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1 Introduction

This report describes an electromagnetic scattering model for the computa-
tion of remote sensing quantities from a forested region. Several scattering
models have been developed in the past with differing degrees of complexity.
A large class of models utilizes a radiative transfer formulation to compute
scattering cross sections (see [12] for a general overview). An example is
the model used by Pullianen et al. [9, 10] for comparison with microwave
measurements of boreal forests. This model can be extended to handle quite
complicated layer structures, as with the Michigan Microwave Canopy Scat-
tering Model (MIMICS) applied in [7] and [14]. While the radiative transfer
approach is valid and can yield good comparisons with data, it ignores the
coherent scattering that may occur within the tree structure. A discrete
scatterer model has been used in [1] to model the volume scattering and
a branching model was employed in [16] to account for structural effects.
The random nature of the trees and the forest can be taken into account
through Monte Carlo simulations, such as those employed by Lin and Sara-
bandi [6] for an L-systems tree model. More recently, Tsang et al. [13] and
Chiu and Sarabandi [3] have extended the discrete particle simulations to
include the coherent addition of the first order scattering and the reflections
from the underlying half-space. Chiu and Sarabandi also include first order
scatter between the trunk and the branches, but both models have only been
applied to short vegetation (Sarabandi considered soy plants, Tsang’s trees
where about 150 cm in height) or for trees at very low frequencies.

In this work we extend the above discrete particle approach to rigorously
handle the first order direct scattering, the single and double ground bounce
terms, and the first order interaction between the trunk and branches. For
this last term, we extend the approach suggested by Sarabandi for soy plants
to the much larger tree structures by employing computational segmentation
and a local plane wave expansion that allow efficient calculation. In addition,
we compute fully coherent polarimetric quantities for general bistatic remote
sensing of a forested region at microwave frequencies.

We assume that the trees are made up of cylinders that represent its
trunk and branches. (A planned extension is the inclusion of disks to model
the presence of leaves or needles, although for wavelengths of interest it is be-
lieved that the contribution of the foliage will be negligible.) Currently, our
trees are modeled using Lindenmeyer systems (L-systems for short), see Sec-
tion 3, although the scattering calculations could use collections of cylinders
produced by any other means.
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2 Electromagnetic Scattering Model

We will use the time harmonic equations with a time convention of e−iωt.
We discuss scattering from a collection of cylinders for an incident wave

in direction k̂i that is scattered into direction k̂s. The vectors k̂i and k̂s are
unit vectors given by

k̂i = cos(φi) sin(θi)x̂ + sin(φi) sin(θi)ŷ + cos(θi)ẑ, (1)

k̂s = cos(φs) sin(θs)x̂ + sin(φs) sin(θs)ŷ + cos(θs)ẑ, (2)

where a spherical coordinate system is used with θ as the angle with respect
to the z-axis, and φ as the angle in the x–y plane, measured with respect
to the x-axis. The incident wave can be either horizontally or vertically
polarized, with the polarization vectors for the incident wave given by

v̂i = cos(φi) cos(θi)x̂ + sin(φi) cos(θi)ŷ − sin(θi)ẑ, (3)

ĥi = − sin(φi)x̂ + cos(φi)ŷ, (4)

or briefly,

ĥi =
ẑ × k̂i

|ẑ × k̂i|
, v̂i = ĥi × k̂i.

The expressions for the scattered wave are as above with k̂i replaced by
k̂s, or θi and φi replaced by θs and φs. The scattering matrix can then be
defined as

F (θs, φs; θi, φi) =

[

fvv(θs, φs; θi, φi) fvh(θs, φs; θi, φi)
fhv(θs, φs; θi, φi) fhh(θs, φs; θi, φi)

]

(5)

so that, at a large distance R � 0,
[

Evs

Ehs

]

≈ eikR

R

[

fvv(θs, φs; θi, φi) fvh(θs, φs; θi, φi)
fhv(θs, φs; θi, φi) fhh(θs, φs; θi, φi)

] [

Evi

Ehi

]

, (6)

where Eαi and Eαs are the α components, with α equal to v or h, of the
incoming and scattered electric fields and where the scattering amplitude
fαβ(θs, φs; θi, φi) represents the scattering from direction θi, φi with polariza-
tion β to direction θs, φs with polarization α. The integrated scattering cross
section for direction θi, φi with polarization β is given by

σs,β(θi, φi) =

∫ 2π

0

dφs

∫ π

0

sin θs dθs

[

|fvβ(θs, φs; θi, φi)|2 + |fhβ(θs, φs; θi, φi)|2
]

(7)
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and the bistatic scattering cross section (per unit area) for the scattering
from a pixel of area A is

σαβ(θs, φs; θi, φi) =
4π

A
|fαβ(θs, φs; θi, φi)|2 (8)

where, for backscattering, θs = π − θi and φs = φi + π. For a collection
of objects, we can calculate the total scattering incoherently by summing
the individual scattering coefficients (i.e., independent scattering, or power
calculation) or coherently, by summing the field.

For ease of representation, we will adopt the shorthand notation for the
scattering matrix and scattering amplitudes as

F (k̂s, k̂i) ≡ F (θs, φs; θi, φi), (9)

fαβ(k̂s, k̂i) ≡ fαβ(θs, φs; θi, φi). (10)

2.1 Infinite Cylinder Approximation

The infinite cylinder approximation, originally presented by Seker and Schnei-
der [11], makes the approximation that the cylinder is infinitely long. Under
this approximation, valid when the length of the cylinder L is much larger
than its radius a, for an incident plane wave the internal field can be easily
calculated from a decomposition into cylindrical wave functions. This field is
then used to compute the scattering from a cylinder of finite length. Detailed
discussion of the derivation can be found in [5, 12]. The resulting expressions
for the scattering amplitudes in [5] are given by

fvv(k̂s, k̂i) = −k2
0

L

2
(εr − 1) sinc

[

k0
L

2
(cos θs − cos θi)

]

·
{

e0v(B0 cos θs cos θi + sin θsz0)

+ 2
∞

∑

n=1

[

(env cos θiBn − iηhnvAn) · cos θs + sin θsenvzn

]

cos[n(φs − φi)]

}

,

(11)
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fvh(k̂s, k̂i) = 2ik2
0

L

2
(εr − 1) sinc

[

k0
L

2
(cos θs − cos θi)

]

∞
∑

n=1

[

(enh cos θiBn − iηhnhAn) cos θs + sin θsenhzn

]

sin[n(φs − φi)],

(12)

fhv(k̂s, k̂i) = −2ik2
0

L

2
(εr − 1) sinc

[

k0
L

2
(cos θs − cos θi)

]

∞
∑

n=1

(ηhnvBn + ienv cos θiAn) sin[n(φs − φi)],
(13)

fhh(k̂s, k̂i) = k2
0

L

2
(εr − 1) sinc

[

k0
L

2
(cos θs − cos θi)

]

{

B0ηh0h + 2
∞

∑

n=1

(ηhnhbn + ienh cos θiAn) cos[n(φs − φi)]

}

,
(14)

where k0 is the wave number of the vacuum (k0 = ω
√

ε0µ0, where ε0 is the
permittivity and µ0 the permeability of the vacuum) and sinc(x) ≡ sin(x)/x.
The expressions for the variables in the above equations are given in Ap-
pendix A. The expressions differ slightly from those given in [5] because we
are using a different angle notation and a different time convention.

2.2 Translation and Rotation of Scatterers

In this section we show how a scattering matrix transforms in a translation
and rotation. Let V be a scatterer, not necessarily a finite cylinder, and
F (k̂s, k̂i) its scattering matrix.

We translate the scatterer V by a translation vector y ∈ R
3 and denote

the translated scatterer by Vy and its scattering matrix by Fy. It is easy to
see that

Fy(k̂s, k̂i) = eik0 y·(k̂i−k̂s)F (k̂s, k̂i) (15)

for all k̂i, k̂s.
Next we rotate the scatterer V by a sense preserving rotation U , i.e.

det U = 1, and denote the rotated scatterer by VU and its scattering matrix
by FU . It is not difficult to see that

FU(k̂s, k̂i) =

[

v̂s · v̂′
s v̂s · ĥ′

s

ĥs · v̂′
s ĥs · ĥ′

s

]

F (UT k̂s, U
T k̂i)

[

v̂′
i · v̂i v̂′

i · ĥi

ĥ′
i · v̂i ĥ′

i · ĥi

]

, (16)
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where UT is the transpose of U and

ĥ′
j =

ẑ′ × k̂j

|ẑ′ × k̂j|
, v̂′

j = ĥ′
j × k̂j, for j = i, s,

with ẑ′ = Uẑ. The matrix expression (16) can be written for a single scat-
tering component as

(FU)αβ (k̂s, k̂i) = βi · v̂′
i αs · v̂′

s fvv + βi · ĥ′
i αs · v̂′

s fvh

+ βi · v̂′
i αs · ĥ′

s fhv + βi · h′
i αs · ĥ′

s fhh, (17)

where α,β can be v or h and fαβ = fαβ(k̂′
s, k̂

′
i) with k̂′

i = UT k̂i and k̂′
s = UT k̂s.

2.3 Reflection from a Dielectric Half-Space

We model the trees in the forest as scatterers overlying a homogeneous half-
space. For this model, the half-space will then reflect energy that scatters
from the branches and trunk of the tree. There are three paths for the ground
bounce term. The first path is energy that hits the ground first and then
scatters off of the tree, while the second path scatters from the tree first and
then reflects from the ground (see Fig. 1). The third path is a double bounce,
where energy hits the ground, scatters, then reflects from the ground again.
The elements of the scattering matrix for the two-way return from the three
ground bounce terms can be written as:

f grd
αβ (k̂s, k̂i) =fαβ(k̂s, k̂

b
i ) Rβ(k̂i) exp[i(~ki · ~r b − ~ks · ~r)]) +

fαβ(k̂b
s, k̂i) Rα(k̂s) exp[i(~ki · ~r − ~ks · ~r b)] +

fαβ(k̂b
s, k̂

b
i ) Rβ(k̂i) Rα(k̂s) exp[i(~ki · ~r b − ~ks · ~r b)]

(18)

where ~r is the center of the scatterer (e.g., the center of a cylinder), ~r b is the

location of its image point, ~ki = k0k̂i, ~ks = k0k̂s and k̂b
i , k̂b

s are defined in (23)
and (24). In (18), Rα(k̂) is the reflection coefficient for the α polarization
incident in direction k̂ given by

Rh(k̂i) =
cos θi + [εr − sin2 θi]

1/2

cos θi − [εr − sin2 θi]1/2
, (19)

Rh(k̂s) =
cos θs − [εr − sin2 θs]

1/2

cos θs + [εr − sin2 θs]1/2
, (20)

Rv(k̂i) =
εr cos θi + [εr − sin2 θi]

1/2

εr cos θi − [εr − sin2 θi]1/2
, (21)

Rv(k̂s) =
εr cos θs − [εr − sin2 θs]

1/2

εr cos θs + [εr − sin2 θs]1/2
. (22)
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Figure 1: Diagram showing the single ground bounce terms for a cylinder
overlying a reflective half-space. The the image scatterers are shown located
below the interface.

6



The unit vectors in the direction of the wave reflected from and traveling
to, respectively, the ground interface, and obeying Snell’s law are obtained
by replacing θi and θs in (1) with π − θi and π − θs:

k̂b
i = cos(φi) sin(θi)x̂ + sin(φi) sin(θi)ŷ − cos(θi)ẑ, (23)

k̂b
s = cos(φs) sin(θs)x̂ + sin(φs) sin(θs)ŷ − cos(θs)ẑ. (24)

Equation (18) is the complete expression for the ground bounce contri-
butions given in terms of the global coordinate system. If the cylinder is not
aligned with the z-axis, the expressions given in section 2.2 must be applied
to evaluate the global scattering amplitudes.

2.4 First Order Multiple Scattering Between Cylin-

ders

In this section we present a novel method how the first order interaction
scattering terms can be computed efficiently. (However, these terms are not
included in the simulations of Section 4.) The far field of the interaction term
can be given as a so called reaction integral by reciprocity as shown by Chiu
and Sarabandi [3]. We start by deriving that far field term and the related
reciprocity results. Thereafter, we present a method by which the far field
term can be computed efficiently using a local plane wave expansion.

We write ~EJ for the electric field due to an electric current source ~J in a
homogeneous space, and we write ~EV

J for the same field when a scatterer V is

present. For the corresponding far fields we write ~EJ,∞ and ~EV
J,∞, respectively.

Consider two scatterers V1 and V2 in a homogeneous space and an incident
plane wave ~E(~x) = α̂eik0p̂·~x, k0 = ω

√
µ0ε0, and with the unit direction vector

p̂ and the polarization α̂, where α̂ · p̂ = 0. Let ~J1 be the volume current
induced into V1 when V2 is not present so that the field scattered from V1 is
~EJ1

. Let ~Es be the field scattered from V2 when ~EJ1
is the incident field and

V1 is not present. Note that

~EV2

J1
= ~EJ1

+ ~Es.

Let ~Es,∞ be the far field of ~Es. For a scattering direction q̂ and polarization

β̂ we want to compute the V1-to-V2 scattering amplitude

fV2,V1

βα (q̂, p̂) = β̂ · ~Es,∞(q̂),

where α̂ is v̂i or ĥi and β̂ is v̂s or ĥs. The corresponding scattering matrix is
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given by

F V2,V1(q̂, p̂) =

[

fV2,V1

vv (q̂, p̂) fV2,V1

vh (q̂, p̂)

fV2,V1

hv (q̂, p̂) fV2,V1

hh (q̂, p̂)

]

. (25)

For a large R � 1 and ~y0 = Rq̂ we get

fV2,V1

βα (q̂, p̂)
eik0R

R
= β̂ · ~Es,∞(q̂)

eik0R

R
≈ β̂ · ~Es(~y0)

=

∫

δ(~x − ~y0)β̂ · ~Es(~x) d~x

=

∫

δ(~x − ~y0)β̂ ·
(

~EV2

J1
(~x) − ~EJ1

(~x)
)

d~x.

(26)

Next we apply reciprocity to currents ~J0(~x) = δ(~x− ~y0)β̂ and ~J1(~x) both
in the homogeneous space and when V2 is present:

∫

~J0(~x) · ~EV2

J1
(~x) d~x −

∫

~J0(~x) · ~EJ1
(~x) d~x

=

∫

spt J1

~EV2

J0
(~x) · ~J1(~x) d~x −

∫

~EJ0
(~x) · ~J1(~x) d~x

=

∫

spt J1

~E2(~x) · ~J1(~x) d~x,

(27)

where ~E2 = ~EV2

J0
− ~EJ0

is the field scattered from V2 when ~EJ0
is the incident

field and V1 is not present, and spt J1 denotes the support of J1. Because
R � 1, we can approximate ~EJ0

in the neighborhood of the origin by a plane
wave

iωµ0

4π

eik0R

R
β̂eik0(−q̂)·~x

and so

~E2 ≈
iωµ0

4π

eik0R

R
~EJ2

,

where ~J2 is the volume current induced into V2 by the incident plane wave
β̂eik0(−q̂)·~x when V1 is not present. Letting R → ∞, we get by (26) and (27)

fV2,V1

βα (q̂, p̂) =
iωµ0

4π

∫

spt J1

~EJ2
(~x) · ~J1(~x) d~x. (28)
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This is Chiu’s and Sarabandi’s expression for the interaction scattering am-
plitude.

Next apply reciprocity to the right-hand side of (28) to get

fV2,V1

βα (q̂, p̂) =
iωµ0

4π

∫

spt J2

~EJ1
(~x) · ~J2(~x) d~x. (29)

Applying (28) to the right-hand side of (29) with the roles of V1 and V2

interchanged, we obtain the reciprocity formula

fV2,V1

βα (q̂, p̂) = τα,βfV1,V2

αβ (−p̂,−q̂), with

τα,β =

{

1 if α = β (the same orientation)

−1 if α 6= β,

(30)

where the sign factor comes from the fact that the scattering amplitude
fV1,V2

αβ (−p̂,−q̂) must be determined in the local basis due to −p̂ and −q̂.
Remark. From (30) we also easily get the ground bounce terms by taking

the scatterer V2 to be the ground. Let F = {fαβ} be the scattering matrix

of V1 in a homogeneous space. Let us, for a moment, write p̂ = k̂i and q̂ = k̂s

and reverse the roles of α and β in (30) to conform with the notation in (18).
Then we can easily compute fV1,g

αβ (k̂s, k̂i), i.e., the ground-to-scatterer term.
By (30) we get

f g,V1

αβ (k̂s, k̂i) = ταβfV1,g
βα (−k̂i,−k̂s)

= Rα(−k̂s)ταβfβα(−k̂i,−k̂b
s) = Rα(k̂s)fαβ(k̂b

s, k̂i),
(31)

where in the last step we have used the reciprocity of the scattering ampli-
tude, and where Rα(k̂s) is the reflection coefficient for the scattering direction
k̂s and polarization α̂, and k̂b

s = (ks1, ks2,−ks3) for k̂s = (ks1, ks2, ks3). We
see that this is identical to the second term of (18) except for the phase term

exp[i(~ki · ~r − ~ks · ~r b)] which arises from the translation equation (15) and
the fact that in (18) the scattering matrix is thought to be given for the
scatterer standing with its (assumed) center at the origin whereas in (31) the
scattering matrix is given for the scatterer in its actual position, i.e., when it
is translated by the vector ~r so that its center is at ~r. Note that (31) yields
the scatterer-ground term f g,V1

βα for any layered ground and not only for a
half-space.

The equation (30) shows that we only need to write code for computing
the V1-to-V2 interaction term. The reverse direction, the V2-to-V1 term, is
obtained from (30).
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For the backscattering case, with q̂ = −p̂, equation (30) yields the useful
result

F V2,V1(−p̂, p̂) + F V1,V2(−p̂, p̂) =

[

2a b − c
c − b 2d

]

,

with

[

a b
c d

]

= F V2,V1(−p̂, p̂).

(32)

Next we consider the numerical computation of F V2,V1 when V1 and V2 are
two finite cylinders. For the scattering of a plane wave from a finite cylinder
we use the infinite cylinder approximation (ICA), which yields us the volume

currents ~J1 and ~J2 needed in (28).

Because for ~EJ2
(~x) we need one 3-D integral over V2, the entire (reaction)

integral in (28) is a six-dimensional integral and usually very slow to compute
numerically. To speed up the computation we make effective use of the
structures of the currents ~J1 and ~J2. We expand ~EJ2

locally in plane waves
and make use of the fact that we can compute the reaction integral

∫

~E(~x) ·
~J1(~x) d~x in an analytic form if ~E(~x) is a plane wave. Namely, for the far field
~EJ1,∞ we have

~EJ1,∞(q̂) =
iωµ0

4π

(

I − q̂q̂T
)

∫

spt J1

e−ik0q̂·~x ~J1(~x) d~x, (33)

for q̂ ∈ R
3, |q̂| = 1, and where I is the unit matrix. Let ~E(~x) = β̂e−ik0q̂·~x be

a plane wave with direction vector −q̂ and polarization β̂. Because β̂ · q̂ = 0,
we get by (33)

∫

spt J1

β̂e−ik0q̂·~x · ~J1(~x) d~x =
4π

iωµ0

β̂ · ~EJ1,∞(q̂). (34)

For an ICA volume current ~J1 we can compute the far field ~EJ1,∞ ana-
lytically in terms of a series expansion given in Section 2.1. To be exact, we
use the notation

~EJ,∞(q̂) = ~E∞(q̂, α̂, p̂, r, L, P, a, f, ε), (35)

where ~J is the volume current induced by a plane wave with direction unit
vector p̂ and polarization α̂ into a cylinder with radius r, length L, center P
and axis unit direction vector â; here f is the frequency and ε is the complex
permittivity of the cylinder.

We see easily that the interaction scattering matrix F V2,V1 transforms in
translation and rotation like the usual scattering matrix and, therefore, we
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may assume that the second cylinder V2 is centered at the origin with the axis
parallel to the z-axis and with radius r2, length L2 and complex permittivity
ε2. Let the first cylinder V1 have center P , axis unit direction vector â, radius
r1, length L1 and permittivity ε1.

To compute the integral in (28), we chop the cylinders V2 and V1 into
subcylinders V2,m and V1,n with centers

P2,m =

(

0, 0,−L2

2
+ (m − 1

2
)
L2

M

)

, m = 1, . . . ,M,

P1,n = P − L1

2
â + (n − 1

2
)
L1

N
ây, n = 1, . . . , N,

and lengths L2/M and L1/N . Let the restrictions of the currents ~J2 and ~J1

to the subcylinders V2,m and V1,n be ~J2,m and ~J1,n, respectively, 1 ≤ m ≤ M ,
1 ≤ n ≤ N . We only need to compute the integrals

∫

V1,n

~EJ2,m
(~x) · ~J1,n(~x) d~x (36)

and sum over m = 1, . . . ,M and n = 1, . . . , N . We expand ~EJ2,m
in plane

waves about P1,n using the Rokhlin translation formula [4, 2],

~EJ2,m
(P1,n + ~x) ≈

∫

|q̂|=1

um(q̂)TQ(Rmn, smn · q̂)eik0~x·q̂ dq̂, (37)

where the integral is over the surface of the unit sphere, um = ~EJ2,m,∞,

Rmn = |P1,n − P2,m|, smn =
P1,n − P2,m

Rmn

,

and TQ is the Rokhlin translation function

TQ(R, t) =
k0

4π

Q
∑

n=1

(2n + 1)in+1h(1)
n (k0R)Pn(t), (38)

where h
(1)
n is the first kind spherical Hankel function of order n, and Pn is the

Legendre polynomial of order n. For (37) an appropriate Q must be chosen,
for instance Q = k0d + 6(k0d)1/3 with d = 2r2, see e.g. [2].

For the numerical integration over the unit sphere we use the usual inte-
gration rule with uniform subdivision in the φ-direction and Gaussian inte-
gration with respect to t = cos θ. This yields integration sample points q̂j,
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|q̂j| = 1, and weights wj, j = 1, . . . , S with an appropriate S, for instance,
S ≈ 4Q2. We get the plane wave expansion

~EJ2,m
(P1,n + ~x) ≈

S
∑

j=1

~Em,n,j eik0~x·q̂j , (39)

where

~Em,n,j = wj
~EJ2,m,∞(q̂j)TQ(Rm,n, sm,n · q̂j).

Here, due to the structure of ~J2, in the notation of (35),

~Em,n,j = eik0(−q̂)·P2,m ~E∞(q̂j, β̂,−q̂, r2, L2/M, (0, 0, 0), (0, 0, 1), f, ε2), (40)

for all m = 1, . . . ,M . Eventually, for the integral in (36) we get, by (34) and
(39),

∫

V1,n

~EJ2,m
(~x) · ~J1,n(~x) d~x ≈

S
∑

j=1

~Em,n,j ·
∫

V1,n

eik0q̂j ·~x ~J1,n(~x) d~x

=
S

∑

j=1

4π

iωµ0

~Em,n,j · ~EJ1,n,∞(−q̂j)

=
4π

iωµ0

S
∑

j=1

~Em,n,j · ~E∞(−q̂j, α̂, p̂, r1, L1/N, P1,n, â, f, ε1).

(41)

This completes the computation of the integral (36) and of the interaction
scattering amplitude in (28). However, note that for the approximation (39),
the subcylinders V2,m and V1,n cannot be very close to each other, in fact
|P1,n − P2,m| must be & 3r2 + r1, and if they are closer than that, we must
compute the integral (36) by direct numerical integration, which is slow. In
the trunk-branch interaction there are very few such close pairs and the total
computing time remains small.

2.4.1 Reciprocity of Scattering Amplitudes

Using the reciprocity theorem, one gets the following relationship:

fαβ(k̂s, k̂i) =

{

fβα(−k̂i,−k̂s) if β = α

−fβα(−k̂i,−k̂s) if β 6= α.
(42)

The implication of the above equation is that for bistatic scattering each
of the two cross-polarized returns measured in the forward direction (k̂s, k̂i)
has the same magnitude and a phase opposite to that of the other cross-
polarized return if it was measured in the backwards direction (−k̂i,−k̂s).
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2.5 Coherent Scattering from Collection of Scatterers

In order to calculate the total scattering amplitude from a collection of scat-
terers (which can be the branches and trunk of a single tree, or components
making up multiple trees), we need to sum the returns from each of the
scatterers coherently. The expression for the total return (direct and ground
reflections) is:

f total
αβ (k̂s, k̂i) =

Nc
∑

j=1

{

f j
αβ(k̂s, k̂i) exp[i(~ki − ~ks) · ~rj)] +

f j
αβ(k̂s, k̂

b
i ) Rβ(k̂i) exp[i(~ki · ~rj

b − ~ks · ~rj)] +

f j
αβ(k̂b

s, k̂i) Rα(k̂s) exp[i(~ki · ~rj − ~ks · ~rj
b)] +

f j
αβ(k̂b

s, k̂
b
i ) Rβ(k̂i) Rα(k̂s) exp[i(~ki · ~rj

b − ~ks · ~rj
b)]

}

,

(43)

where ~rj and ~rj
b are the positions of the jth cylinder and its image point,

respectively, and ~ki = k0k̂i, ~ks = k0k̂s. For the backscatter direction we can
write

f total
αβ (−k̂i, k̂i) =

Nc
∑

j=1

exp[i2~ki · ~rj]

{

f j
αβ(k̂i,−k̂i) +

f j
αβ(−k̂i, k̂

b
i ) Rβ(k̂i) exp[−i2k0 cos(θi) rjz] +

f j
αβ(−k̂b

i , k̂i) Rα(k̂s) exp[−i2k0 cos(θi) rjz] +

f j
αβ(−k̂b

i , k̂
b
i ) Rβ(k̂i) Rα(k̂s) exp[−i4k0 cos(θi) rjz]

}

,

(44)

where rjz is the distance of the jth scatterer from the ground plane. We
can see from the above equation that the total field is due to the scattering
patterns of the individual scatterers, the positions of the scatterers relative
to each other, and their height above the ground plane. Note also that as
each scatterer has a different value for rjz, its ground bounce term must be
added explicitly (we cannot determine it later, after calculating the sum of
the direct fields).

2.5.1 Alternate representations

We can represent the equation (43) in an alternate form by first recognizing
that the dot products appearing in the phase terms can be written as

k̂i · ~r b
j = k̂b

i · ~rj, k̂s · ~r b
j = k̂b

s · ~rj. (45)
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We can then define the upper-half space direct scattering term (that does
not include the ground bounce terms) as:

fupper
αβ (k̂s, k̂i) =

Nc
∑

j=1

f j
αβ(k̂s, k̂i) exp[i(~ki − ~ks) · ~rj)] (46)

which gives us the following new form for (43):

f total
αβ (k̂s, k̂i) = fupper

αβ (k̂s, k̂i) + fupper
αβ (k̂s, k̂

b
i ) Rβ(k̂i) +

fupper
αβ (k̂b

s, k̂i) Rα(k̂s) + fupper
αβ (k̂b

s, k̂
b
i ) Rβ(k̂i)Rα(k̂s). (47)

This representation is equivalent to that given in (43) and requires exactly
the same amount of computation. The upper half-space scattering amplitude
in (46) can be viewed as the cumulative scattering from a collection of cylin-
ders whose positions are fixed at a given height above the origin.

2.6 Calculation of the Scattering Cross Section

Let us begin by writing the total return (direct and ground reflections) from
the jth cylinder when it is positioned at a height rjz above the origin as

f total,j
αβ (k̂s, k̂i) = f j

αβ(k̂s, k̂i) +

f j
αβ(k̂s, k̂

b
i ) Rβ(k̂i) exp[i2k0 cos θi rjz] +

f j
αβ(k̂b

s, k̂i) Rα(k̂s) exp[−i2k0 cos θs rjz] +

f j
αβ(k̂b

s, k̂
b
i ) Rβ(k̂i) Rα(k̂s) exp[i2k0 (cos θi − cos θs) rjz].

(48)

Let f total,j,`
αβ (k̂s, k̂i) be the `th term in the above expression.

The fully coherent backscattering coefficient from Nc cylinders positioned
at coordinates ~rj can then be computed by applying the definition in (8) to
the scattering amplitude in (48) to give:

σW
αβ(k̂s, k̂i) =

4π

A

〈∣

∣

∣

∣

∣

Nc
∑

j=1

f total,j
αβ (k̂s, k̂i) exp[i ~kd · ~rj]

∣

∣

∣

∣

∣

2〉

, (49)

where the 〈·〉 denotes a configurational average and ~kd = ~ki − ~ks. This
expression gives the fully coherent scattering from a collection of cylinders.
It involves adding the scattering amplitudes from each cylinder with a phase
term that depends on the relative location of the cylinders.
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A traditional approximation used in radiative transfer theory is to sum to-
gether the intensities from different scatterers and different scattering mech-
anisms incoherently (that is, without the phase terms). This is called the
independent scattering assumption, and can be written as

σind
αβ (k̂s, k̂i) =

4π

A

Nc
∑

j=1

Nm
∑

`=1

〈

|f total,j,`
αβ (k̂s, k̂i)|2

〉

, (50)

where Nm is the number of scattering mechanisms considered. As can be
seen from the above equation, the independent scattering amplitude will
entail summing over all the scattering amplitudes from different branch sizes
and orientations, but the relative positions of the branches will be neglected
since the phase term is not present.

Tsang gives an additional expression which is calculated by summing the
returns from cylinders within a tree together coherently, and then adding the
returns between trees incoherently. To write this, let us first denote Nb,l as
the number of cylinders (branches) within the lth tree and Nt as the number
of trees in a pixel, so that the total number of cylinders is Nc =

∑Nt

l=1 Nb,l.
Let us further denote ~rl as the position of the lth tree’s trunk. The tree-
independent scattering approximation (Tsang’s term) can then be written
as:

σtree,ind
αβ (k̂s, k̂i) =

4π

A

Nt
∑

l=1

〈

∣

∣

∣

∣

∣

∣

Nb,l
∑

j=1

f total,j
αβ (k̂s, k̂i) exp[i ~kd · (~rj − ~rl)]

∣

∣

∣

∣

∣

∣

2
〉

. (51)

It can be seen that this expression preserves the relative positioning of
branches within a tree, but does not retain the positioning of trees within
the observation area.

3 Tree Modeling Using L-systems

L-systems (or Lindenmayer systems, after their originator A. Lindenmayer)
were first proposed in 1968 as a theoretical framework for studying plant
development. Originally they did not include enough detail to allow for
modeling of higher plants, but as the need arose, several amendments to
the original idea were made, including a graphical interpretation and several
new types of rewriting rules. In this Section we introduce those features of L-
systems which are used in our tree models using the notation of the program
lsys 1 written by J. Leech. Our discussion is based on the book [8] and the

1at the time of writing available as ftp://ftp.cs.unc.edu/pub/users/jon/lsys.tar.gz
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on-line documentation of lsys to which sources we refer the reader for more
details.

Next we discuss two central concepts behind L-system models: string
rewriting and the geometric interpretation of the resulting character strings.

3.1 String Rewriting in Parametric L-systems

L-systems operate by rewriting character strings according to a set of rewrit-
ing rules of productions. Starting from an axiom (or a starting word) a new
word is generated by applying a set of productions to the given word. Unlike
in, say, context-free grammars of computer science, in L-systems all matching
productions are applied to the given word at the same time. By applying the
same procedure to the newly generated word and by iterating, one obtains
a sequence of words derived from the initial word. Later we show how one
gives a geometric interpretation to the derived words, but first we discuss in
more detail how the type of L-systems called parametric OL-systems work.

Parametric L-systems operate on parametric words, which are strings of
modules consisting of letters (or symbols) with associated parameters which
are real numbers. E.g., A(0.1, 0.2, 0.3) is a module with letter A and
three parameters whereas the module A has no parameters. Corresponding
to these actual real-valued parameters, one uses formal parameters in speci-
fications of the productions. Productions in lsys have four components: the
production name, the predecessor, the condition (which may be empty) and
the successor. For example

p1: A(t) : t > 5 -> B(t + 1) C D(t + 2, 3*t) (52)

is a production with name p1, predecessor A(t), condition t > 5 and suc-
cessor B(t+1) C D(t+2, 3*t). The predecessor consists of one letter and
its formal parameters, the condition is a logical condition expressed in terms
of the formal parameters, and the successor is a string of modules where
the parameters of the modules may contain arithmetic expressions. Stan-
dard notation (like in the programming language C) is used for logical and
arithmetic expressions.

A production matches a module in a parametric word if

• the letter in the module and the letter in the production predecessor
are the same,

• the number of actual parameters in the module is equal to the number
of formal parameters in the production predecessor, and
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#define maxgen 2

#define width 100

#define lr 1.2 /* length increase rate */

#define wr 1.2 /* width increase rate */

#define lb0 12 /* initial length of new branches */

START: !(wr) F(20) /(270) A

p1 : A -> !(wr) [&(22.5) F(lb0) A] /(120) [&(22.5) F(lb0) A]

/(120) [&(22.5) F(lb0) A]

p2 : F(l) -> F(l * lr)

p3 : !(w) -> !(w * wr)

Figure 2: Example of an L-system describing a tree.

• the condition evaluates to true if the actual parameter values are sub-
stituted for the formal parameters in the production.

For example, the module A(9) matches the production rule p1 in (52) since
the letter is the same, the number of parameters matches and the condition
is true. The result of the application of this production is the parametric
word B(10) C D(11, 27). As a further example, modules such as A(-4),
A(6, 2), or B(9) do not match the production rule p1.

In deterministic L-systems such as those now under consideration, at
most one production rule can match any given module. Additionally, if no
matching production is present in the set of productions, then the module
replaces itself.

Now we can consider the more complicated example given in Figure 2
The initial word or axiom is given by the line labeled START. It contains
an arithmetic expression which uses the value of a variable defined with a
#define statement. The initial word is

!(1.2) F(20) /(270) A

Productions p3, p2 and p1 match the modules !(1.2), F(20) and A, respec-
tively. Applying them simultaneously produces the first generation word

!(1.44) F(24) /(270) !(1.2) [&(22.5) F(12) A] /(120)

[&(22.5) F(12) A] /(120) [&(22.5) F(12) A]

The second generation word is obtained by again applying the matching
production rules in parallel to all modules in the first generation word. The
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variable maxgen indicates at which generation the processes is terminated,
and the last generated word is then interpreted geometrically.

For clarity, we have omitted one detail in this and in the subsequent
examples. In lsys, a newline terminates a production unless it is escaped
with a backslash. To convert the code in Fig. 2 to a valid input file, one
should therefore add a backslash as the last character of the first line of the
production p1 and at similar places where a production continues for several
lines.

The expressions in lsys can contain function calls such as a call to the
random number generator rand; rand(n) generates a uniformly distributed
real number in [0, n). In addition to parametric production rules, lsys ac-
cepts context-sensitive productions, and production rules that are applied
stochastically in which case one of several matching rules is selected with
predefined probabilities. For details, see the documentation of the program.
Our examples are context-free deterministic L-systems although they may
contain expressions whose values are random.

3.2 Turtle Interpretation in Three Dimensions

Strings produced by a parametric L-system are given a geometric interpre-
tation in terms of the state of a turtle which travels in three-dimensional
space. (The concept of a turtle is borrowed from the programming language
LOGO.) The state of the turtle includes its position, its orientation, the
current line width and other pertinent information. Starting from a certain
initial state the turtle reads the given string and responds to certain symbols
in the string by changing its state or by drawing a line segment.

The following symbols have a special meaning to the turtle in lsys.

• The special characters

+ - ^ & \ / | $ [ ] { . } ~ ! ’ %

• The letters F f G t.

• The special strings Fl and Fr (which are the only exceptions to the
rule that module symbols consist of a single letter).

• If the variable plant is given a value with a define statement, then
the four letters A I K L obtain a special meaning.

In addition, the turtle ignores those symbols it does not recognize. Table 1
gives the interpretation of most of these symbols, but in order to understand
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F(s) Move forward a step of length s > 0 in the current heading and
draw a line segment (using the current line width) between the
current and the new position.

f(s) Move forward a step of length s > 0 in the current heading without
drawing a line.

!(w) Change the relative line width to w > 0.
+(a) rotate by angle of a degrees, using the rotation matrix RU(a).
-(a) rotate by angle a, using the rotation matrix RU(−a).
&(a) rotate by angle a, using the rotation matrix RL(a).
∧(a) rotate by angle a, using the rotation matrix RL(−a).
/(a) rotate by angle a, using the rotation matrix RH(a).
\(a) rotate by angle a, using the rotation matrix RH(−a).
| turn around, using the rotation matrix RU(180◦).

$ roll the turtle around its own axis so that ~L is brought to a hori-
zontal position, i.e., letting ~V be the direction opposite to gravity,
the new orientation is

~L′ =
~V × ~H

|~V × ~H|
, ~H ′ = ~H, ~U ′ = ~H × ~L.

Table 1: Commands for drawing lines and changing the orientation of the
turtle.

variable initially meaning
maxgen 0 number of generations to run the productions
width 1 relative line width
delta 90◦ default turn angle

Table 2: The main variables of lsys and their default values.
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the descriptions, one needs to understand how the orientation of the turtle
is represented.

The orientation of the turtle is determined by three mutually orthogonal
unit vectors ~H, ~L, and ~U which indicate the turtle’s heading, the direction to
the left and the direction up. These vectors form a right-handed coordinate
system, i.e., ~U = ~H × ~L. Rotations of the turtle can then be represented as

[

~H ′ ~L′ ~U ′
]

=
[

~H ~L ~U
]

R, (53)

where R is a 3×3 rotation matrix,
[

~H ′ ~L′ ~U ′
]

is a 3×3 matrix whose first,
second and third column contains the components (in a fixed, right-handed
orthonormal coordinate system) of the the turtle’s heading, direction to the
left and direction up after the rotation. Similarly, the matrix

[

~H ~L ~U
]

contains the turtle’s heading, direction to the left and direction up before
the rotation in the fixed coordinate system.

Let RU(α) be the rotation matrix needed in (53) for rotating the turtle

about the ~U vector through an angle α in the positive direction (i.e., counter-
clockwise when looking along the rotation axis from the tip towards the tail
of the vector), and let similarly RL(α) and RH(α) be the rotation matrices

for rotations about the ~L and ~H vectors. Then

RU(α) =





cos α − sin α 0
sin α cos α 0

0 0 1



 ,

RL(α) =





cos α 0 sin α
0 1 0

− sin α 0 cos α



 , RH(α) =





1 0 0
0 cos α − sin α
0 sin α cos α



 .

(54)

Notice that our rotation matrices differ from the corresponding rotation ma-
trices on p. 19 of the book [8], where two of the three matrices rotate in the
clockwise direction. What is worse, the matrices given there for the different
turtle commands do not produce the intended results shown in Fig. 1.18 on
p. 19 of [8]. This explains the slight differences between the descriptions of
table 1 and those given in the book.

Most of the commands listed in table 1 have also forms with no parame-
ters, in which case default values are used. The default values are one for the
step length s, and the value of the variable delta for the angle a. E.g., the
command F moves the turtle by one unit in the current heading and draws a
line. The relative width of lines is given by the value of the variable width.
A line is width/100 units wide. The variables have certain initial values,
and can be given values in input files by using define statements. These
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Figure 3: Geometric interpretations of the L-system of Fig. 2 corresponding
to (a) maxgen = 1, and (b) maxgen = 2.

values may be overridden by command line options. Table 2 gives the main
variables and their initial values.

Two symbols not yet discussed are used to delimit a branch. Their inter-
pretations are as follows.

[ Push the current state of the turtle (including its position and orienta-
tion) onto a stack.

] Pop a state from the stack and make it the current state of the turtle.
No line is drawn, but the position and orientation of the turtle may
change.

For an illustration, see Fig. 3 for the geometric interpretation of words
generated by the L-system given in Fig. 2. The terminal branches of each
generation produce three new terminal branches in the new generation. Ad-
ditionally, the lengths and widths of previously generated line segments in-
crease in each derivation step.

3.3 Examples of Tree Models

Our matlab interface to the program lsys makes the following interpreta-
tions.

• The lines are interpreted as cylinders and their widths are interpreted
as cylinder diameters.
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#define maxgen 5

#define width 100

#define lr 1.2 /* average length increase rate */

#define wr 1.2 /* average width increase rate */

#define lb0 12 /* average initial length of new branches */

START: !(wr * (0.9 + 0.1*rand(2))) F(20 * (0.9 + 0.1*rand(2)))

/(180+rand(180)) A

p1 : A -> !(wr * (0.9 + 0.1*rand(2)))

[&(15 + rand(15)) F(lb0 * (0.9 + 0.1*rand(2))) A]

/(100 + rand(40))

[&(15 + rand(15)) F(lb0 * (0.9 + 0.1*rand(2))) A]

/(100 + rand(40))

[&(15 + rand(15)) F(lb0 * (0.9 + 0.1*rand(2))) A]

p2 : F(l) -> F(l * lr * (0.9 + 0.1 * rand(2)))

p3 : !(w) -> !(w * wr * (0.9 + 0.1 * rand(2)))

Figure 4: Input file Tsang-A, from Tsang et al. [13]

• In lsys the initial position of the turtle is the origin and the initial
orientation is given by ~H = ŷ, ~L = −x̂, ~U = ẑ, and the vector opposite
to gravity is ~V = ŷ. We changed these settings (by postprocessing) so
that in our programs the initial position of the turtle is still the origin,
but the initial orientation is given by

~H = ẑ, ~L = −ŷ, ~U = x̂,

and the vector opposite to gravity is ~V = ẑ.

Our simulations make use the input file Tsang-A of Fig. 4, which is equiv-
alent to the input file A given in [13, Ch. 13]. This L-system is a simple
modification of the previously discussed L-system of Fig. 2 with the change
that in Tsang-A, the widths and lengths of the line segments as well as the
branching angles are randomized. Hence each realization of the L-system of
Tsang-A will be different although the overall structure of the tree (e.g., the
number of branches) will be the same as in the tree produced by the L-system
of Fig. 2. We take one unit to be one centimeter.

We also experimented with the L-system A1 listed in Fig. 5, which is
obtained from Tsang-A by retaining the randomization of the branching an-
gles but by removing the randomization of the diameters and lengths of the
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#define maxgen 5

#define width 100

#define lr 1.2 /* length increase rate */

#define wr 1.2 /* width increase rate */

#define lt0 20 /* initial length of the trunk */

#define wt0 1.2 /* initial width of the trunk */

#define lb0 12 /* initial length of a branch */

#define wb0 1.2 /* initial width of a branch */

START: !(wt0) F(lt0) /(180+rand(180)) A

p1 : A -> !(wb0) [&(15 + rand(15)) F(lb0) A] /(100 + rand(40))

[&(15 + rand(15)) F(lb0) A] /(100 + rand(40)

[&(15 + rand(15)) F(lb0) A]

p2 : F(l) -> F(l * lr)

p3 : !(w) -> !(w * wr)

Figure 5: Input file A1.

generated cylinders. Although each tree generated by the L-system A1 is
different, they all have exactly the same volume, which expressed in cm3 is
given by

π(w2
r lr)

m

[

(wt0

2

)2

lt0 +
(wb0

2

)2

lb0

m
∑

j=1

(

3

w2
r lr

)k
]

,

where m is maxgen and where for typographical reasons we have used sub-
scripted variables corresponding to the multiletter variables in input file A1.
From this expression it is apparent that we can, e.g., change the initial length
of the trunk, lt0, and then compensate by changing the value of the initial
length of a branch, lb0, in such a way that the total volume of the tree re-
mains the same. Similarly, we can compensate the change of wt0 by changing
wb0. Based on this idea we generated several variants of the input file A1
by calculating parameter values lt0, wt0, lb0 and wb0 so that the volume of
the trees generated by each of the combinations is the same. The parameter
combinations and the names given to them are listed in Table 3. See Fig. 6
for realizations of these L-systems.
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name lt0 wt0 lb0 wb0

A1 20 1.2 12 1.2
A2 20 2.4 12 1.1106
A3 40 1.2 11.4259 1.2
A4 40 2.4 11.4259 1.0030

Table 3: Parameter combinations (replacing those specified in Fig. 5) for the
L-systems A1–A4 which all generate trees having the volume 7633.4 cm3.
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Figure 6: From left to right: one realization of each of A1, A2, A3, and A4.
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frequency (GHz) band wavelength (cm)
5.3 C 5.7
1.5 L 20.0
0.45 P 66.7

Table 4: Frequencies used in the simulations.

4 Forest Remote Sensing Simulations

Using Monte Carlo simulations, we can try to predict the forward association
between forest/tree characteristics (species type, soil and tree dielectrics,
growth and density parameters, etc.) and the observed scattering amplitudes.

Our first simulation replicates the results reported by Tsang et al. [13,
Ch. 13] using trees generated by the L-system of Figure 4. We used the
same simulation procedure as Tsang et al. We generated ten trees and set
them to a pixel of size 756.3 cm× 756.3 cm. The trees are placed within the
pixel randomly subject to the constraint that they do not overlap. This is
achieved by choosing the position of the first generated tree uniformly ran-
domly within the pixel and then by proposing locations for each subsequent
tree randomly and by rejecting the proposed location, if the shadow cylinder
of the new tree intersects that of any previously generated tree. The shadow
cylinder of a tree is defined as the smallest vertical cylinder that is capable
of enclosing the tree. We calculated backscattering form the trees within the
pixel with θs ranging from 3◦ to 90◦ with 3◦ increments and with φs equal to
π. Three scattering mechanisms are taken into account: direct, ground-tree
and tree-ground scattering. The ground-tree-ground term as well the multi-
ple scattering terms considered in Section 2.4 are ignored in the simulations
of this Section. The complex relative permittivity of the ground is 16 + i4
and that of the cylinders is 11 + i4. The three frequencies used are listed in
Table 4. This calculation for a single pixel is then repeated 30 times.

The simulation produces several quantities as output. The scattering
cross sections are computed otherwise as described in Section 2.6 but the
configurational average operator is replaced by an average over the 30 Monte
Carlo realizations. The simulation also produces the complex scattering ma-
trix given in (43). For backscattering the two cross-polarization terms should
be reciprocal (in the sense of equation (42)), and thus there are three inde-
pendent complex quantities.

Tsang et al. display scattering cross sections for vv, vh and hh polariza-
tions using coherent addition approximation (49), tree-independent scatter-
ing approximation (51) and independent scattering approximation (50). The
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name height (cm) diam. (cm) fr. vol. (%) fr. area
Tsang-A 140.0 141.0 0.355 0.274
A1 135.6 137.8 0.378 0.261
A2 135.7 138.0 0.378 0.262
A3 181.3 131.2 0.312 0.237
A4 181.3 131.4 0.312 0.237

Table 5: Geometric characteristics of the L-system models used in the sim-
ulations. The three first columns give the average height, average shadow
cylinder diameters and average local fractional volumes of 300 trees gener-
ated from the L-systems, while the last column gives the average fractional
area obtained when these trees are placed on 30 pixels, 10 trees on each pixel.

results of tree-independent scattering approximation and coherent addition
approximation agree closely but those of independent scattering approxima-
tion differ clearly with the differences increasing as the frequency decreases.
We confirmed that our calculations agree with those of Tsang et al. by repeat-
ing their simulations several times and calculating the respective curves for
each of the repetitions. This produced a family of curves differing from each
other due to the randomness in the generated trees. We then assessed visu-
ally that the curves of Tsang et al. could be generated by the same random
process that generated our curves.

Our second simulation demonstrates that forest patches having exactly
the same volume (or biomass) can have dramatically different responses.
Similar findings have been previously reported by Wilsen, Sarabandi and
Lin [15]. We simulated trees from the L-systems A1–A4 given in Figure 5
and Table 3 but otherwise followed the procedure of the first simulation.
Table 5 compares certain geometric characteristics of the L-system models
used in the simulations. Following Tsang et al., we define the local fractional
volume as the total volume of one tree defined by the volume of its shadow
cylinder. The fractional area of a pixel is obtained by dividing the total area
occupied by the bases of the shadow cylinders of the trees located in that
pixel by the area of the pixel.

Figures 7, 8 and 9 compare the responses of the different tree models at
the three frequencies. Notice that doubling the height has a dramatic effect
on the response whereas doubling the diameter of the trunk has only a minor
effect.
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Figure 7: The C-band polarimetric responses using the coherent addition
approximation. Legend: ◦ labels A1, + labels A2, � labels A3, and ♦ labels
A4.
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Figure 8: The L-band polarimetric responses using the coherent addition
approximation. Legend: ◦ labels A1, + labels A2, � labels A3, and ♦ labels
A4.
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Figure 9: The P-band polarimetric responses using the coherent addition
approximation. Legend: ◦ labels A1, + labels A2, � labels A3, and ♦ labels
A4.
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5 Conclusions and Future Work

We have implemented an electromagnetic scattering model for the compu-
tation of remote sensing quantities from a forested region and applied it to
forest patches generated from simple L-systems. We leave it as a topic for
future work to apply the computational model to more realistic forest models.
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A Infinite Cylinder Expressions

This section contains the equations for the computation of scattering of a
dielectric cylinder of height L and radius a with relative (complex) permit-
tivity εr due to a wave arriving in the direction θi, φi and scattered into the
direction θs, φs.

Let us first define some local parameters as:

u =λia = k0a
√

εr − cos2 θi,

vi =k0a sin θi, vs = k0a sin θs,

T =
1

v2
i

− 1

u2
,

(55)

and then define the ancillary variables which depend on the summation index,
n:

Hnf =
H ′

n
(2)(vi)

viH
(2)
n (vi)

, Jnf =
J ′

n(u)

uJn(u)
,

Cn =Hnf − Jnf , Dn = Hnf − εrJnf ,

zn =
a2

u2 − v2
s

[uJn(vs)Jn+1(u) − vsJn(u)Jn+1(vs)],

An =
k0

2λi

(zn−1 − zn+1), Bn =
k0

2λi

(zn−1 + zn+1).

(56)

Here Jn is a Bessel function of the first kind and H
(2)
n is a Hankel function.
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Now the variables used in [5] and appearing in section 2.1 are as follows:

Rn =
1

2
πv2

i H
(2)
n (vi)(CnDn − T 2n2 cos2 θi),

γ =
sin θi

RnJn(u)
,

env = − iγCn, ηhnv = −γTn cos θi,

enh =ηhnv, ηhnh = −iγDn.

(57)

B Matlab code

This section describes the most important matlab functions that have been
written for the forest remote sensing simulation. More detailed descriptions
can be obtained through the on-line help facility.

B.1 Scattering from Cylinders

caa cyls: calculate the return from a collection of cylinders by coherently
adding the scattering from each cylinder.

[sig, fd, fr1, fr2, frr] = caa_cyls(f, thetai, thetas,

phii, phis, es, esoil, cylarr, calc_type, N)

Input arguments:
f frequency (Hz)
thetai θi, θ angle of the incident direction, radians
phii φi, φ angle of the incident direction, radians
thetas θs, θ angle of the scattered direction, radians (=π − θi for

backscatter)
phis φs, φ angle of the scattered direction, radians (=φi + π for

backscatter)
es, esoil complex relative dielectric of cylinder, soil
cylarr structure array defining the collection of cylinders
calc type method: 1 = infin cyl, 4 = grg cyl
N order of calculation

The cylinders are given in the argument cylarr, which is a structure array
with the following fields for the jth cylinder.
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cylarr(j).a radius (meters)
cylarr(j).L length (meters)
cylarr(j).r 3 by 1 vector giving the xyz-coordinates of the center

point of the cylinder (meters)
cylarr(j).theta angle the cylinder axis makes with z axis; in [0, π/2]
cylarr(j).phi angle the projection of the cylinder axis on xy plane

makes with the x axis; in [0, 2π]

The function caa cyls calculates the returns for several incident and scat-
tered directions at a single call. The input arguments thetai, phii, thetas
and phis can be vectors of the same length, in which case the mth inci-
dent direction is thetai(m), phii(m) and the jth scattering direction is
thetas(m), phis(m). Alternatively, the arguments phii or phis may be
scalar, in which case they are expanded to vectors. Let M be the number of
incident directions (which is equal to the number of scattered directions).

Output arguments:
sig backscatter coefficient, 8 by M matrix
fd direct return only, 4 by M matrix
fr1 ground-cylinder return, 4 by M matrix
fr2 cylinder-ground return, 4 by M matrix
frr (optional argument) ground-cylinder-ground return, 4 by M matrix

The scattered field is expressed in the order vv, vh, hv, hh. E.g.,

fd(1, m)

is the direct return for the mth incident and scattered directions with the
vv polarization. Here the direct return, fd, is the sum (43) where all but
the first term inside the summation are set to zero. The output arguments
fr1, fr2, and frr correspond similarly to the second, third and fourth terms
of (43). The total return in (43) is then

fd + fr1 + fr2 + frr.

This function does not calculate the multiple scattering terms considered in
Section 2.4.

The backscatter coefficients sig(1:4, :) are obtained by summing the re-
turns coherently, i.e.,

sig(1:4, :) = abs(fd + fr1 + fr2 + frr).^2 * 4 * pi.
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(If the fifth output argument frr is not present in the call, then frr above
is interpreted as zero.) The coefficients sig(5:8, :) correspond to inde-
pendent scattering, i.e., the returns from the different cylinders and different
scattering mechanisms are summed incoherently, and the result is normalized
by multiplying by 4π.

Function caa cyls calls repeatedly one of the following functions.

infin cyl: compute the scattering from a dielectric cylinder under the
infinite cylinder approximation (valid for cylinders with radius much smaller
than their height) according to Seker and Schneider [11].

grg cyl: compute the scattering from a dielectric cylinder under the gen-
eralized Rayleigh-Gans approximation (valid for nontenous scatterers with at
least one dimension small compared to a wavelength). References: Schiffer
and Thielheim, J. Appl. Phys., 1979; Acquista, Appl. Opt., 1976

Other functions implemented for calculating the scattering from a single
cylinder include the following.

tsang cyl: compute the scattered field from a dielectric cylinder using the
expressions in Tsang et al., [12, Ch. 1, Sec. 6.2].

ray cyl: compute the scattering from a dielectric cylinder under the Rayleigh
approximation (valid for small scatterers).

As an illustration of the use of these functions, see the following scripts and
the forest simulation scripts of Section B.3.

cylinder plots: This script provides an example of the backscattering
cross section of a cylinder. It duplicates the plots shown in Karam, IEEE
Trans. APS, 1988

seker paper: This file reproduces the scattering curves for a dielectric
cylinder that are shown in [11].
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B.2 Generating Cylinder Collections

mklsyscyls: make cylinder structure array using L-systems and the pro-
gram lsys.

cylarr = mklsyscyls(file);

cylarr = mklsyscyls(file, maxgen, lsysoptions);

Input arguments:
file name of an input file for the program lsys

maxgen specify the value of maxgen overriding the value given in
the input file

lsysoptions string containing options for the program lsys; see its doc-
umentation.

Output arguments:
cylarr structure array accepted by caa cyls() containing the generated

cylinders

A collection of cylinders can be plotted with the following function.

plotcyls: Plot a collection of cylinders given in the format required by
caa cyls() by drawing lines whose widths are determined by the radii of the
cylinders.

Also the following auxiliary functions may be of interest.

endpnt2cyl: convert a collection of cylinders specified by giving the co-
ordinates of their end points and radii to the representation required by
caa cyls().

cyl2endpnt: convert a collection of cylinders given in the format required
by caa cyls() to a representation where the two end points and the radius of
each cylinder is given.

Several input files for use with mklsyscyls are available including

• Tsang-A-det: input file from Fig. 2.
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• Tsang-A: input file from Fig. 4.

• A1, A2, A3, and A4 corresponding to Fig. 5 and Table 3.

B.3 Forest Simulations

The simulations of Section 4 can be repeated using the following scripts.

• sim1 handles the Tsang-A example saving results in files while sim1plot
plots the results.

• sim2 handles the examples A1–A4 saving results in files while sim2plot
plots the results.
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