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Market model with transaction costs
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Stock and bond model

Wt: overall investor capital

ρt: fraction in stocks ⇒ 1 − ρt fraction in bonds

St: stock price

ut: market fall-out
∆St = St (ut − 1)

Time t: W stocks
t = ρt Wt

Time t + dt: W Stocks
t+1 = [utρt + ∆χt] Wt

Wt+1 = [1 + ρt(ut − 1) − ∆Fγ(χt)] Wt

χt: Control strategy
∆Fγ: Transaction costs
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Optimal control problem

Multiplicative Markov model

∆ρt =
ρt + (ut − 1)ρt + ∆χt

1 + ρt(ut − 1) − ∆Fγ(χt)
− ρt

For any assigned form of the transaction costs F (χt)

determine the control strategy χt yielding the optimum
of a chosen utility function.

A natural choice of the utility is

λ(x, t|T ) = Eρt=x

{

ln
WT

Wt

}
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Continuum time description

one event per time-unit

ut − 1→µdt + σ dBt :=
dSt

St
,

∆χt → f dt

∆F → γF(f)dt

The dynamics is modelled by the SDE’s

dWt = [µρt − γF(f)]Wtdt + σρtWt dBt

dρt = [f + a + γρtF(f)] dt + b dBt

a = ρt(1 − ρt)(µ − σ2ρt)

b = σρt(1 − ρt)
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Oseledec’s theorem

The stochastic control is determined as a function of ρt and
t, by maximizing the expectation value of the wealth growth:

λ(x, t;T ) = Eρt=x

{

∫ T

t
ds [V (ρs) − γF(ρs)]

}

T − t = investment horizon

V (ρt) = µρt −
σ2 ρ2

t

2

Oseledec’s theorem predicts

lim
T−t↑∞

λ(x, t|T ) = lim
T−t↑∞

(T − t)`
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Hamilton-Bellman-Jacobi formalism

Dynamic programming equation

∂tλ + [f + a + γxF ]∂xλ +
b2

2
∂2

xλ + V − γF = 0

λ(x, T ;T ) = 0

If borrowing and short-selling is not allowed, the probability
measure of ρ is conserved in the interval [0, 1]

∂xλ(x, t;T )|x=0 = ∂xλ(x, t;T )|x=1 = 0

Dimensional analysis

[λ] = [x] = 0 , [σ2] = [µ] = [f ] = [1/t] , [γF ] = [1/t]
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Optimal control

The investment strategy is determined by δλ
δf = 0

“Linear” transaction costs F = |f |

∂tλ + a∂ρλ +
b2

2
∂2

ρλ + V = 0

∂ρλ|ρ=ρMax
= −

γ

1 − γρMax
, ∂ρλ|ρ=ρmin

=
γ

1 + γρmin

“Quadratic” transaction costs F = |f |2

∂tλ + a ∂ρλ +
(∂ρλ)2

4 γ (1 − ρ ∂ρλ)
+

b2

2
∂2

ρλ + µρ −
σ2ρ2

2
= 0
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Investment strategies

In the absence of transaction costs market fall-outs can be
balanced without constraints

Optimal allocation in stocks ρ? = µ
σ2

Optimal growth λ(ρ, t) = (T − t) µ2

2σ2

In the presence of transaction costs

Dimensionless order parameter

ε =

{

γ linear transaction costs
σ2 γ quadratic transaction costs

λ = (T − t) µ2

2σ2 + ϕ(T − t, x, ε) , x = ρ − ρ?
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Scaling analysis

Every quantity is rescaled by a power of ε, e.g.

x ⇒ εωxxε

Controls are used to match diffusion and utility.

Example: quadratic friction

O(∂tλ) = O
(

(∂xλ)2

4 γ (1−x ∂xλ)

)

⇒ ωϕ − ωt = 2(ωϕ − ωx) − 1

O(∂2
xλ) = O

(

(∂xλ)2

4 γ (1−x ∂xλ)

)

⇒ ωϕ − 2ωx = 2(ωϕ − ωx) − 1

O
(

σ2x2

2

)

= O
(

(∂xλ)2

4 γ (1−x ∂xλ)

)

⇒ 2ωx = 2(ωϕ − ωx) − 1
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Normal forms

Linear friction

λ(x, T − t, ε) = (T − t)
µ2

2σ2
+ ε4/3 ϕ(

T − t

ε2/3
,

x

ε1/3
; 1) + h.o.t

∂tλ + D2

2 ∂2
xλ + µ2

2σ2 −
σ2x2

2 = 0

(∂xλ)(xMax, t;T ) = −(∂xλ)(xmin, t;T ) = −ε

Quadratic friction

λ(x, T − t, ε) = (T − t)
µ2

2σ2
+ εϕ(

T − t

ε1/2
,

x

ε1/4
; 1) + h.o.t

∂tλ +
(∂xλ)2

4 γ
+

D2

2
∂2

xλ +
µ2

2σ2
−

σ2x2

2
= 0

P. Muratore-Ginanneschi – p.12/17



Normal forms

Linear friction

λ(x, T − t, ε) = (T − t)
µ2

2σ2
+ ε4/3 ϕ(

T − t

ε2/3
,

x

ε1/3
; 1) + h.o.t

∂tλ + D2

2 ∂2
xλ + µ2

2σ2 −
σ2x2

2 = 0

(∂xλ)(xMax, t;T ) = −(∂xλ)(xmin, t;T ) = −ε

Quadratic friction

λ(x, T − t, ε) = (T − t)
µ2

2σ2
+ εϕ(

T − t

ε1/2
,

x

ε1/4
; 1) + h.o.t

∂tλ +
(∂xλ)2

4 γ
+

D2

2
∂2

xλ +
µ2

2σ2
−

σ2x2

2
= 0

P. Muratore-Ginanneschi – p.12/17



Normal forms

Linear friction

λ(x, T − t, ε) = (T − t)
µ2

2σ2
+ ε4/3 ϕ(

T − t

ε2/3
,

x

ε1/3
; 1) + h.o.t

∂tλ + D2

2 ∂2
xλ + µ2

2σ2 −
σ2x2

2 = 0

(∂xλ)(xMax, t;T ) = −(∂xλ)(xmin, t;T ) = −ε
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Properties of the solutions

Existence of an holding interval where the support of ρ

concentrates

The holding interval shrinks as the time horizon
increases

steady state

“Linear t.c.”: ` = µ2

2σ2 −
(9 D2 σ2 ε2)

1/3

2

L? ∝ ε1/3

Quadratic friction:
` = µ2

2σ2 − D2
√

ε
2

L? ∝ ε1/4
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Control potential for quadratic friction

f(x, T − t) = −∂xλ(x, T − t)

for µ = σ2/2, σ = 10−2 and γ = 102.
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Inclusion of a stock derivative

Dynamical equations

dW = W [(µρ + µdη) dt + (σρ + σdη) dBt − (γ F + γdFd) dt]

dρ = [f + a + ρ (γF + γdFd)] dt + b dBt

dη = [fd + ad + η (γF + γdFd)] + bd dBt

Derivative price

dC

C
=

1

C

[

∂tC + µp∂pC +
σ2 p2

2
∂2

pC

]

dt +
σp∂pC

C
dBt

:= µddt + σd dBt
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Non convex utility

In the absence of transaction costs

V = µ ρ + µd η −
(σ ρ + σd η)2

2

The Hessian has a zero eigenvalue

Introducing coordinates along the marginal and stable
subspaces of the Hessian gives

V = µ ζ + (σµd − µσd)
σdζ − σϑ

σ2 + σ2
d

−
σ2 ζ2

2

Solvability condition: Black and Scholes

µd =
µ

σ
σd ⇒ ∂tC +

σ2p2

2
∂2

pC
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Summary

Degenerate optimisation problem

Black and Scholes provide a solvability condition

The hedging is defined by the solution of an
Hamilton-Jacobi-equations
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