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Advection - Reaction - Diffusion (ARD1)

∂tθ + u · ∇θ = D∇2θ + 1
τr

f (θ) 2 dim. x = (x, y)
θ = θ(x, t), θ ∈ [0, 1]

Assumptions

Reaction term : f (θ) = θ(1− θ) (FKPP-like⇒ pulled
fronts);

Incompressibility condition :
∇ · u = 0⇒ u = (∂yψ,−∂xψ), being ψ = ψ(x, t) the stream
function;

Steep initial condition : θ(x,0)→ 1 for x → −∞,
θ(x,0)→ 0 for x → +∞ (exp. fast);
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Asymptotic situation (ARD2)

L linear domain size L� `0

`0 typical length of the flow

front speed : V (t) = 1
Ly∆t

∫
dxdy [θ(x , y , t + ∆t)− θ(x , y , t)]

effective diffusion coeff. : DE
ij = lim

t→∞
1
2t 〈(xi− < xi >)(xj− < xj >)〉

u = 0 ⇒ V0 = 2
√

D
τr

f ′(0) = 2
√

D
τr

u 6= 0 ⇒ Vf ≤ 2
√

DE

τr
(DE ≡ DE

11)

DE depends on the velocity field

Typically: DE � D ⇒ Vf > V0
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(ARD3)

Inert tracers
u = 0

∂tθ = D∇2θ

u 6= 0

∂tθ + u · ∇θ = D∇2θ 0
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Inert tracers
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Reactive particles
u = 0

∂tθ = D∇2θ + 1
τr

f (θ)

u 6= 0

∂tθ + u · ∇θ = D∇2θ + 1
τr

f (θ)
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Inert transport (AD1)

∂tθ + u · ∇θ = D∇2θ

←→
ẋ = u(x, t) +

√
2Dη(t)

< η >= 0
〈(ηi(t)ηj(t ′))〉 = δijδ(t − t ′)

u = (∂yψ,−∂xψ) (incompressibility)

ψ(x , y , t) = ψ0(x , y) + εψ1(x , y , t)

where ψ1 is time-periodic (T ) =⇒ Lagrangian Chaos
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Mixing efficiency (AD2)

what is the characteristic time τm of the mixing process?

r � `0 r � `0

τm1 ∼ 1
λ log L

δ0
∼ 1

λ τm2 ∼ L2

DE

...where... ...where...

|δx(t)| ' |δx(0)|eλt ∂tθ = DE∇2θ

let us observe that...

λ = λ(x)→ better to use hKS =
∫
Ω
λ(x)dµ(x);

τm1 ignores the existence of barriers and the effect of noise (D);

τm2 is appropriate only if L� `0 and ignores transient effects.
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(AD3)

L ∼ `0

Introduce a coarse graining of the phase space Ω

into NM square cells of size ∆

N � 1 particles ⇒ Pi(t) =
ni(t)
N

A(t) =
1

NM

NM∑
i=1

θ

(
Pi(t)−

c
NM

)
; c ∼ 0.25

tα : A(tα) = α ←− mixing time
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Meandering-jet (AD4)

The stream function is:

ψ(x , y , t) = − tanh
[

y−B(t) cos kx√
1+k2B(t)2 sin2 kx

]
+ cy

B(t) = B0 + ε cos(ωt + φ)

The spatial structure of the stationary flow is:
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Overlap of the resonances (AD5)

Cross-stream transport can be characterized
through the overlap of the resonances criterion

εc = εc(ω)

ε < εc ⇒ local chaos
ε > εc ⇒ global chaos
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Stokes flow (AD6)

The stream function is:

ψ(x , y , t) = 1
2 [(y + 1) cosφ(t) + (y − 1) sinφ(t)](1− x2)(1− y2)

φ(t) = 2πt/T

The spatial structure of the stationary flow is:
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Dispersion of tracers (D = 0) (AD7)
local chaos global chaos

ω = 0.625

ε = 0.03
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Mixing (AD8)
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Numerical results

Reactive case (R1)

∂tθ + u · ∇θ = D∇2θ + 1
τr

f (θ)

Discrete-time approach −→ numerical integration 3-step process:

1 backward diffusion : x → x −
√

2D∆tw

2 backward advection : x −
√

2D∆tw → F−1
∆t (x −

√
2D∆tw)

3 forward reaction : θ(t + ∆t) = G∆t(θ(t))

X n,m

X n,m

X n,m

η

α

α

r n,m
α

F (       )
−1 α

x(t + ∆t) = F∆t (x(t)) +
√

2D∆tw(t) (lagrangian map)

θ(t + ∆t) = G∆t (θ(t)) (reaction map)

F∆t (x) ' x + u(x)∆t, G∆t ' θ + ∆t
τr

f (θ)

θ(x, t + ∆t) =
〈

G∆t

(
θ(F−1

∆t (x −
√

2D∆tw(t)), t)
)〉
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Concentration field (MJ) (R2)

• Asymptotic situation (Lx = 50 ω = 0.4 ε = 0.3 τr = 2)

• In a non asymptotic situation the evolution is not
characterized by front propagation

local chaos
Lx = 15

ω = 0.625 ε = 0.03

τr = 2

global chaos
Lx = 15

ω = 0.625 ε = 0.24

τr = 2
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Reaction efficiency (R3)

how to measure the characteristic time
of the reactive process (complete ARD eq.)?

”burnt” material −→ θ = 1
”fresh” material −→ θ = 0

S(t) =
1
|Ω|

∫
Ω

dxdyθ(x , y , t)

tα : S(tα) = α ←− burning time
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Conclusions

Non asymptotic situation L ' `0

In the inert case different dynamical regimes (local or global
chaos) imply very different mixing properties.

The reactive case is substantially unaffected by the presence of
global chaos. The details of the velocity field have weak
influence on the “burning” process, so that a more efficient
mixing seems not to imply a better reaction efficiency.
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