
Modal Logics via Update Semantics:

Completeness Results

Shengyang Zhong
Institute of Logic and Cognition, Sun Yat-sen University

zhongshengyang@163.com

1 Introduction

The update semantics proposed by Veltman (1996) has initiated a dynamic turn
in logical semantics. The slogan of this semantics is “You know the meaning
of a sentence if you know the change it brings about in the information state
of anyone who accepts the news conveyed by it”1. Technically, the dynamics is
realized by replacing the valuation, a crucial element of many classical semantics,
with a binary operation triggered by formulas on information states. The power
of this semantics has been demonstrated by papers such as (Groeneveld and
Veltman 1994), (Wang and Wang 2007) and so on. A pure update semantics,
however, is not as flexible as classical Kripke semantics to form different logics by
adding different frame conditions. A natural idea is to incorporate the dynamic
technique used in update semantics into classical Kripke semantics, which was
pursued by Li (2010).

In (Li 2010), an information state is defined as a set of worlds and update
is a binary function mapping a set of worlds together with a formula to a set
of worlds. It can be easily seen that different concrete definitions of update
concerning formulas with modal operator yield different semantics characterized
by different logics. One of the definitions proposed in (Li 2010) adopts again the
idea of classical Kripke semantics of modal logic that evaluation of a formula in
a state depends on its accessible states. Considering some metalogical results
proved by Li and me, this new semantics turns out to be similar to classical
Kripke semantics in many aspects but still different in others.

In the following, I would first introduce the formalism of the semantics pro-
posed in (Li 2010). Then, to make the formalism intelligible, I would present
my own understanding of the philosophical intuition underlying this semantics.
After that, I would prove the completeness of a class of modal logics with respect
to this semantics. Finally, I would make some remarks about this semantics.

2 Semantics

For clarity and generality, the formalism presented here is slightly different from
that in (Li 2010).

1(Veltman 1996), p.221
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The language considered in this abstract is the basic modal language L
conventionally defined as follows:

φ ::= p | ¬φ | φ ∧ ψ | �φ,

where p ∈ PV and PV is the set of all propositional variables. ♦ and → are
defined as usual, i.e. ♦φ := ¬�¬φ and φ→ ψ := ¬(φ ∧ ¬ψ).

The following are the basic definitions of the semantics.

Definition 1 (Frame). A frame F is an ordered pair (W,R) such that

• W is a non-empty set

• R ⊆ PW × PW

Definition 2 (Model). A model M is an ordered pair (F, f) such that

• F is a frame

• f : PW × PV → PW s.t. f(S, p) ⊆ S for each S ∈ PW and p ∈ PV

Definition 3 (Update). An update f based on a model M = (W,R, f) is a
function from PW × L to PW such that, for every S ∈ PW ,

• f(S, p) = f(S, p), for each p ∈ PV

• f(S,¬φ) = S − f(S, φ)

• f(S, φ ∧ ψ) = f(S, φ) ∩ f(S, ψ)

• f(S,�φ) =

{
S if for each T ∈ PW , if SRT then f(T, φ) = T

∅ otherwise

In literature, when there is no ambiguity, f(S, φ) is often written as S‖φ‖ and
this abstract adopts this conventional notation. Thus the above four clauses
can be rewritten as follows:

• S‖p‖ = f(S, p), for each p ∈ PV

• S‖¬φ‖ = S − ‖φ‖

• S‖φ ∧ ψ‖ = S‖φ‖ ∩ S‖ψ‖

• S‖�φ‖ =

{
S if for each T ∈ PW , if SRT , then T‖φ‖ = T

∅ otherwise

Definition 4 (Acceptance). A formula φ is accepted on S ∈ PW in a model
M = (W,R, f), denoted as M, S  φ, iff S‖φ‖ = S.

Definition 5 (Universal Acceptance). A formula φ is universally accepted in a
model M = (W,R, f), denoted as M  φ, iff S‖φ‖ = S for each S ∈ PW .

Definition 6 (Validity). A formula φ is valid in a frame F, denoted as F  φ,
iff φ is universally accepted in all models based on F.

Definition 7 (Validity in a Frame Class). A formula φ is valid in a frame class
F, denoted as F  φ, iff φ is valid in all frames in F.
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3 Philosophical Intuition

In this section, to make the above formalism intelligible, I will present my own
understanding of the underlying philosophical intuition, although this semantics
is not proposed by me.

The above semantics originates from the research of update semantics and
epistemic logic, so the natural interpretation of it will be an epistemic one.

First of all, the non-empty set which constitutes the first element of a frame is
interpreted as a set of possibilities, or possible worlds, or scenarios and a subset
of it is interpreted as an information state. The reason for this interpretation
is quite natural. When an agent is going to make a decision, it usually bears
and considers many scenarios in its mind based on the information it has. For
example, if I am planning tomorrow’s picnic in the rural area and I know nothing
about tomorrow, then I would consider the scenarios in which tomorrow is sunny
and those in which tomorrow is rainy, I would also consider the scenarios in
which tomorrow the traffic to the rural area is heavy as well as those in which
the traffic to the rural area is not heavy. I think it natural to characterize my
information state by the set of all scenarios that I bear in my mind. There
are two limit cases worth mentioning. One of them is the non-empty set itself.
This set characterizes the information state of an agent who has no information,
because it bears all scenarios in its mind. The other is the empty set, which
characterizes the information state of an agent who is unable to think since it
could imagine no possibilities.

The second ingredient, the binary relation on the power set of the non-
empty set, is borrowed from Kripke semantics and hence cherishes the idea
that an agent’s knowing something cannot be determined only by its current
information state, instead it is determined collectively by all information states
which the agent accesses to. Hence to hold on a subset of the non-empty set,
a box formula, which intuitively expresses that something is known, must have
its main subformula held on all subsets of the non-empty set accessible through
the relation. A formula’s holding on a subset of the non-empty set can only be
interpreted as the agent in that information state has some confidence about the
fact expressed by the formula, or, as Veltman put it, accepts that fact, instead
of knowing that fact.

The function called update here characterizes action of being informed. It
indicates the resulting information state of an agent after the agent in any
given information state is informed of the fact expressed by any given formula.
Moreover, the constraint that the set representing the resulting information
state is no larger than that of the previous one is very natural, since after an
agent is informed of something some scenarios will be deemed as unnecessary
to be considered and excluded from its consideration. For instance, if I am still
planning a picnic and I am informed by the weather report that tomorrow will
be sunny, then I may exclude the scenarios in which tomorrow is rainy and only
consider those in which tomorrow is sunny.

4 Completeness

To give general results, we make use of the following definitions.

Definition 8 (�k and ♦k). Define that for each φ ∈ L
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• �0φ = φ

• �k+1φ = ��kφ

Similarly,

• ♦0φ = φ

• ♦k+1φ = ♦♦kφ

Definition 9 (Operator Gmn
ij ). For any m,n, i, j ∈ N, the operator Gmn

ij is a

function from L to L such that Gmn
ij (φ) is the formula ♦m�nφ → �i♦jφ, for

each φ ∈ L

Obviously a lot of famous formulas can be expressed using this operator.

• T i.e. �p→ p is G01
00(p)

• D i.e. �p→ ♦p is G01
01(p)

• B i.e. p→ �♦p is G00
11(p)

• 4 i.e. �p→ ��p is G01
20(p)

• 5 i.e. ♦p→ �♦p is G10
11(p)

Definition 10 (Rk). For any frame F = (W,R), define that for any S, T ∈ PW

• SR0T iff S = T

• SRk+1T iff

(i) S 6= ∅ and T 6= ∅ and there is U ∈ PW s.t. U 6= ∅, SRU and URkT

or (ii) (S = ∅ or T = ∅) and there is U ∈ PW s.t. SRU and URkT

Definition 11 (Frame Condition rgmn
ij ). For any m,n, i, j ∈ N, rgmn

ij is the
following frame condition:
(1) ∀S, T, U ∈ PW (SRmT and SRiU ⇒ ∃S0 ∈ PW (TRnS0 and URjS0)), if
n = 0 or j = 0
(2) ∀S, T, U ∈ PW (SRmT and SRiU ⇒ ∃S0 ∈ PW (S0 6= ∅ and TRnS0 and
URjS0)), if n 6= 0 and j 6= 0

It is easy to see that a lot of famous frame conditions fall in this class.

• Reflexivity i.e. ∀S ∈ PW (SRS) is rg0100

• rg0101 is ∀S ∈ PW∃T ∈ PW (T 6= ∅ and SRT ) which is slightly stronger
than seriality.

• Symmetry i.e. ∀S, T ∈ PW (SRT ⇒ TRS) is rg0011

• rg0120 is ∀S, T, U ∈ PW (SR2U ⇒ SRU), which is slightly weaker than
transitivity by Definition of R2

• Euclideanness i.e. ∀S, T, U ∈ PW (SRT and SRU ⇒ TRU) is rg1011
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Definition 12 (System KGmn
ij ). The system KGmn

ij is the system obtained by

adding the formula Gmn
ij (p) i.e. ♦m�np → �i♦jp as an axiom to the minimal

regular modal system K.

Li (2010) proved the following soundness results with respect to the above se-
mantics:

• K is sound w.r.t. the class of frames

• T is sound w.r.t. the class of reflexive frames

• B is sound w.r.t. the class of symmetric frames

• S4 is sound w.r.t. the class of reflexive and transitive frames

• S5 is sound w.r.t. the class of reflexive and euclidean frames

• D is sound w.r.t. the class of frames satisfying rg0101

I proved the completeness of these systems which is also included in (Li 2010).
Actually, this abstract shows that the following general results hold.

Theorem 1 (Soundness). If m = i = 0 or n+ j 6= 0, the logic KGmn
ij is sound

with respect to the class of frames satisfying the frame condition rgmn
ij .

Theorem 2 (Completeness). The logic KGmn
ij is complete with respect to the

class of frames satisfying the frame condition rgmn
ij .

Theorem 2 can be proved by the following definitions and lemma through a
method similar to that in classical modal logic presented in textbooks such as
(Blackburn et al. 2001).

Definition 13 (Canonical Set and Canonical Relation). The canonical set
WC

KGmn
ij

for the system KGmn
ij is the set of all maximal KGmn

ij -consistent sets.

The canonical relation RC
KGmn

ij
for the system KGmn

ij is defined as follows:

RC
KGmn

ij
= {(U, V ) | U, V ∈WC

KGmn
ij

and for each φ ∈ L, if �φ ∈ U then φ ∈ V }

Definition 14 (Special Frame). For any m,n, i, j ∈ N, the special frame F̂KGmn
ij

of the system KGmn
ij is an ordered pair (W, R̂KGmn

ij
) s.t.

• W = L

• R̂KGmn
ij

= RC
KGmn

ij
∪ {(S, S) | S ⊆W and S 6∈WC

KGmn
ij
}, if n = 0 or j = 0

R̂KGmn
ij

= RC
KGmn

ij
∪{(S, S) | S ⊆W and S 6∈WC

KGmn
ij
}∪{(∅,L)}, if n 6= 0

and j 6= 0

Definition 15 (Special Model). The special model M̂KGmn
ij

of the system

KGmn
ij is an ordered pair (F, f̂KGmn

ij
) s.t.

• F = F̂KGmn
ij
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• f̂KGmn
ij

: PL × PV → PL s.t. for each S ∈ PL and p ∈ PV ,

f̂KGmn
ij

(S, p) =

{
S if p ∈ S
∅ otherwise

Lemma 3 (Acceptance Lemma). Let M̂KGmn
ij

= (L, R̂KGmn
ij
, f̂KGmn

ij
) be the

special model of the system KGmn
ij , S an element of WC

KGmn
ij

. Then for each

formula φ,

S‖φ‖ =

{
S if φ ∈ S
∅ otherwise

5 Remarks

5.1 Many-valuedness

Though the above soundness and completeness results with respect to the new
semantics for modal logics are almost parallel to those with respect to the clas-
sical Kripke semantics, there is still a great distinction. The classical Kripke se-
mantics is two-valued, in the sense that exactly one of M, w  φ and M, w  ¬φ
holds for any model M, any point w in the model and any formula φ. However,
this is not the case in the new semantics, since it is possible that S accepts nei-
ther φ nor ¬φ for some model M, some set S of this model and some formula φ.
This can be shown to result in the constraint in the soundness theorem which is
absent in the classical Kripke semantics. In a word, this semantics is in a sense
a many-valued semantics for modal logics.

5.2 What about Consequence?

In this abstract, I only consider validity. However, consequence is an indispens-
able notion in discussion about logic. In this semantics, the notion of conse-
quence can be defined in the following way which is similar to that of classical
Kripke semantics.

Definition 16 (Consequence1). Let φ1, ..., φn, ψ ∈ L and F be a class of frames.
φ1, ..., φn F

1 ψ, iff
for each model M = (W,R, f) s.t. (W,R) ∈ F and each S ∈ PW , if S‖φi‖ = S
for each i ∈ {1, ..., n}, then S‖ψ‖ = S.

However, in the framework of update semantics, other alternatives are avail-
able. For example, as (Veltman 1996) and (Groeneveld and Veltman 1994)
suggest, the notion of consequence can also be defined in the following way.

Definition 17 (Consequence2). Let φ1, ..., φn, ψ ∈ L and F be a class of frames.
φ1, ..., φn F

2 ψ, iff
for each model M = (W,R, f) s.t. (W,R) ∈ F and each S ∈ PW , S‖φ1‖...‖φn‖‖ψ‖ =
S‖φ1‖...‖φn‖.

The underlying intuition is that if ψ is a consequence of φ1, ...φn, then after
the agent in any given information state is informed of φ1, ..., φn successively, it
needn’t be informed of ψ, since the agent in the resulting information state has
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already accepted ψ, in other words, being informed of ψ will not further change
the agent’s information state.

An obvious relation between these two notions of consequence is the follow-
ing:

Theorem 4. Let φ1, ..., φn, ψ ∈ L and F be a class of frames. If φ1, ..., φn F
2 ψ,

then φ1, ..., φn F
1 ψ.

To explore the properties of F
2 , we might follow the line in (Groeneveld

and Veltman 1994) and devise Gentzen system to characterize this notion. The
results in this abstract, which are similar to those of classical Kripke semantics,
might of some help.
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