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Passive » Navier—Stokes

advection by

(O + V-V —vdv="F — %axp
O-v=0
» passive advection
(O +V-0x)0 — kD20 =f
» Reynolds, Prandtl & Péclet numbers
Re, = Lv pr="2
14 K

Pe_ := Re_ Pr
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3d energy cascade

M. H. Jensen, G. Paladin and A. Vulpiani Phys. Rev. A 45, 7214 - 7221 (1992).
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K41 theory

» Stochastic §-correlated forcing for the velocity field
< fx, 1)f%(y,s) == 6t —s)F*P(x —y), d>3
» Karméan-Howarth-Monin equation sv(x,1 = vix,t) - v(o,1)
(at - 2yaz) LVE(X, E)Va(0,1) >
—%8# < |6V [2(x, 1) dvH(x, 1) == F2%(x)

» Kolmogorov's exact results

dissipative Fa(O)
lim li « 3 N anor:naly pe
jmim v =< (93v*) (%, 1)(0°va)(0,1) > —=
fim lim < [% - sv(x, O == —oral@X g

x10v]0 d(d+2)’
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Definition of the model , Obukhov (1948), Kraichnan (1968), (1994)

(B +Vod)d— 50260 =T

O -V==<fr=<v>=0
<V (X1, V7 (X2, t2) == 8(t12)D*?(x12, M)
=< f(x1,t1)f (X2, t2) == d(t12)F (Mf X12)
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Conclusions

Definition of the mOdel, Obukhov (1948), Kraichnan (1968), (1994).

(B +Vod)d— 50260 =T

O -V==<fr=<v>=0
<V (X1, V7 (X2, t2) == 8(t12)D*?(x12, M)
=< f(x1,t1)f (X2, t2) == d(t12)F (Mf X12)

Ito representation of the SDE

(O +V - 0x)0 — R;ﬁ' 020 =" lto form

D%(0)

q Taylor formula

Keff, = K +
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Consequences of time §-correlation

» Galilean invariance of the statistics.

» Closed hierarchy of equations for the equal time
correlations

at——ZaX% Mp) < 0(X1,t)...0(xn,t) ==
i=1

23RO < 00xa. 1) 08 - OGKC)
Ik

0(Xn,t) >



Turbulent-

mssve | CONSequences of time §-correlation
advection

P.M-G » Galilean invariance of the statistics.
The model » Closed hierarchy of equations for the equal time
The role of

J-correlation

‘ correlations
Scaling ranges

Results

n
K 2 1
Twe ints J—
Vot 2 (8t ) g 6Xi - Mn)cn =5 F®Cho
geometry N
Coherent structures i=1

Conclusions



Turbulent-

passive
advection

P. M-G

The model
The role of
J-correlation
Scaling ranges

Results
Two points

Martingales and
geometry

Coherent structures

Conclusions

Consequences of time §-correlation

» Galilean invariance of the statistics.

» Closed hierarchy of equations for the equal time
correlations

1
8t——za)% n)Cn:—F®Cn—2

2
» Hypoelliptic "Hopf" operators
" o 9
— aB(y.
Mo = 2 400G
i#j=1 :

J
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Consequences of time §-correlation

» Galilean invariance of the statistics.

» Closed hierarchy of equations for the equal time
correlations

1
8t——za)% n)Cn:§F®Cn—2
» Hypoelliptic "Hopf" operators
" o 9
Mn — Z do 3’( )8——5

i£1=1 0

» Structure tensor of the velocity field

d*P(x) := D*#(0) — D*A(x)
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Inertial range of the passive scalar
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Infinite inertial range of the advection
Re> 1 &Pr« 1

Iiinodo‘ﬁ(x) =Dy xS T9P(R, €) + O(mx)?
m

@ ® incompressibility projector

Inertial range of the passive scalar

<X K Min<i,i>
m Mg

;
KR
*~(5:)
Decay: thermal equilibrium range ?
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Exact results

» Existence and unigueness of solutions wakuinen (2000)
relaxing to a steady state, assuming:
1. vanishing &
2. self-similar advection.
3. physically relevant boundary conditions.

» Existence of homogeneous translational invariant zero
modes

MnZ(Xl,...,Xn) :O
Z(AX1,..., M Xn) = A"Z (Xq,...,Xn)



Turbulent-
passive
advection

P. M-G

The model

The role of
S-correlation

Scaling ranges

Results
Two points

Martingales and
geometry

Coherent structures

Conclusions

Exact results

» Existence and unigueness of solutions wakuinen (2000)
relaxing to a steady state, assuming:
1. vanishing &
2. self-similar advection.
3. physically relevant boundary conditions.

» Existence of homogeneous translational invariant zero
modes

MnZ(Xl,...,Xn) :O
Z(AX1,..., M Xn) = A"Z (Xq,...,Xn)

» Zero modes yield inertial range asymptotics of the
solutions as residues of the Mellin transform

*dw C(wWXy,...,W Xp; Mg, M)

é- X1,...,Xp) =
n,z( 1 ) n) 0 w WE:




Two point correlation

» Hopf equation

~d*%(x)8a05C2(x, mf) = F(Myx)
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Two point correlation
» Hopf equation

—d*P(x)9,05C2(x, m¢) = F(mex)

» Mellin transform:
*dw 1
o W w?

o 0
) Caw, )

“dw 1
0 wwz( )



Turbulent-

mssve WO pOINt correlation

advection
P. M-G i
» Hopf equation

The model
Th e of

—d*P(x)0a05Ca(x, mg) = F (M¢x)
Results
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d*P(x)0n05 (Mt x)* 2 C(z +2 - €)= w
m;
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Two point correlation
» Hopf equation

—d*P(x)9,05C2(x, m¢) = F(mex)
» Mellin transform:
- =
4°8(x)0,9 (my )72 € E(z 2 - ) = MYV F(2) é(z)
m
» Poles and zero modes
Ca(x,m¢) o

1 /Z*“OO dz Fji(z — 2+ &) (mx)? Yji(R)
m = G Jer e (2m) 2 - (FH))z - $0)
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Asymptotic analysis of the two point correlation
Ca(x, my) o

2+5Z/Z e dz Bz - 24+ (M) Yi(R)
)

2% 100 27TZ ( C2s.s. (j))(Z _Czls ( )
NS

zeroes of the homogeneous




Turbulent-

pecee Asymptotic analysis of the two point correlation

P.M-G Cz(X,mf) X
Z* 41200 _ z %

Lo 2 Z/ dz FJ (z-2+¢) (mfx) YJ 1(X)
S-correlation S S
zt—00 (271) &)@ - 0)
Results
Two points
» Small scales (inertial range)
Coherent structures

Conclusions

Cés.s.)(j) _ 27275{ \/1+ 4j(d—2+j) (d+&— 1)}

d—1) (d+e—27
€0 i(-1)¢ 2
It aon@—2+2p T
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Ca(x,m¢) = m 2t — cx27¢F(0) +
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» Large scale decay (m; ! < x < m™)
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Asymptotic analysis of the two point correlation
Ca(x, my) o
2o dz B (Z—2+5) (mex)? Yji(X)
2+5 ! j
Z/z*—wo (2m) (2 - i)z - )

» Small scales (inertial range)

Ca(x,m¢) = m 2t — cx27¢F(0) +

» Large scale decay (m; ! < x < m™)

(IS)(J)— W{br\/(d +§—2)2+%}

€10 . (d+j-1)
= (2—d—1){1+(d_1)(d+2j_2)}+0(52)
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P.M-G Cz(X,mf) X
Z* 41200 _ z %

Lo 2 Z/ dz FJ (z-2+¢) (mfx) YJ 1(X)
S-correlation S S
zt—00 (271) &)@ - 0)
Results
Two points
» Small scales (inertial range)

Conclusions CZ(X, mf) ~ mf—z"rf —c X2—§ F(O) +
» Large scale decay (m; ! < x < m™)
Ca(x,mf) =~ x27¢ (me x) ¢ & F(0)

(Is.) S, .~
X2 (mex)%@ DO & Ey0) 4
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Asymptotic analysis of the two point correlation
Ca(x,mf) ox

2 Zihee dz FJ (z-2+9) (me)Z YJ|()A()
Z/Z*—ZOO (2m0) (z — &2 (0))(z — ¢ ()

» Small scales (inertial range)

Ca(x,m¢) = m 2t — cx27¢F(0) +

» Large scale decay (m; ! < x < m™)

Cao(x, my) ~ x2~¢ (mg x) ™9 & «—Corssin integral

(I.s.) S, o~
X2 (mex)%@ DO & E0) 4
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Passive advection by Navier—Stokes

10"

non—vanishing Corssin:
equipartition scaling.

—-’Jr’
o - 15k
L | f/__’_. 3 j‘j:
4‘ ; g i“& L .
ot S ,‘,-,vaﬁmstudg Corssin:
0

isanomaloué scaling j=2

A. Celani & A. Seminara, (2006).

it

1

|
I
I
I
!
|
0

USRI
vanishing Cor8sin:
exponential decay
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Perturbative results (small &)
» Expansion of the Hopf operators

M= MO + ¢ MP +0(£?)
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Perturbative results (small &)
» Expansion of the Hopf operators

M= MO + ¢ MP +0(£?)

» Free theory in the translational invariant sector

D (0,m) &
MO = 2(OI )Zaiz

OgO —1 oy:=d(n-1)
admits a well-known explicit zero mode expansion

ZHH (KoHjWw)+r < w
Hji(r) = Harmonlc polynomial

(K o Hj1)(r) = Kelvin transform of Hj(r) =

(r,w) = Jacobi coordinates

r

1
- an—Z Hj’l <_

r2

)



Perturbative results (small &)

» Free theory zero mode properties
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Perturbative results (small &)

» Free theory zero mode properties

» Zero modes are classified by (j, 1), SO(on)
Gelf’and-Zetlin patterns.

» reducible zero modes: 3 x* such that g':‘;' =0
]
» VY M, 3lirreducible
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Perturbative results (small &)

» Free theory zero mode properties

» Zero modes are classified by (j, 1), SO(on)
Gelf’and-Zetlin patterns.

» reducible zero modes: 3 x* such that g':‘;' =0
]
» VY M, 3lirreducible

» Interaction at leading order
n
1 a
=3 A xi)dhad) s

i7]

ayf
450(x) = D%, (0, 1) {In(m x)5 8 — d—fl%} +O(mx)?
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Perturbative results (small &)

» Free theory zero mode properties

» Zero modes are classified by (j, 1), SO(on)
Gelf’and-Zetlin patterns.

» reducible zero modes: 3 x* such that g':‘;' =0
]
» VY M, 3lirreducible

» Interaction at leading order
n
1 a
=3 A xi)dhad) s
i#]

ayf
450(x) = D%, (0, 1) {In(m x)5 8 — d—fl%} +O(mx)?

The symmetry goes down to

Zero modes are found by diagonalisation cawedzki & kupiainen
(1995)
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Conclusions
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The model Szn(x) == [9(X7t) - 9(07t)]2n - 522”7" + O(mX)

Resultsh ann(l—f/Z)—pn, Pn >0

Two points

® Gawedzki and Kupiainen (1995), Bernard, Gawedzki and Kupiainen (1996)
Conclusions

pn ZS%HD(&Z)
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Inertial range anomalous scaling
Son(x) === [8(x,t) — 8(0,t)]*" == §Zon i + O(mX)

G=n(1-&/2)—pn, pn > 0

® Gawedzki and Kupiainen (1995), Bernard, Gawedzki and Kupiainen (1996)

pn ZE%H)(&Z)

® Chertkov, Falkovich, Kolokolov and Lebedev (1995), (1996)

. n(n-2) 1\?
pn—fT+O<a>
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» OPE: U.V. R.G. of the local field functionals
Gop = [x¥8,6(0,1)]*"

determines the p,n's perturbatively for & | 0

Antonov et al (1998), (2001), Kupiainen and Muratore-Ginanneschi (2006) .
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Inertial range scaling and U.V. singularities
» Canonical scaling analysis yields

SZn(Xv mX, M X) = X(Z_é)n (m |X|)_p2n SZn(mX’ M X)

» OPE: U.V. R.G. of the local field functionals
Gop = [x¥8,6(0,1)]*"

determines the p,n's perturbatively for & | 0

Antonov et al (1998), (2001), Kupiainen and Muratore-Ginanneschi (2006) .
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Inertial range scaling and U.V. singularities
» Canonical scaling analysis yields

San(X,mx, M x) = x@=O" (m|x|) 72" sp5(mx, M x)
» Existence of inertial range implies

lim lim son(mMx,Mx)=s5, >0
m 10 Moo 2n(MX, MX) = $3,

» OPE: U.V. R.G. of the local field functionals
Gop = [x¥8,6(0,1)]*"

determines the p,n's perturbatively for & | 0

Antonov et al (1998), (2001), Kupiainen and Muratore-Ginanneschi (2006) .
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P.M-G » Canonical scaling analysis yields
h del — —
e Son(x,mx,Mx) =xC=E" (m|x|)"*2" sp,(mx,Mx)
O -correlation
Scaling ranges B . ) ) B
- » Existence of inertial range implies
Two points
Martingales and H H
lim lim spn(mx,Mx)=s3 >0
oot aees m|0M7oo 2n( ! ) 2n

Conclusions

» Inversion of limits Ansatz (OPE)
. P2n
lim 782”("';“"\/') o M <M>
x[lo|x|" m
» OPE: U.V. R.G. of the local field functionals
Gop = [x¥8,6(0,1)]*"

determines the p,n's perturbatively for & | 0

Antonov et al (1998), (2001), Kupiainen and Muratore-Ginanneschi (2006) .
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0.35) P4 4
Conclusions +
0.3 +
0.25 + +
0.2
0.15
t
0.1 ‘
0.05 \\
0 0.5 1 1.5 2

Frisch Mazzino and Vergassola (1999), Mazzino and Muratore-Ginanneschi (2001)
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Large scale zero modes

ynl

Zon )= Ron—2+02n |

large scale zero mode

> FOUI’ pOint by eXpliCit diagona”sation Muratore-Ginanneschi (2008)

2(d+4
0-4,0([43 O]) — _5 {% - 1} + 0(52) ("dual” to irreducible)

0'470([4, 2]) = —f {% - 1} 4 O(fz) ("dual” to reducible)

» RG type analysis

n(d+2n)

amdpmm)z—f{ ax2

~1f +0(&)
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U.V. singularities and large scale decay of zero
modes

» For

1 1
— L =KX
ms m

canonical scaling analysis yields

~ Oon(mix, mx,Mx)
Zyn(x,mx,Mx) = n—2+2n
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U.V. singularities and large scale decay of zero
modes

» For

1 1
—<<—<<X
m;

canonical scaling analysis yields

msxX ,mx, M X
Zon(X,mXx,Mx) = gzn(xfan 2+2n )

» Existence of thermal equilibrium states implies

m M
lim mix ., mx,Mx) = §/
Jm gon(Mex, mx, M x) =55, <mf mf>
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g2n(Mex , mx, M x)
an 2+2n

Zyn(x,mx,Mx) =

» Existence of thermal equilibrium states implies

m M
lim meX, mx,Mx) =&’
Jm gon(ms ) = Son (mf mf>

» Operator product expansion

. m M M P20
lim &5, (—,—) x MN¢ <—>
m; |0 ms Mg m

yields a prediction for the scaling in ms.
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dx; = v(x¢,t)dt

n
Pa(X,t|Xo,t0) == J] 8 (xi — x(t|xo,,t0)) =
i=1
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The probabilistic meaning of zero modes

Bernard, Gawedzki and Kupiainen (1996), Falkovich, Gawedzki and Vergassola (2001)

e The scale-invariant semigroup

Pn(X,t]Xo,tp) = et=)IMn(x X,)
Pa(AX, X276t | A X0, A2 7S tg) = A" Py(X, t | Xo, to)

e is the transition probability density of the Markov
proceSS K l O Le Jan and Ramon (1998)

dx; = v(x¢,t)dt

n
Pn(X,t]Xo,t) =< H5(d)(xi — X(t[xo,,t0)) >
i1

e governs the evolution of Lagrangian averages

<f >(t|><o7to):/dxof(x) Pn(X,t|Xo, o)



Coherent structures preserved by the flow
o f(AX) = A7 f(X)

= =< (xote)~ 17E

o> <« »

it
a
it
v
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Coherent structures preserved by the flow

c FAX)=ATFX) = < ) 17
e Zeromode: Z(X) = <Z = (X0 o) = Z(Xo)

AToo
Po(X,tAXo,0) "= 3 A2 ¢hnp(X, 1) i p(Xo)
ij

0= (0 — Mn)Pn =Pn(0r — Mp) implies
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Coherent structures preserved by the flow
o FOX) = AF(X) = <fpxop)~ t2 ¢

e Zeromode: Z(X) = <Z =(txo,t)= Z(Xo)

AToo
Po(X,tAXo,0) "= 3 A2 ¢hnp(X, 1) i p(Xo)
ij

0= (0 — Mn)Pn =Pn(0r — Mp) implies
o My, ¢n,p+1(x) = ¢n,p(x)

o O Ynpi1(X,t) = —thnp(X,t) (towers of slow modes)
® Cap=Cot+pP(2-9)



Turbulent-

mssve  Particles and Shapes

advection

P. M-G

The model

» Lagrangian average of scaling functions
T_hem\eo!

J-correlation

Scaling ranges

e P(AT) = A7¢(r)

Two points

Martingales and

< B(p(t)) == / A% 6(p) Pa(p.t]1,0)

Conclusions



Turbulent-

mssve  Particles and Shapes

advection
P. M-G
The model » Lagrangian average of scaling functions
The role of
Scaling ranges
; B(AT) = A7g(1)
esults

e <¢@a»>:/ﬁmpmmp«munm

Conclusions

» Dimensional analysis prediction

< (i —1)? ="Kt Richardson law



Turbulent-

mssve  Particles and Shapes

advection
P. M-G

The model

» Lagrangian average of scaling functions
The role of

& -correlation
Scaling ranges

o P(AT) = A7¢(r)

Two points
Martingales and

< B(p(t)) == / 4% 3(p) Pa(p.t]1,0)

Conclusions

» Dimensional analysis prediction

< (i —1)? ="Kt Richardson law

would imply

$(p(t)) = K° t37
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2d Navier—Stokes and shapes

Harmonic decomposition of C3

Ca =< R{f (xt. W) COSt = +...

A. Celani & M. Vergassola (2001)
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realistic models Mydlarski, Pumir, Shraiman, Siggia, and Warhaft (1998), Celani and

Coherent structures Vergassola (2001), Celani and Seminara (2006)
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