
∑∞

j=1Dm(i, j)
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Dm(i, j) is a character function that indicates whether or not the value of
pj has been changed between σi and σi+1. Sm(i) shows how many propositions
have changed between σi and σi+1. In general, Sm(i) can be infinite.

Definition 2.5 A model of Lh(X,U, F ) is a tuple Mh = (S, σ, h, V h), where
S, σ, h are as defined, V h is a truth assignment such that the following holds:

For any state σi, Sm(i) ≤ h.

Definition 2.6 Given a model Mh = (S, σ, h, V h), Mh |=i ϕ is read as that ϕ
is true at i instant in Mh, and is defined as follows:

Mh |=i p iff σi ∈ V h(p)

Mh |=i ¬ϕ iff Mh 6|=i ϕ

Mh |=i ϕ1 → ϕ2 iff Mh |=i ϕ1 implies Mh |=i ϕ2

Mh |=i ◦ ϕ iff Mh |=i+1 ϕ

Mh |=i 2ϕ iff for all k ≥ i, Mh |=k ϕ

Mh |=i ϕ1Uϕ2 iff

for some k ≥ i, Mh |=k ϕ2 and

for every j such that i ≤ j < k, Mh |=j ϕ1

3 Axioms

The smallest logic in L(X,U, F ) denoted by Θ can be described by the following
axioms and rules:

Prop: Propositional tautologies.

K : 2(ϕ→ ψ)→ (2ϕ→ 2ψ)

K◦: ◦(ϕ→ ψ)→ (◦ϕ→ ◦ψ)

Fun: ◦¬ϕ↔ ¬ ◦ ϕ

Mix : 2ϕ→ ϕ ∧ ◦2ϕ

Ind : 2(ϕ→ ◦ϕ)→ (ϕ→ 2ϕ)

U1 : ϕUψ → �ψ

U2 : ϕUψ ↔ ϕ ∨ (ϕ ∧ ◦(ϕUψ))

MP : ϕ1, ϕ1 → ϕ2/ϕ2

RN : ϕ/2ϕ
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All of these has been inherited by the smallest logic in Lh(X,U, F ) denoted
by Θh. The only difference between Θ and Θh is that the latter have a series of
propositional axioms as follow:

Cc(h): (l(pk1) ∧ l(pk2) ∧ . . . ∧ l(pkh
) ∧ ◦¬l(pk1) ∧ ◦¬l(pk2) ∧ . . . ∧ ◦¬l(pkh

)) →
(l(pm)→ ◦l(pm)) for which pm 6= pkr

, 1 ≤ r ≤ h

Formula with the form l(p) means a specified one among p and ¬p. Cc(h)
denotes the set of these propositional axioms. Now we show that Cc(h) corre-
sponds to the continuity of changes which is restricted by the degree of change
in a frame of Lh(X,U, F ).

Suppose Mh = (S, σ, h, V h) is any model of Fh, then at any state σi, we
have Sm(i) ≤ h. Assume that Mh 6|= (l(p1) ∧ l(p2) ∧ . . . ∧ l(ph) ∧ ◦¬l(p1) ∧
◦¬l(p2) ∧ . . . ∧ ◦¬l(ph)) → (l(ph+1) → ◦l(ph+1)), which is one the members
of Cc(h), then it exists a state σe, that Mh |=e (l(p1) ∧ l(p2) ∧ . . . ∧ l(ph) ∧
◦¬l(p1) ∧ ◦¬l(p2) ∧ . . . ∧ ◦¬l(ph)). So Dm(e, r) = 1, 1 ≤ r ≤ h and Mh 6|=e

(l(ph+1) → ◦l(ph+1)). It means Mh |=e (l(ph+1) ∧ ◦¬l(ph+1)), viz. Mh |=e

(ph+1∧◦(¬ph+1))∨(¬ph+1∧◦(ph+1)). Then it is the case that Dm(e, h+1) = 1
and Dm(e, 1) + Dm(e, 2) + . . . + Dm(e, h) + Dm(e, h + 1) = h + 1. It is that
case that Sm(e) ≥ h + 1, which conflicts with Sm(i) ≤ h. So we always have
Fh |= Cc(h).

It is easy to see for any g > h, there is always the case that Mh |= Cc(g)
and Fh |= Gc(g). Then Fg |= Cc(h) means g ≤ h.

Assume g > h and Fg |= Cc(h). Take an assignment V satisfying σi ∈
V (l(pr)) & σi+1 6∈ V (l(pr)), where 1 ≤ r ≤ g, while for any f > g, σi ∈
V (l(pf )) & σi+1 ∈ V (l(pf )). Then we have Sm(i) = g. At any other state
σe, e 6= i, it is that Sm(e) = 0. Then V is a truth assignment of Fg, and V
could be denoted by V g. Obviously, (S, σ, g, V g) |=i l(p1) ∧ l(p2) ∧ . . . ∧ l(ph) ∧
◦¬l(p1) ∧ ◦¬l(p2) ∧ . . . ∧ ◦¬l(ph)), but (S, σ, g, V g) 6|=i (l(ph+1) → ◦l(ph+1)),
which is because that g ≥ h+ 1.

So, (S, σ, g, V g) 6|=i (l(p1) ∧ l(p2) ∧ . . . ∧ l(ph) ∧ ◦¬l(p1) ∧ ◦¬l(p2) ∧ . . . ∧
◦¬l(ph))→ (l(ph+1)→ ◦l(ph+1)), then we get Fg 6|= Cc(h).

The completeness of Θ has been proved in Gabbay et.al.[1980], and there
is no difficulty in the proof of the completeness of Θh. Considering the length
of this extended abstract, we do not introduce the proof of the completeness of
Θh.
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