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Aps = pr+(ue—pr+ADxe o
1+ pe(us — 1) — AF(x¢)

s For any assigned form of the transaction costs F'(x;)
determine the control strategy y; yielding the optimum
of a chosen utility function.

s A natural choice of the utility Is

Az, tT) = B, _, {m ﬁ}
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T — t = Investment horizon
o p}
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Oseledec’s theorem predicts

lim Az, t|T) = lim (T —t)l
T—tToo T—tToo
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Hamilton-Bellman-Jacobi formalism

Dynamic programming equation
b2
O\ + [f+a+”yx.7:]8x)\+§8§)\+‘/—v]::0
Mz, T;T) =0

If borrowing and short-selling is not allowed, the probability
measure of p is conserved in the interval [0, 1]

O N2, t;T) | =0 = O N2, t;T) | =1 = 0
Dimensional analysis

AN =[z]=0, [o*]=[=I[f=[1/], [F]=[1/1]
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» “Quadratic” transaction costs F = | f|*
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» Dimensionless order parameter

v linear transaction costs
E = : :
o?~ quadratic transaction costs

r )\:(T—t)%—l—@(T—t,az,s), r=p—p°
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s Every quantity is rescaled by a power of ¢, e.q.

r = Y%,

s Controls are used to match diffusion and utility.
s Example: quadratic friction

O(0N) = O (47((%)3\:)690)\)) = Wy — Wi = 2wy —wyg) — 1
Oz N)”
=0 (47((1_33)8%)\)) = Wy — 2wy = 2wy, —wz) — 1
o-x Oz )?
0(78) =0 (2205) = 200 = 2wy —wp) — 1
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dratic frict (=45 - D% /%
Quadratic friction: Ix o o1/




flx, T —t) = =0 ANz, T — 1)

for u =0°/2, 0 = 1072 and ~ = 10°.

x107°
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Exact and approximated expressions of the optimal growth

1 1 1 1 1 1 1 1 1
(o] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Fraction of capital invested in stocks x




Dynamical equations

-
|

W (up + pan) dt + (op + oqn) dBy — (v F 4 v4Fq) dt]
dp = |f+a+p(yF+vqFq)dt +bdBy
fa+aq+n(VF +vaFa)) + ba dB

Sy
3
|




Dynamical equations
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Derivative price
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(0 p+04n)’
Vi=pp+pan— 5

» The Hessian has a zero eigenvalue

s Introducing coordinates along the marginal and stable
subspaces of the Hessian gives

o —o o (?
o2 —I—U?Z 2

V =uC+ (opd — poq)




Non convex utility

» In the absence of transaction costs

(o p+04n)?
2

s The Hessian has a zero eigenvalue

Vi=pp+pan—

s Introducing coordinates along the marginal and stable
subspaces of the Hessian gives

o —od o2 (?
o2 +0c2l 2

V=pC+ (opd — pog)

s Solvability condition: Black and Scholes

2,2
Ud = HUd = 0;C' + ﬂﬁgC
o 2
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s Degenerate optimisation problem
s Black and Scholes provide a solvability condition

s The hedging is defined by the solution of an
Hamilton-Jacobi-equations
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