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Abstract

In what follows T is some consistent, primitive recursive extension of
IΣ1, which is Robinson's arithmetic Q plus induction for Σ1-formulas.
PrfT (x, y) is a primitive recursive binumeration of the relation �y is a
proof of x in T �, and PrT (x) is the formula ∃yPrfT (x, y). The concept
of a metamathematical �xed point originates with the works of Gödel,
Carnap and Tarski around 1930. It is clear from the proof of the �xed
point lemma that each �rst order formula with a free variable has in�nitely
many (syntactically) di�erent �xed points. Let us so, for each formula
θ(x) ∈ LT de�ne the set of all �xed points of θ(x),

Fix(θ) := {δ : T ` δ ↔ θ(δ)}.
Gödel's second incompleteness theorem provides a proof of that each

�xed point of the formula ¬Pr(x) is equivalent to the consistency state-
ment for T , so in our present vocabulary, Fix(¬Pr) = {δ : T ` δ ↔
ConT }. By the work of Löb, we alse note that Fix(Pr) = {δ : T ` δ}.
From Smullyan we have the result that for a large class of formal sys-
tems, the set of �xed points of Pr(x) is e�ectively inseparable from the
set of �xed points of ¬Pr(x), and thus that both sets are Σ1-complete.
A later consideration is from di Paola and a variation by Bernardi, where
a formula is constructed that has, among others, all members of a cer-
tain recursive set as �xed points. It is then not unreasonable to try to
determine the recursion-theoretic complexity of the set of �xed points of
a formula, a and a straight-forward diagonalization shows that each such
set is indeed Σ1-complete.

In the area of arithmetized metamathematics, it is often of interest to
classify formulas by their quanti�er complexity, so we introduce the set

FixΓ(θ) := {δ : T ` δ ↔ θ(δ)} ∩ Γ

where Γ is either Σn+1 or Πn+1 and θ(x) ∈ Γ. As no set of Γ-formulas is
closed under negation, the straight-forward diagonalization technique is
no longer available, and the situation is somewhat di�erent. Let θ(x) be
extensional or preserve provable equivalence if

T ` δ ↔ γ ⇒ T ` θ(δ) ↔ θ(γ).

For extensional formulas, a dichotomy theorem is proved. Either FixΓ(θ)
is Σ1-complete, or it is equal to Γ, in which case θ(x) acts as a partial
truth de�nition for Γ-formulas.

For the case of non-extensional formulas the situation is even more
complicated, and we present some su�cient conditions for the set of �xed
points of such a formula to be Σ1-complete, as well as considerations on
the possibility of recursive sets of �xed points.


