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Introduction

Consider a simple regression model
Vi = Xi+ i, 1=1;:5n
Standard analysis treats covariate x; as known

In most realistic scenarios, X; may be
mis-measured and/or contain missing values

true values of x; must be imputed

treat X; as random variable and specify
probability model for x
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Some Issues

What model should we specify for x?

ideally, should involve all the variables that
we believe to in uence x

should this also involve y?

How should we allow for uncertainty in x when
estimating the regression of y on x?



Simple illustration

Linear regression of y on X




Simple illustration

Allowing for measurement error on covariate x

Using Bayesian model, x's are estimated
simultaneously with regression model



Simple illustration

Allowing for measurement error on covariate x

Using Bayesian model, x's are estimated
simultaneously with regression model

Allows feedback fromy ! x



Simple illustration

Allowing for measurement error on covariate x

Using Bayesian model, x's are estimated
simultaneously with regression model

Allows feedback fromy ! x

Fitted x values get pulled towards straight line
because regression model assumed true'



Simple illustration

Measurement error on covariate x, but cutting
feedback fromy

model fit: mu

Fitted x values remain close to observed, but
estimated regression line re ects additional
uncertainty
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1. Motivating example

Pharmacokinetic (PK) model for describing
concentration-time pro le of a drug in the body

dA, _ Ay _

dt Ka  Ag dt
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Population PK models (1)

Suppose we have data on many subjects

Aim Is to characterise the population mean
concentration-time pro le and to quantify the
variability that exists between individuals

Can use random coef cient models
Each subject has their own set of PK
parameters

These are assumed to vary randomly around
the population mean PK parameters



Population PK models (2)

logy;(t)
Cy (1)
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where

parameters, and

Normal(log Cy, (t); 2)

Dose Ka,
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represents the population mean PK

characterizes the

Inter-individual variability of the PK parameters
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Pharmacodynamic (PD) model

Concentration-response relationship at time t

= max Cb(t) "
ECE,+ Cy(t)"

= (t) = Eqot

E o= Placebo effect

E nax = Max effect

ECs0=50% effect conc.
h=Hill coef cient

Extends naturally to population PD model, with
.=(log Eg ;l0gEmax, s I0gECs0); ¢ MVN( ;)
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Simultaneous PK/PD modelling

Natural to t model to joint PK/PD data

PK model used to estimate true
concentrations based on observed PK
measurements

PD model then takes estimated
concentrations as input when estimating PD
parameters

PK/PD model can be tted either
simultaneously or sequentially
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2. Graphical Models and MCMC

Graphical models are a useful tool for
representing structure of a Bayesian joint
probability model by encoding conditional
Independencies

Conditional on x, y and
w are independent

Denoted by absence of
link between y and w
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MCMC algorithms

Gibbs sampling able to exploit graphical
structure of model

Factorisation of the joint distribution

p(V) =~ p(vjparents|v])

Global Markov property to de ne full
conditionals

p(vjrest) /' p(vj@Yy

where @wenotes the neighbours of node v,
l.e. the parents, spouse and children of v In

the graph
@\also known as the Markov blanket of v

Key idea exploited by BUGS software
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3. Cutting feedback (1)

Recall the simple linear regression example

Full conditional for
p( j) /7 p( jy;x) /1 plyix; )p( )
Full conditional for x:

p(x):) 1 p(Xjw;y; )
[ pwix)ply)x; )p(x)
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Now introduce a cut' function to prevent
feedback between two parts of a model

Full conditional for
o( J:) 1 pC Jy;x) /1 plyix; )p( )
—ull conditional for x:

p(x):) 1 p(xjw) /- p(w)x)p(x)
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Cutting feedback (2)

Now introduce a cut' function to prevent
feedback between two parts of a model

Correct posterior for

p( Jy;w) = p( Jy;X)p(x]y; w)dx

Using cut’ fignction:

p( Jy;w) = p( Jy;X)p(xjw)dxX

— not a full probability model
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4. PK/PD Application

Data on 20 rats administered a single dose of
IV Midazolam (anaesthetic)

Up to 15 blood concentrations (PK data) per
rat
Response of interest was measure of brain
activity using EEG
Up to 49 EEG measurement (PD data) per
rat

Mandema et al. (1993). Anesthesiology



Graph of PK/PD model

= ( ; ) =pop. PK parameters
= ( ; ) =pop. PD parameters
i = PK parameters for subject |

i = PD parameters for subject |

. = PK data for subject |

i = PD data for subject |
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Cut model

Base estimates of ; on PK data alone

Correcg posterior for , p( Jy;z) Is
= p( jy;z; )p( Jy;z)d
¥ #
Y
/ p(zij i 1)P(Yij i)
z Y
p( iJ Jp( Jy;z)d

Cut ‘p\?sterior', p@t(ij; Z) is
/ p(Yij i) p( i) )p(C Jy)d
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Application to Midazolam data

Compared FULL and CUT modelling strategies
for the following scenarios

Full data — IV 2-compartment PK model and
Emax PD model tted to full dataset

Sparse data — Same models as above, but
only 4 PK measurements used per rat

All models tted in WINBUGS
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Fit to PK data Fit to PD data
E(D) | pp | DIC | E(D) | pp | DIC
FULL| 266 |50 |316| 89248 | 940
CUT 257 |51 308| 924 |71 | 995

E (D) = posterior mean deviance
pp = effective number of parameters

DIC = Deviance Information Criterion for model comparison

Small DIC is better (differences > 10 substantial)



Comparison of ,
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MUPK[2] " muPK[3]

——— FULL
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Results (2). Sparse PK data

Fit to PK data Fit to PD data

E(D) | pp [DIC|E(D) ] po| DIC

FULL| 1/8|20 198 | 823 | 56| 879
CUT 18 | 53| /71| 991|131 1122
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Comments

Abundant PK data
PK tis robust to in uence of PD data

Moderate improvements in PD t and
precision using FULL model

I FULL model preferred

Sparse PK data

PK t strongly in uenced by feedback from
PD data! poor PK tunder FULL model

FULL model leads to spurious improvements
In t and precision of PD model

I CUT model preferred




PD model selection

Hill coef cient in Emax model determines slope
of concentration- response relationship



PD model selection

Hill coef cient in Emax model determines slope
of concentration- response relationship

o
©
o
[Te]
o
<
o
o™
o
N
(@}
—




PD model selection

Hill coef cient in Emax model determines slope
of concentration- response relationship

h<< 1! only moderate changes in effect for
wide range of concentration

drugs with long-lasting action



PD model selection

Hill coef cient in Emax model determines slope
of concentration- response relationship

h<< 1! only moderate changes in effect for
wide range of concentration

drugs with long-lasting action

h>> 1! minor variations in concentration can
produce effects ranging from null to near max

ne balance between ef cacy and toxicity



PD model selection

Hill coef cient in Emax model determines slope
of concentration- response relationship

h<< 1! only moderate changes in effect for
wide range of concentration

drugs with long-lasting action

h>> 1! minor variations in concentration can
produce effects ranging from null to near max

ne balance between ef cacy and toxicity

Compare FULL and CUT models for choosing h
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Convergence problems




Results: CUT model

Fit to PK data Fit to PD data
Model |h |E(D)|pp |DIC| E(D)| ppo| DIC
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Results: CUT model

Fit to PK data Fit to PD data
Model |h |E(D) |pp |DIC|E(D)| pp | DIC
CUT |2 19 | 53| 72| 1328|108 | 1436
CUT | 1.5 19 |53 | 72| 1216|121 | 1337
CUT |1 19 163 | 72| 1057|131 | 1188
CUT |0.8 19 | 53| 72| 1003|129 | 1132
CUT |0.6 19 53| 72| 994|116 | 1110
CUT |04 19 1 63| 72| 1079 | 92| 1171
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5. Alternative CUT models

Zhang et al (2003) propose 3 alternative
seguential population PK-PD models

Estimation via ML, conditioning at stage 2 on
plug-in estimates from stage 1

We re-cast their models in a graphical
modelling framework

Show how cutting feedback on different links
corresponds to different 2-stage models

Simultaneous estimation via MCMC



IPP cut model

Individual PK Parameters (IPP) — base
estimates of ; on PK data alone
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PPP cut model

Population PK Parameters (PPP) — base
estimates of on PK data alone, the use PD
data to estimate

Correot posterior for , p( Jygz) is
Y

/ | p(zij iy i)p(Yi] 1)
Z v |
- pCil JpC Jy;z)d
PPP ‘Qosterior', pcu@pv( jy;z) Is
/ P(zij i5 i) p( i) )p( Jy)d
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PPPD cut model

Population PK Parameters and Data (PPPD) —
nase estimates of on PK data alone, then use
poth PK and PD data to estimate

Correct:posterior for , p( Jyzz) is
Y

/ P(zij i; i)PYij i)
£y
pC i] )p( Jy;z)d

PPPD "posterior', peyt-pppp( jY42) IS
Y
/ p(zij is i)pYi i)
£y

p( i] )p( Jy)d



IPP (CUT)




Results (1): Full data

Comparison of ; and
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Model t

Fit to PK data

Fit to PD data

E(D) [ pp [ DIC]|E(D) [ pp | DIC
“ULL 266 | 50 | 316 | 89248 940
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Model t

Fit to PK data

Fit to PD data

E(D)|po |DIC|E(D) [ pp | DIC
“ULL 266 | 50 | 316 | 89248 940
PP (CUT)|| 257 |51|308| 92471995
PP 257 | 51| 308 | 82459 883
OPPD 257 | 511|308 | 89549 944




Results (2). Sparse PK data

Comparison of ; and

5.2 -5.0 -4.8 -4.6 -4.4 -3.95 -3.90 -3.85 -3.8
theta.PK theta.PK

PPP PPPD

-3.90 -3.85 -3.80 -3.75 -3.95 -3.90 -3.85
theta.PK theta.PK
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Model t

Fit to PK data

Fit to PD data

E(D)[pp [DIC| E(D)]| po| DIC
CULL 178 20| 198 | 823| 56| 879
PP (CUT)| 18|53| 71| 991|131 1122
DpPp 18|53| 71| 820| 58| 878
OPPD 18 (53| 71| 827| 58| 885
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6. Links with related literature

Seqguential methods

Standard 2-stage approach:
Stage 1: Fit covariate (e.g. PK) model

Stage 2: Condition on plug-in estimates of
covariates when tting response (e.g. PD)
model

CUT model is equivalent to this 2-stage
approach but with appropriate allowance for
uncertainty
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Multiple Imputation (Rubin, Little)

Similar to sequential 2-stage approach with two
key differences:

Stage 1 model used to impute covariates
usually depends on response

Stage 2 model is tted to multiple sets of
Imputed covariate values and results pooled
to account for uncertainty in imputations

CUT model is similar in spirit to multiple
Imputation, but explicitly avoids conditioning on
the response in the imputation model
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Dependency Networks (2)

Two main motivations for DNs:

Improved visualization of predictive
relationships learned from data

Computational ef ciency

Estimation of DN structure is carried out by
Independently estimating the local
distribution of each node v given its parents
In the DN

Recall that parents in a (consistent) DN are
equivalent to the Markov blanket in a DAG



Dependency Networks (3)

Can lead to local distributions that are
Inconsistent



Dependency Networks (3)

Can lead to local distributions that are
Inconsistent

| arrows In DN are uni-directional



Dependency Networks (3)

Can lead to local distributions that are
Inconsistent

| arrows in DN are uni-directional

I no joint distribution P (V) from which each of
the local distributions p(vjparents[v]) may be
obtained
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Inconsistent DNs

Heckerman et al show that using ordered Gibbs
sampler applied to an inconsistent DN de nes a
Markov chain with a unique stationary joint
distribution that is reachable from any initial
state

This stationary distribution may not be
consistent with all the local distributions

Stationary distribution may depend on
update order

Algorithm often referred to as pseudo Gibbs
or inconsistent Gibbs
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Inconsistent Gibbs

Gelman (2004) advocates inconsistent Gibbs
as an approximate Bayes method for
multivariate missing data imputation

van Buuren and Oudshoom (2000) — Splus
package for multiple imputation using
Inconsistent Gibbs

Stephens et al (2001) — PHASE software for

haplotype reconstruction uses inconsistent
Gibbs
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/. Conclusions

|s the cut function sensible?

No implicit joint distribution underlying cut
model
But, simulations do converge to something
which seems intuitively reasonable In
practice
convergence to something that is “close” to
true data generating mechanism ?7??

Similarities with other proposals (DNs,
Imputation methods)
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Conclusions

When should cut be used?

1. Preventing feedback between sub-models:

Data-rich covariate (PK) sub-model
I FULL probability model preferred

Sparse-data covariate sub-model and/or
uncertainty about form of response model
I CUT model preferred
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Conclusions

2. Model checking:

Cutting feedback is useful for exploring
sensitivity to model assumptions and to
Isolate relative in uence of different data

SOources

3. Computational ef ciency:
Simpli es sampling ! can improve
convergence and speed



Thank you!



