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Abstract

We give a sufficient condition for the inexpressibility of the k-th extended vector-
ization of a generalized quantifier Q in FO(Qy), the extension of first-order logic by
all k-ary quantifiers. The condition is based on a model construction which, given
two FO(Q1)-equivalent models with certain additional structure, yields a pair of
FO(Qg)-equivalent models. We also consider some applications of this condition to
quantifiers that correspond to graph properties, such as connectivity and planarity.

1 Introduction

A lot of research in finite model theory has lately focused on its connections with compu-
tational complexity theory. The starting point of research in this area was Fagin’s theorem
[Fag74] which states that a property of finite structures is in NP if and only if it is ex-
pressible in existential second-order logic 3}. After this result practically all other central
complexity classes have been characterized by expressibility in some logic, although such
characterizations are usually restricted to the case of ordered finite structures. The prob-
lem whether such a characterization is possible on unordered finite structures remains
open unfortunately often. In particular, this is the case for perhaps the most important
complexity class PTIME. On ordered structures PTIME is characterizated by expressib-
ility in least fixed point logic ([Imm86, Var82]).
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It is well known that, for many purposes, the expressive power of first-order logic
FO on finite structures is too weak. Therefore finite model theory is mainly concerned
with the study of various extensions of FO. Generalized quantifiers provide a simple and
general way of enhancing the expressive power of FO. Indeed, according to the definition
of Lindstrom [Lin66], any class C of structures which is closed under isomorphisms can be
taken as the interpretation of a generalized quantifier Qc. The corresponding logic FO(Q¢)
is then the least extension of FO with the substitution property in which the class C is
definable (see [Ebb85| for a definition of the substitution property). Furthermore, if L
is any logic such that every formula of L refers to at most finitely many symbols in the
vocabulary, then there is a set Q of quantifiers such that L and FO(Q) have the same
expressive power.

As FO(Q) is a minimal well behaved logic in which C is definable for each Q¢ € Q, it is
no wonder that, for finite sets Q, the expressive power of FO(Q) is still severely restricted.
Especially, it is known that there is no finite set Q of quantifiers such that FO(Q) (or
even the extension of fixed point logic by Q) captures PTIME on unordered structures
([Hel96, DH95]). The main reason for the weakness of FO(Q) has turned out to be in
the fact that FO(Q) lacks certain natural closure properties, which many other logics
(including first-order logic and fixed point logics) studied in finite model theory have.
Most notably, as a rule FO(Q) is not closed under vectorization. Also, FO(Q) is often
not congruence closed or closed under relativization. (See Section 2.3 for the definitions
of these notions.)

Fortunately there is a simple modification of FO(Q) which is closed under vectoriza-
tion: just replace Q by the set of all vectorizations Q¥, k& > 1, of the quantifiers Q in Q.
We use the notation FO“)(Q) for this modified logic. Similarly, it is straightforward to
define a variant of FO(Q) which is congruence closed, closed under relativization, or which
has any combination of these three closure properties. In particular, we will consider the
extended vectorization FO™)(Q) of FO(Q) which is the least extension of FO(Q) that is
closed under all the three properties. This logic is generated by the set of all extended
vectorizations Q¥, k > 1, of quantifiers Q in Q (see Section 2.3 for a definition).

The significance of vectorization has been recognized from the beginning in studies
concerning logical characterizations of complexity classes. Immerman [Imm86, Imm87]
defined three different versions of transitive closure operator, and proved that they cap-
ture LOGSPACE, NLOGSPACE and PTIME, respectively. Later Stewart [Ste91, Ste92]
proved that the Hamiltonian path operator, as well as some other NP-complete operat-
ors, captures NP. In all these characterizations the corresponding operators are used in
all arities, i.e., all vectorizations of the operators are needed. In some recent papers deal-
ing with generalized quantifiers on finite structures the assumption of being closed under
vectorizations has even been taken as a part of the definition of logics with generalized
quantifiers (see, e.g., [MP95]).

Vectorization also remedies the defect of FO(Q) that prevented capturing PTIME
by finitely many generalized quantifiers: in [Daw95] Dawar proved that if there is any
reasonable logic that captures PTIME on unordered structures, then there is a single
quantifier Q such that FO“)(Q) captures PTIME.

Given a quantifier Q, it is natural to ask whether its vectorization hierarchy is un-
bounded, i.e., whether there are arbitrarily large natural numbers k such that Q* is not
expressible in FO({Q' | I < k}). Similarly, one can ask whether the extended vectorization



hierarchy Q¥, k < w, of Q is unbounded. In some interesting cases the answer is known to
be “yes”. In particular, this holds for the quantifiers Qrc and Quan which correspond to
the transitive closure and hamiltonian path operators, respectively ([GH96]). There are
also some interesting examples of quantifiers whose vectorization hierarchy collapses; for
example this is the case for the even cardinality quantifier (cf. [Mos]). However, it would
be desirable to find general criteria for the unboundedness of the vectorization hierarchy
of a quantifier.

In this paper we provide a new method for proving the unboundedness of the extended
vectorization hierarchy of a quantifier. As a first step towards this goal we prove in Section
3 that if Q is not definable in the extension of first-order logic by all unary quantifiers, and
if this can be shown by using 1-bijective Ehrenfeucht-Fraissé games and counterexample
models of a special type, then QF is not definable in FO(Qy), the extension of first-order
logic by all k-ary quantifiers. The proof of this result is based on a model construction
which, given a pair A;B of models that are FO(Q;)-equivalent up to quantifier rank kr
in the presence of certain additional structure, yields a pair Ag, B, of models that are
FO(Qy)-equivalent up to quantifier rank 7.

Although the requirements for this additional structure are apparently quite restrict-
ive, we show that the method is useful and reasonably general by giving a whole class of
applications. More precisely, in Section 4.1 we prove that if C is any non-trivial class of
graphs such that both C and its complement C are closed under stretching edges to paths,
then there are counterexample graphs showing that the corresponding graph quantifier
Qc is not definable in FO(Q;) even in the presence of the required additional structure.
Hence, for such classes C, the k-th extended vectorization of Q¢ is not definable in FO(Qy),
and consequently, the extended vectorization hierarchy of Q¢ is unbounded. In Section
4.2 we apply this result to some concrete graph quantifiers, such as Qconn and Qpran,
where CONN is the class of all connected graphs and PLAN is the class of all planar
graphs.

2 Preliminaries

A vocabulary o = {Ry, ..., R} is a finite set of relation symbols each with a fixed arity
ar(R;). Our main interest in this paper concerns finite structures. Thus in any o-structure
A= (AR (A),...,Rs;(A)), the universe A of A is assumed to be finite.

For example, (undirected) graphs G = (G, E(G)) are structures over a vocabulary that
consists of a single binary relation symbol F, where E(G) is irreflexive and symmetric,
i.e., for all vertices u € G we have (u,u) ¢ E(G) and (u,v) € E(G) implies (v,u) € E(G).
If symmetry is not required, then G is a directed graph.

The definitions of syntax and semantics of first-order logic FO are standard. Equality
is treated as a special relation symbol, which is not a member of the vocabulary. The
fragment of FO consisting of formulas of FO with quantifier rank at most r, is denoted
by FO, (recall that the quantifier rank of a formula is the depth of nesting of quantifiers).

In infinitary logic L, also infinite disjunctions and conjunctions are allowed. The
expressive power of this logic is too strong on finite structures, since any class of finite
structures is definable in Lu,. The interest of this logic comes from the fragment £*
where only £ distinct variables, free or bound, are allowed. The finite variable logic LY.,
is the union of the logics £  over all natural numbers k. It is well known that £F
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has stronger expressive power than FO. For example, the class CONN of connected finite
graphs is expressible in £%  but not in FO (see e.g. [EF95]).

We use the standard notation for comparing the expressive power of logics: if L and
L' are logics, then L < L' means that any class C of (finite) structures that is definable in
L is also definable in L'. Furthermore, we write L = L' if L and L' have equal expressive
power, i.e., if both L < L' and L' < L.

2.1 Generalized quantifiers

Let L be a logic and m = (n4,...,n;) a sequence of natural numbers. A structure is
of type @ if it is of the form A = (A4, Ri(A),..., Rx(A)), where R;(A) C A™ for each
1=1,...,k. Let C be a class of structures of type 7 which is closed under isomorphisms.

Then C can be associated with a generalized quantifier Qz. The set of formulas of the
logic L(Qc¢) is defined as for the logic L with the following additional rule:

If 41,...,% are formulas and Z; are n;-tuples of distinct variables for i =
1,...,k, then QcT1,...,Tk(¢1, ..., ¥x) is a formula.

Thus Q¢ is an operator that binds k£ formulas together, and n; variables in the ¢-th formula.
In particular, a free occurrence of a variable z in one of the formulas 1; remains free in
QcT1, -+, Tk(1, - - -, ) unless z is contained in the tuple Z; that binds ;. The semantics
of the quantifier Q¢ is determined by the class C as follows:

A ): chla s ajk‘(d)l(jlagl)’ cee a¢k(jkagk)) if and Only if
(A7 ¢1(A;51)7 SRR wk(A: 5k)) € C: where
Di(A b)) = {ae A% | A = ;(a,b;)} for each i = 1,... k.

Here b; is a tuple of parameters that gives the interpretation for those free variables of 1;
which are not contained in Z;. For a set Q of generalized quantifiers, the logic L(Q) is
defined similarly with the corresponding rule for each quantifier in Q.

Note that the existential quantifier can be identified with the quantifier Qc, where C
is the class of all structures (A, P) such that ) # P C A.

2.1 ExAMPLE. (a) The Rescher quantifier R is defined to be the class of all structures
(A, P,S), where P,S C A and |P| < |S|. In the definition of the Hdrtig quantifier
H, the last condition is replaced by |P| = |S|. These two quantifiers are of type
(1,1). Since in FO(R) and FO(H) it is possible to compare cardinalities, these logics
are stronger in expressive power than first-order logic.

(b) For any property of finite graphs there is a quantifier of type (2) which expresses
that property. For instance, the PTIME computable property of being a planar
graph is captured by the quantifier Qppan, where PLAN is the class of all finite
planar graphs. Similarly we can define quantifiers Qcony and Qscor, which capture
the notions of connectivity and 3-colorability of finite graphs, respectively.

(c) Let TC to be the class of all structures (A, Ry, Ry), where Ry, Ry C A% and R,
contains a single pair (a;,as) € A? which is in the transitive closure of the relation
R;. With the corresponding quantifier Qrc of type (2,2) it is easy to define the
transitive closure of any binary relation.
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The arity of a quantifier Q¢ of type (n,...,nk) is defined by
ar(Qc) = max{ni,...,ng}.

A quantifier Q¢ is n-ary if ar(Qc) < n. We denote the set of all n-ary quantifiers by Q.
The quantifier rank gr(¢) of an L(Q) formula ¢ is defined as for the logic L with the
following additional rule:

qr(QcZy, - - -, Tk (@1, - - - k) = max{qr(y;) | 1 <i < k} + 1 for each Q¢ € Q.

If A and B are models of the same vocabulary, which satisfy exactly the same FO(Q,)
-sentences of quantifier rank at most r, then we write A = B (FO,(Q,)). Correspondingly,
if A and B satisfy the same sentences of £* (Q,), we write A =B (LF (Q,))-

In [Hel89, Hel96] Hella considered the following bijective Ehrenfeucht-Fraissé -games.
Let A and B be structures and assume positive integers r and n are given. The rules of
the n-bijective r-round game BEF] (A, B) are as follows. There are two players, the spoiler
and the duplicator. In each round 1 <7 < r the duplicator selects a bijection f; : A - B
and the spoiler answers by choosing a subset C; C A with |C;| < n. The duplicator wins
this game if in each round 1 <7 <7, p; =, f;IC; is a partial isomorphism A — B.
Observe that for each j < r, the bijection f;;; chosen by the duplicator must extend the
partial isomorphism p;; otherwise the spoiler wins in one move by choosing an element a
from the domain of p; such that p;(a) # f;j+1(a). The interest of these games comes from
the following result.

2.2 THEOREM. ([HEL89, HEL96]) Let A and B be structures of the same vocabulary.
The duplicator has a winning strategy in BEF, (A, B) if and only if A =B (FO,(Qy,)).

The corresponding pebble game characterization for £X (Q,,) goes as follows ([Hel96]).
Consider two o-structures A and B. In the n-bijective k-pebble game BPX(A,B), k cor-
responds the number of variables and n the maximal arity of the quantifiers. After each
round j the moves of the players determine a partial isomorphism p; : A — B. In the first
round, the duplicator selects a bijection f; : A — B and the spoiler answers by choosing
a subset C; with |Cy]| < n. If p; = f;[C} is not a partial isomorphism A — B, the spoiler
wins. Otherwise the game continues. In general, in round j > 1, assume that p; : A — B
is a partial isomorphism. Again the duplicator selects a bijection f;1; : A — B which
extends p;. Now the spoiler chooses subsets D; C dom(p;) and Cj;; C A such that
|Cj41] < nand |D; UCj1q| < k. The function p; is defined to be p;[D; U fj41[Cj1.
If pj;+1 is not a partial isomorphism A — B, the spoiler wins; otherwise the game goes
on. In other words, if p; is not a partial isomorphism after some round j < w, the spoiler
wins — otherwise the duplicator wins. The following theorem describes the role of these
games.

2.3 THEOREM. ([HEL96]) Let A and B be structures of the same vocabulary. The du-
plicator has a winning strategy in BP*(A,B) if and only if A =B (£ (Q,)).

2.4 REMARK. Immerman and Lander [IL90] defined a pebble game which characterizes
equivalence with respect to the logic £¥. (C), where C is the set of all counting quantifiers
‘there are at least m elements’ for each natural number m. It can be seen that the game
of Immerman and Lander is equivalent to the bijective game BP’f. Hence for every k,
L£F (Q:) has the same expressive power as the logic £F (C) (see also [KV95]).



2.2 Hanf’s technique and unary quantifiers

Hanf [Han65] introduced a technique based on the number of local isomorphism types
to guarantee elementary equivalence of two structures (finite or infinite) with respect to
first-order logic. Fagin, Stockmeyer and Vardi [FSV95] formulated this technique in a
form which is better suited for finite model theory. In [Nur96] it was shown that with
this technique one gets structures that are equivalent with respect to FO,(Q;). In the
following we explain shortly this technique.

Let A be a o-structure and a,b € A. Elements a and b are adjacent, if there is some
R; € o and a tuple ¢ € R;(A) such that a and b are components of ¢. The degree deg(a)
of an element a is the number of elements adjacent to a but not equal to a. Whenever
X C A, AlX is the structure with universe X, where the interpretation of R; is the set
of tuples ¢ in R;(A) such that every component of ¢ is in X, for 1 <74 < s.

Consider a o-structure A. The neighborhood N(e,a) of radius e of a € A is defined
recursively by

N(1,a) = {a};
N(e+1,a) ={v | v is adjacent to some b € N(e,a)} U N(e,a).

The e-type of an element a is the isomorphism type of (A, a)[N(e,a). Two structures
A and B are e-equivalent if for every e-type 7, they have exactly the same number of
elements with e-type 7.

The concept of e-equivalence gives an easy way to prove inexpressibility results for
FO(Q1). The following theorem is used later in this paper.

2.5 THEOREM. ([NUR96]) For every positive integer r there is a positive integer e such
that whenever A and B are e-equivalent structures, then A =B (FO,(Q,)).
2.3 Extended vectorization of quantifiers

Let o be a relational vocabulary, where a relation symbol R in ¢ has arity . We denote by
o* the signature obtained by replacing each R € o by a new rk-ary relation symbol R;,. If
C is a class of o-structures, the k-ary version of C is the class C* of o*-structures defined as
follows. A of-structure A belongs to C¥ if and only if the structure A = (A*, (R(A))res)
belongs to C, where

Ri(A) = {(@,....q) € (A" | @ -G € Ru(A)}.

In the case k = 1, obviously C¥ = C.
Let a structure A and a congruence relation S on A be given. The quotient of A with
respect to S is denoted by A/S. The quotient class of C is

q(C) ={(A,S) | S is a congruence relation on A, A/S € C}.
We call Qqc) the quotient of Qc. The relativization of C is

r(C) = {(A,V) |V C Aand AV € C}



and Q,(c) is the relativization of Qc.

Note that a o U {S}-structure A is in the class ¢(C) if and only if S(A) is a congruence
relation on A and (A/S(A))|, is in C, where |, denotes the operation of taking the reduct
of a structure to the vocabulary o (i.e., forgetting the interpretations of symbols not
included in o). Similarly, a 0 U {V }-structure A is in the class 7(C) if and only if (A[V)|,
is in C.

Assume for the rest of this section that L is a logic which extends FO and which has the
substitution property, i.e., L allows substituting relation symbols by formulas (see [Ebb85]
for a precise definition). Note that such an L is always closed under Boolean operations
and first-order quantifications. We say that L is closed under vectorization, if for each
class C definable in L, the class C¥ is also definable in L, for each k£ > 1. Correspondingly,
L is congruence closed, if for each class C definable in L also the quotient class ¢(C) is
definable in L ([MS86]), and L is closed under relativization, if for each class C definable
in L also the relativized class r(C) is definable in L. The eztended vectorization L of the
logic L is the least logic extending L with the substitution property which is congruence
closed and closed under vectorization and relativization.

Consider then a Lindstrém logic FO(Q). Let FO“)(Q) be the logic obtained by
vectorizing all the quantifiers in Q, i.e.,

FOY(Q) =FO({Qer | Qe € Q, k> 11).

It is straightforward to prove by induction that FO“)(Q) is the least extension of FO(Q)
with the substitution property that is closed under vectorization. In [MS86] it was ob-
served that FO({Qqc) | Qe € Q}) is the least congruence closed logic which extends
FO(Q) and has the substitution property. Furthermore, it was proved in [Kry88] that if
L =FO(Q) or L = FO“)(Q), then

LY = FO¥) ({Qyrey) | Qe € Q}) = FO{ Qs | Qe € Q, k> 1}).

We call the class (q(r(C)))* the k-th extended vectorization of C and denote it by C¥;
analogously we call Q¢x the k-th extended vectorization of Qc.

.From the point of view of descriptive complexity theory, it is natural to require that
a logic is congruence closed and closed under vectorization and relativization. This is
because of the following observation, which extends a corresponding result in [GH96] by
allowing relativization.

2.6 PROPOSITION. Let K be one of the standard complexity classes LOGSPACE, NLOG-
SPACE, PTIME, NP, PSPACE, etc. Let L be a logic which extends FO and which has
the substitution property. If L is contained in K (i.e., every L-definable class is K-
computable), then L) is also contained in K.

Proof. Note first that L = FO(Q,), where Qy, is the set of all quantifiers Q¢ such that C
is definable in L. Thus, by the observation above, L) = FO{Qcr | Qc € Q, k> 1}).
Furthermore, it is easy to see that if a class C is K-computable, then so are the classes
¢(C), r(C) and C*. Thus, if L is contained in K, then each of the quantifiers Qcx, Qc € Q,
is K-computable. It is straightforward to prove by induction that if ¢ is a sentence of

Lﬁw), then the class defined by ¢ is K-computable. 0



3 From 1-bijective to k-bijective equivalence

In this section we give a general construction which starts from a pair of 1-bijectively
equivalent structures and gives a pair of k-bijectively equivalent structures.

Let A and B be o-structures and ¢: A — {0,...,s —1}and ¢ : B - {0,...,s — 1}
colorings of A and B with s different colors. Assume that f: A — B is a bijection. If for
every a € A we have ¢/(f(a)) = c(a), then f is color-preserving. The colorings ¢ and ¢
give rise to partitions of the sets A and B into color blocks Pf = {a € A | ¢(a) = j} and
ch' ={be B|d(b) =3}, j <s. We denote the color block sizes ‘Pﬂ and |ch'| by t; and
t:, respectively. The color-class size of ¢ (¢') is max{t; | j < s} (max{t} | j < s}).

Let ¢t be the color-class size of ¢, and let ¢ : A — {0,...,¢ — 1} be a function which,
for each color j, enumerates the elements of the color block P by numbers from 0 to
t; — 1. For each 0 < | < t, let F} C A? be the relation such that (a,b) € F} if and
only if c(a) = ¢(b) = j and ¢(b) = t(a) +! (mod t;). Thus the restriction of F} to each
color block P is a directed cycle of length ¢;. Note further that (a,b) € F} if and only if
c(a) = ¢(b) and the F}-path starting from @ and ending at b is of length [.

Given a o-structure A, a coloring ¢ : A — {0,...,s — 1} and an index-

ing function + : A — {0,...,t — 1} as above, we denote the expanded structure
(AP§,...,Pc | Fl,...,F} ) by A",

3.1 DEFINITION. Suppose A and B are o-structures. Structures A and B are

e cyclically FO,(Q)-equivalent if there are colorings ¢ : A — {0,...,s — 1} and
¢ : B — {0,...,5s — 1} and functions ¢ and ¢/ which index elements in each color
block such that A% = B+ (FO,(Q1));

o cyclically L, (Q,)-equivalent if there are colorings ¢ : A — {0,...,s — 1} and
¢ : B — {0,...,s — 1} and functions ¢ and ¢/ which index elements in each color
block such that A% = B (L£F (Qy)).

This means that if A and B are cyclically FO,(Q)-equivalent (cyclically £ (Q;)-
equivalent) with color class size t, each bijection chosen by the duplicator in
BEF’ (A%, B ) (BP¥(A%*,B*")) according to his winning strategy has to be color-
preserving, and cyclicity means that any two different bijections chosen by the duplic-
ator according to his winning strategy can differ in each color block only by some cyclic
permutatlon In other words, each bijection chosen by the duphcator has to be of the
form J, s T , where 77 denotes the cyclic function P — PC defined by the condition
m/(a) = b <:> J(0) =(a) +1 (mod t;).

Observe that in the case when color-class size is two, F! and F! become trivial and can
be ignored. Many natural graph properties can be proved to be undefinable in FO(Q;)
by constructing suitable 1-bijectively equivalent graphs with color class size two. Such
properties are considered in Section 4.

Note also that whenever A and B are cyclically FO,(Q:)-equivalent (cyclically

bw(Qu)-equivalent) and an element a € Pf has been selected by the spoiler in
BEF’ (A%, B ) (BP¥(A%*,B)), the next bijection f played by the duplicator in the
game has to preserve all the cycle relations F;, whence the restriction of f to the color
block P; is uniquely determined. Thus, cyclic equivalence of A and B guarantees a winning



strategy for the duplicator even in the modified game in which the spoiler is allowed to
choose entire color blocks instead of singletons. We denote this modified game by MBEF]
(MBP%).

We will now give the promised construction of vectorized structures which are used in
the main result in this paper.

3.2 DEFINITION. Assume o is a relational vocabulary and A = (A, (R(A))greo ) is a finite
o-structure. Let ¢ be a coloring on A and let + be a function which enumerates elements
in each color block of ¢. For each k& > 1, we define the following o U {V, Si }-structure
AL = (Ak, (Br(AL")) reos Vi (AY), Sk(AY")):

Ay =Ax{1,...,k},
Vi(AYY) = {((a1,1), ..., (ak, k) € (A)* | c(a;) = c(a;) forall 1 <145 <k}.

Let hy" : Vi(Ay') — A be the function such that, for each @ = ((a1,1),..., (ax, k)) €
Ve(AY"), hy'(@) = a, where a is the unique element of A such that c(a) = c(al) and
t(a) = Zle t(a;) (mod tcq)). For each relation symbol R € o with arity ar(R) =

define

Ry(AY) ={@]--"@, € (Ap)™ | @1, ..., 8, € Vi(Ay) and (hY" (@), ..., h5 (@) € R(A)}.
Finally we define

Sk(AY) = {@"be (Ap)*? | @b e Vi(AY') and hS (@) = h$'(b)} U
{@be (A" |a,b ¢ Vi(AL)}-
JFrom the deﬁmtlon of the relations Ri(A}*) it follows that Si(A}*) is a congruence
relation on A}", where A, = ((4)*, (Ri(AY)) reos Vi(AS), Sp(AS)) is the o U {V, S}-
structure which is obtained from A} by regarding k-tuples as elements (see Section 2.3).

Henceforth, we will call AY" the k-th extended vectorization of A with respect to ¢ and
t. This name is justified by the next lemma.

3.3 LEMMA. Let C be a class of o-structures and A, ¢ and . as above. Then A € C if and
only if A}* € CF.

Proof. By the definition of C¥ we have

Atect o K_Z’L € g(r(C))
& (A /Sk(AY))|supry € 7(C)
& (AL Sk(A) T Ve(AP)]], € C.

Thus the claim follows immediately from the fact that Ay" induces the isomorphism

(A" / Sk(AF)) 1 Vi(AF)] = A



For the rest of this section we fix two o-structures A and B, colorings ¢ : A —
{0,...,s—1} and ¢ : B — {0,...,s — 1}, and enumerations of color blocks ¢ : A —
{0,...;,t—1}and /' : B—{0,...,t — 1}. Let Ay and By be the corresponding extended
vectorizations of A and B (to simplify notation, we drop the superscripts ¢, and ¢, ).
A partial function p : Ay — By is good (for our purposes) if it satisfies the following
conditions:

e for all (a,i) € dom(p), p((a,i)) = (b,4) for some b € B with c(a) = /(b);

e for all (a,i), (d',i) € dom(p), if p((a,i)) = (b,4) and p((da', 7)) = (V', 1), then (a,ad’) €
Fr < (b,V) € F} foreach 0 <[ < t.

Thus, p is good if it preserves second components, and the colors and the cycle relations
on first components. Note that this holds if and only if for each j < s and 1 <7 < k there
is an [ such that p((a,)) = (7] (a),) for each (a,i) € dom(p) with a € Pf. (Recall that
e P¢ — P¢ is the cyclic function such that m(a) =b < /(b) =(a)+1 (mod t;).)

As can be easily observed, any good partial function preserves the relations V; and
Sr. We denote by pF : Vi(Ar) — Vi(B:) the induced function defined as p*(a) =
(p((a1,1)),...,p((ag, k))) for all @ = ((a,1),...,(ag, k)) € Vi(Ar). In the sequel we
work only with good partial functions.

Our aim is to prove that if A and B are cyclically FOg,(Q1)-equivalent, then A; and
By, are FO,(Qy)-equivalent (Theorem 3.6). For this purpose we need the following two
lemmas.

3.4 LEMMA. Assume that g : A — B is a color-preserving bijection that also preserves
the cycle relations F;, 0 < | < t. Assume further that p : A, — By is a good partial
function such that hg o p* C g o hy. Then there is a good bijection f,, : Ay — By, such
that p C fyq and hgo fF, = gohy.

Proof. We start by choosing for each j < s and 1 <4 < k a number [(j,7) < ¢;. The
J

desired function f, 4 is then defined in terms of the cyclic functions m; ;.. The numbers
I(4,4) are chosen according to the following cases:

Case 1. Assume that dom(p) N Pf x {i} # (. Then, since p is good, there is | < t; such
that p((a,i)) = (77 (a),) for all (a,i) € dom(p) with a € Pf. We let [(j,4) to be this I.
Case 2. Assume then that dom(p) N Pf x {i} = 0. There are two subcases:

Subcase 2a. If the same also holds for some 7' < k such that 7 < ¢’ (i.e., dom(p) N
P¢ x {i'} = 0), then we let I(j, 1) = 0.

Subcase 2b. Otherwise 7 is the largest number < k satisfying the assumption of
Case 2. Since g preserves colors and the cycle relations, there is an m < t; such
that g[Pf = 7J,. In this case we let

1G,i)=m—(1(G,1) +...+1G,i—1) +1G,i+1) +...+1(G, k) (mod ¢)).

The function f, , is now defined as follows: for each (a,7) € A, fpq((a,i)) = (Wf(j,i)(a), i),
where j = c(a).
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It is clear that f,, is a good bijection. Furthermore, the way of choosing I(j,%) in
Case 1 guarantees that p C f, ;. To prove that f,, satisfies the last claim of the lemma,
assume that @ = ((a1,1),..., (ak, k)) € Vk(Ax). Let c(a1) = j. Our task is to show that

hi(f,(@)) = g(ha(@)). Since
¢ (hs(fry(@)) = ¢ (w1 (@) = clar) = e(ha(@)) = ¢ (g(ha(@))),

it suffices to show that ¢/ (hg(f},(@))) = ¢'(9(ha(@))). There are two cases:

Case A. If dom(p) N Pf x {i} # @ for all 1 < 4 < k, then there is a tuple

b= ((b1,1),..., (b, k)) € dom(p*) with c(by) = ¢(a1) = j, and since hg o p¥ C g o hy, we
have o/ (hg(p*(b))) = ¢'(g(ha(b))). Then by the choice of I(j,7) in Case 1

k

! (he(fyy (@) — o(ha(@) = ) 1, 6) = ¢ (hs(p"(8))) — u(hs(b))  (mod t;),

=1

whence ~ ~
V(s (fpy(@))) = ¢ (he (" (9))) = «(ha(@)) — o(ha(b)) (mod ¢)).
By assumption, g preserves the relations F;. This means that

V' (g(ha(@))) — '(g(ha(b))) = o(ha(@)) — o(ha(b)) (mod ;).
Hence we finally get
!(g(ha(@)) = ' (hs(f;4(@) = ¢ (ha(p* (D)) + ' (9(ha(b))) = ¢ (hs(f5y(@))) (mod ;).
Case B. Assume then that dom(p) N P x {i} = 0 for some 1 < i < k. Then we have
! (hs(f5y(@))) = Zb’(?ﬁj(j,i)(ai)) = Z(b(ai) +1(5,1)) = o(ha(@)) + Zl(j, i) (mod t;).

By the choice made in Case 2b, g Pf = 7], for m = S 1(j,4) (mod t;). Hence we get

V(e (fpg(@))) = u(ha(@)) +m =/ (g(ha(@)) (mod t;),

which completes the proof. 0

3.5 LEMMA. Let p: Ay — By be a good partial function. Assume that g : A — B is a
partial isomorphism and hg o p* C go hy. Then also p is a partial isomorphism A, — B.

Proof. As a good partial function p preserves the relations V; and Si. Hence we only

need to check the relations Ry € o". Let R € o be a relation with ar(R) = n and
ay,- ., 0, € Vi(Ay)Ndom(p¥). By the definitions of the relations Ry and the assumptions
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that ¢ is a partial isomorphism and hg o p* C ¢ o hy, we have the following chain of
equivalences:

a,"---"ay, € Rp(Ag)

&

& (ha(@), ..., ha(@n)) € R(A)

& (q(ha(@)),-..,q(ha(an))) € R(B)
& (hs(@*(@)), ..., hs(p*(@.))) € R(B)
& (@), ..."@)) € Ri(By)

where pa;”- - -"a, denotes the image of the tuple @;"- - -"a, under the function p. Thus p
is a partial isomorphism A; — By. 0

3.6 THEOREM. Let k and r be positive integers.

(1) If A =B* (FO(Qu)), then Ay =By, (FO(Qy)).
(2) If A% =B (L1,(Qu)), then Ay =By (L1, (Qy)).

Proof. (1) Assume that A% = B®** (FO,(Q;)). As we noted after Definition 3.1, the
duplicator has a winning strategy p in the modified game MBEF*" (A%, B ") in which
the spoiler chooses color blocks instead of single elements in his moves. We prove the
claim by first describing a strategy v for the duplicator in the game BEF} (A, By ), and
then showing that v is a winning strategy.

The desired strategy v makes use of the bijections given by u, and it is defined as
follows:

(i) The first move f; of the duplicator is the good bijection f,, : Ay — By given by
Lemma 3.4, where p = () and g : A — B is the first move of the duplicator in the
game MBEF* (A B¢ according to .

(ii) Assume that the spoiler has chosen sets C1, ..., C, C Ay in the n first rounds, where
n < r, and the moves fi,..., f, of the duplicator according to v have already been
defined. In order to determine the next move f,; of the duplicator according to v,
we first define a sequence of auxiliary sets.

For each 1 < u < n, let OFf,...,0; be a list of those color blocks in A that
correspond to the elements in Cy, i.e., Py is in the list if and only if there is a pair
(a,7) € C, such that a € Pf. Note that v, < k, since |C,| < k. Thus, the sequence
O0i,...,0;,,...,0%,...,0! is of length at most kn < kr, whence it is a possible
sequence of moves for the spoiler in the game MBEF#" (A% B“+*'). Let g : A — B be
the bijection given by u in the position in which the spoiler has played this sequence

of moves, and let p = {J;,<, fulCy. In principle, there are now two possibilities:

(a) If p is a good partial function and hg o p* C g o hy, then we let f,; be the
good bijection fp,: Ay — By given by Lemma 3.4.

(b) Otherwise we let f,11 = f.

12



(We will soon see that, in fact, alternative (b) is never realized.)

We prove now that v is indeed a winning strategy. Thus, assume that C4,...,C,
is a legal sequence of moves for the spoiler in the game BEF) (A, By) and fi,..., f;
is the corresponding sequence of moves of the duplicator when he plays according to
v. Furthermore, let Of,...,0; ,..., ., 0y, be the associated list of color blocks
of A (see (ii) above). For each 1 < n <randl < v < v, let g" be the bijec-
tion given by the strategy p in the position in which the spoiler has moved the color
blocks Of,...,0, ,...,0%,...,0_, and let ¢} be the restriction of ¢} to the union
of the sets O], .. Oil,..., .,O7. Note that since p is a winning strategy in
MBEF’f’"(AC’L,]BC"L ), each ¢ is a partial isomorphism A% — B*. We need to show
that p, = U, <<, fulCu is a partial isomorphism A, — By, for each 1 < n < r. Note first
that each p, is a good partial function. This is because the definition of v guarantees that
fn is always a good bijection and p,, C f,. Thus, by Lemma 3.5, it suffices to show that
hg o pﬁ Cqlohy forall 1 <n <r. We do this by induction on n.

(i) By the definition of v, f, is a good bijection such that hg o ff = gi o hy. Since
|C1| < k, the intersection of (C1)* and Vj,(Ay) is either empty, or contains exactly
one tuple. Let @ € (C1)* N Vi (Ax) be this unique tuple, if it exists; otherwise we let
@ € Vi (A;) be an arbitrary tuple such that hy (@) € Of. Note that hy(a) € Of also
in the former case. Then we have

hs o pi C (hso ff){a} = (g1 o ha)[{@} C qf o ha.

(ii) Let n < r — 1, and assume as induction hypothesis that hg o pf C ¢7 o hy. Since
qt C qp g”“, we have hy o pf C g7 o hy, and hence, by the definition of v,
a1 is the good bijection f, gt glven by Lemma 3.4. In particular, hg o fF , =

gt ohy. Let M be the set of all elements of A, that correspond to the color blocks

O fees Oy, 08,08

=(Olu...u0} U...UOMU...UO™) x {1,...,k}.
1 V1 1 Un

There is at most one tuple @ in the intersection (UJ;, <1 Cu)* N Vi(Ax) which is
not already contained in M*. Let @ be this unique tuple if it exists; otherwise we
let @ € Vi (A;) be an arbitrary tuple such that hy(a) € Of. Note that in any case
ha(@) € O} U...UO! UOT. Thus, we have

hsopl iy C (heo fy ) [(M*U{a}) = (67" o ha) (M* U {@}) C ¢ 0 .

(2) The analogous claim for the finite variable logics £ (Q1) and L (Q) is proved
with a similar argument: The duplicator uses the bijections given by a winning strategy u
in the game MBP? (A%, B“") in order to determine his moves £, in the game BP} (A, By).

The main difference is that this time the duplicator maintains the list OF,..., Oy
of those color blocks which after the n-th move of the spoiler correspond to elements in
dom(py,). Thus, if the spoiler chooses sets C,, 1 C A and D,, C dom(p,) in his next move,
the list is updated by first removing all color blocks Py with D, N (P x {1,...,k}) =
and then adding all color blocks P§ with Cp 1 N (PS5 x {1,...,k}) # 0. This can be

J J
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seen as a sequence (of length < k) of legal moves for the spoiler in MBP’ (A%, B¢*). Let
g : A — B be the bijection given by u as an answer to the last move of this sequence. As
in the proof of claim (1), f,41 is then defined to be the good bijection f,, ,.

The rest of the proof follows that of claim (1): Observing that there is at most one tuple
@ € (Cpy1UD,)*NVi(Ag) that is not already contained in (U, <, O x{1,...,k})*, it is
easy to show that hyopf +1 € gohy, where ¢ is a partial isomorphism A — B obtained as
a suitable restriction of g. Hence, by Lemma 3.5, p, is a partial isomorphism A; — By.

3.7 COROLLARY. Let C be a class of finite structures and k a positive integer. If for
every ¢ there are cyclically FO,(Qq)-equivalent structures A € C and B ¢ C, then the
k-th extended vectorization of Q¢ is not definable in FO(Qy).

Proof. Assume on the contrary that ¢ € FO(Qy) defines the class C*. Let qr(p) = r. By
assumption there exist A € C and B ¢ C together with colorings ¢ and ¢’ and enumerations
¢ and ¢ such that A = B (FO,(Qy)). Thus, by Theorem 3.6, A, = B, (FO,(Qx)).
In particular, Ay = ¢ if and only if B = ¢. On the other hand, by Lemma 3.3 we have

A, € CF and By, ¢ CF, which is a contradiction. 0

A logic L is called finitely generated if there is a finite set Q of generalized quantifiers
such that FO(Q) and L have the same expressive power. It is obvious that if for each
k the k-th extended vectorized of Qc is not definable in FO(Qy) then FO)(Qc) is not
finitely generated.

3.8 COROLLARY. Let C be a class of finite structures. If for every q there are cyclically
FO,(Qq)-equivalent structures A € C and B ¢ C, then the extended vectorization of the
logic FO(Q¢) is not finitely generated.

4 Applications to graph quantifiers

In this section we construct cyclically FO,(Q;)-equivalent graphs. By applying Corollary
3.7 we get inexpressibility results for extended vectorizations of certain classes of graphs.
We also consider some natural graph properties for which this construction can be applied.

4.1 The general construction

Let G = (G, E(G)) be an undirected graph. A stretching G = (G, E(G.)) of order e of
G is the undirected graph obtained when each edge (a,b) of G is replaced by a path p,p
of length e; thus, in addition to the end points a and b, p,; contains e — 1 new vertices.
We consider G' as a subset of G, and call the vertices of G the original vertices of G,.
For each original vertex a we denote by A, the set of vertices on paths adjacent to a, i.e.,
A, ={ue G, | eG,ucp,}.

Our aim is to prove that if G and H are 2-equivalent, then for every r there is an e such
that G, and H, are cyclically FO,(Q:)-equivalent. (Recall the concept of e-equivalence
from Section 2.2.) We start with the following simple observation.

Suppose that G and H are undirected 2-equivalent graphs. Then for each k£ in both
graphs there are equally many vertices with degree k, and it is easy to see that the
duplicator has a winning strategy in the game BEF?(G, H). Indeed, as his first move the
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duplicator can give any bijection g that preserves the degrees of vertices, i.e., for every
a € G, deg(a) = deg(g(a)). For any move a € G of the spoiler, the duplicator can then
choose a bijection g, : G — H such that

(¥) ga(a) = g(a) and for every b € G, (g(a), go(b)) € E(H) if and only if (a,b) € E(G).

A class C of graphs is closed under stretching if G, € C for every G € C and positive
integer e. For instance, the class of connected graphs and the class of rigid graphs are
closed under stretching.

The next result gives an easy way to prove inexpressibility results in FO(Q;) for classes
closed under stretching.

4.1 PROPOSITION. Let G and H be finite graphs and e a positive integer. If G and H
are 2-equivalent, then Go,_1 and H,,  are e-equivalent. Especially, for every positive
integer r there is a positive integer e such that Go. 1 = Ha. 1 (FO,(Q1)).

Proof. Assume that G and H are 2-equivalent. Let ¢ and g¢,, a € G, be bijections
G — H as in the observation above. We show that g can be extended to a bijection
f :Goe_1 — Ha._1 which preserves e-types.

For each a € G, let f, be the bijection A, — Ay, which maps each u € pgp to
the unique v € pg(a),g.») Such that dg(a,u) = dr(g(a),v), where dg(x,y) is the distance
between x and y with respect to the edge relation E. The bijection f is defined in terms

of these functions:
f=U(faIN(e a)).

acG

Note that for each u € Gy, 1 (u € Hy. 1) there is exactly one original vertex a such that
d(a,u) < e; we denote this a by a(u). Thus, f(u) = fou)(u) for all u € Gae_;.

To see that f preserves e-types, observe that for each u € Go9._1, the isomorphism
type of (Gae_1,u)[N(e,u) is completely determined by the distance between v and a(u)
and the degree of a(u). Clearly these two parameters are equal for u and f(u).

The second claim follows immediately from Theorem 2.5. .

In the following theorem we strengthen Proposition 4.1 by showing that, for large
enough d, G4 and Hy are even cyclically FO,(Q;)-equivalent.

4.2 THEOREM. Let G and H be finite 2-equivalent graphs. Then for every positive integer
r there is a positive integer d such that G, and H, are cyclically FO,(Q1)-equivalent.

Proof. Suppose 7 is given and let e be such that A = B (FO,(Q;)) holds, whenever A
and B are e-equivalent structures; such an e exists by Theorem 2.5. Let d = 4e — 1. It
suffices to show that there are colorings ¢ and ¢ and enumerations ¢ and ¢’ such that the
expanded structures G3* and ]HIZ' ' are e-equivalent.!

Let again g and g,, a € G, be bijections G — H satisfying condition (). Furthermore,
let f: Gy — Hy be the extension of g as defined in the proof of Proposition 4.1; thus,
f(u) = fou)(u), where a(u) is the unique original vertex such that dg(a(u),u) < 2e. Note

'We could prove this even for d = 2e — 1 (as in Proposition 4.1), but the proof would be more
complicated.
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that for each vertex u € G4\ G (u € Hy\ H) there is exactly one original vertex b # a(u)
such that dg(b,u) < 4e — 1 (b is the unique original vertex such that v € pa)s); we
denote this b by b(u). Replacing a(u) by b(u) in the definition of f, we obtain another
closely related bijection f from G4 to Hy:

2oy g(w), ifueG
f(u) - {fb(u)(u), ifu e Gd\G

The desired colorings ¢ and ¢’ and enumerations ¢ and ¢’ are now defined in terms
of the bijections f and f as follows. Let F' be the binary relation on G, defined by the
condition

(u,v) € F <= v=f"1(f(u)).
Similarly, let F” be the binary relation on Hy such that
(u,0) € F' <= v=f(f"(u).

Since F' is the graph of the permutation f‘l of : Gy — Gy, it is a disjoint union of
directed cycles. Note further that F' is the image of F' under the bijection f, i.e., for all
u,v € Gy, (f(u), f(v)) € F' <= (u,v) € F. Hence, F and F' are isomorphic.

We choose now a coloring ¢ of G4 such that for all u,v € Gy, c(u) = c(v) if and only if
u and v belong to the same cycle of F. Furthermore, we let ¢’ be the coloring of Hy; such
that ¢/(f(u)) = c(u) for all u € G4. To define the enumeration ¢, we fix a vertex u; from
each color block Pf of ¢, and let 1(u;) = 0. For other vertices u € Pf, we let +(u) to be
the length of the F-path from u; to u. Finally, we let / be the function such that for all
u € Gg, V'(f(u)) = t(u). Observe that the corresponding cycle relations F* and FV are
then equal to F' and F”, respectively.

To complete the proof, we show that the bijection f preserves e-types in the expanded
structures G%* and H5™" | ie., (G, u) [N (e, u) =2 (H5", f(u))[N(e, f(u)) for all u € Gy.
We divide this task into two cases according to the distance (with respect to E) between
u and the closest original vertex a(u).

Case A. Assume that dg(u, a(u)) < e. We show that for any original vertex a, the restric-
tion of f to N(2e —1, a) is an isomorphism (G3*,a)[N(2e —1,a) — (]HIZI ' f(a))IN(2e —
1, f(a)). Since N(e,u) C N(2e—1,a(u)), it follows then that f[N(e,u) is an isomorphism
(G5, u) IN(e;u) = (HG", f(w)IN(e, f(u)).

Note first that f (as well as f ) is an isomorphism with respect to the coloring relations
P; and the cycle relations Fj; this is because we defined ¢’ and ¢/ to be the images of c
and ¢ under f. Moreover, f preserves the edge relation E everywhere else, except at the
middle of paths py. (and py@)e(c)) such that gy(c) # g(c). But the two middle elements
on a path p, . are not contained in N(2e — 1,a) for any a € G (and the same holds for
Pg(b),9(c) and N(2e — 1, f(a))), whence f[N(2e—1,a) is an isomorphism also with respect
to E.

Case B. If dg(u,a(u)) > e, then N(e,u) does not contain any original vertices.
Since f preserves the distance from the closest original vertex, the same holds for
N(e, f(u)). It is then easy to see that, up to a renaming of the coloring relations
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P, both (Gy",u)IN(e,u) and (]I-Hfi"u,f(u))fN(e,f(u)) are isomorphic to the struc-
ture (A,E,Py,...,P;_1,F1,...,F;_1,¢), where A = {0,...,t — 1} x {1,...,2¢e — 3} U
{(0’0)’(0’ 2e — 2)}’ E = {((l’j)a (il’j,)) | 1= i,a |] - .7/| = 1}> b = {(Z’]) | .7 = l} for
l<2e—land P=0for2e—1<lIl<s, F;={((47),,j)) |j=7,"—i=1 (modt)},

and ¢ = (0,e — 1). .

The following corollary is an immediate consequence of Corollary 3.7, Proposition 4.1
and Theorem 4.2.

4.3 COROLLARY. Let C be a class of finite graphs such that C and its complement are
closed under stretching. If there are 2-equivalent graphs G € C and H ¢ C then C is not
definable in FO(Q;). Moreover the k-th extended vectorization of Q¢ is not definable in
FO(Qy) for any k € w. In particular, the extended vectorization of FO(Q¢) is not finitely
generated.

4.4 REMARK. In the results above we assumed that the graphs G and H are 2-equivalent.
However, the proofs of the results show that a slightly weaker assumption, namely that
the duplicator has a winning strategy in BEF?(G, H), suffices.

4.2 Examples of graph quantifiers

In [Nur96] it was proved that the class of connected finite graphs CONN, and also the
class of rigid graphs RIG, are not definable in FO(Q;). The proofs of these results are
based on counterexamples which are of color class size two. More precisely, if C = CONN
or C = RIG then for each r there are structures A € C and B ¢ C such that A and B
are cyclically FO,(Q1)-equivalent. As a consequence to Corollary 3.7 we get the following
result.

4.5 THEOREM. For every positive integer k, the k-th extended vectorizations of Qconn
and Qgrig are not definable in FO(Qy). Consequently, the extended vectorizations of
FO(Qconn) and FO(Qrig) are not finitely generated.

Note also that for this theorem we could use Corollary 4.3 and the obvious fact that the
graph consisting of two cycles of length four and the graph consisting of one cycle of length
eight, are 2-equivalent and the class of connected graphs and the class of non-connected
graphs are closed under stretching. It is also well known that CONN is definable in
FO(Qrc) and thus it follows from the construction that Qpcx is not definable in FO(Qy,)
for any k& € w. On the other hand, Grohe and Hella [GH96] proved a hierarchy theorem
for transitive closure logics which implies that Qpq« is not definable even in FO(Qak—_1).
Hence our general construction gives as a direct corollary a slightly weaker version of this
result of [GHI6].

As a second type of examples, consider classes of graphs defined by forbidden minors.
A graph H is a minor of a graph G, if H can be obtained from a (not necessarily induced)
subgraph of G by contracting edges. (Contracting an edge (a1,a2) € F(G) means re-
moving the vertices aq, as, adding a new vertex b, and replacing all edges (u, a;), i = 1, 2,
by (u,b); for more details, see e.g. [Tut84].) A class C is defined by forbidden minors
Hy,...,H,, C = FORB(Hy,...H,), if for every graph G, G € C if and only if no H; is a
minor of G, for 1 <7 < n.
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In [Nur96] the following notion was used to classify certain classes of graphs defined
by forbidden minors.

4.6 DEFINITION. A finite graph H is trivial, if it is
e acyclic, and
e every vertex has degree at most three, and

e each connected component contains at most one vertex with degree exactly three.
A class C = FORB(H) is trivial if all graphs in # are trivial.

Note that a finite graph H is trivial, if each connected component of H is either
an isolated vertex, or a (chordless) path, or consists of three (chordless) paths with one
endpoint in common.

It is easy to see that every trivial class FORB(#) is first-order definable. On the other
hand, we have the following result.

4.7 LEMMA. ([NURY6]) For every non-trivial graph H there are 2-equivalent graphs G
and G’ such that G has H as a minor and all minors of G’ are trivial.

As an immediate consequence we get the following theorem.

4.8 THEOREM. For every positive integer k, if C = FORB(H,,...,H,) and no H; is
trivial, then the k-th extended vectorization of Q¢ is not definable in FO(Qy). Hence the
extended vectorization of FO(Q¢) is not finitely generated.

Proof. By Lemma 4.7, there are 2-equivalent graphs G and G’ such that H; is a minor of
G, but G’ has no non-trivial minors. Since G can be obtained from any of its stretchings
G, by contracting edges, it follows that H; is also a minor of each G.. On the other hand,
it is clear that no stretching G, of G’ has non-trivial minors. Thus we conclude that for
all e, G, € C and G, ¢ C. The claim follows now from Corollary 3.7 and Theorem 4.2. .

Especially Theorem 4.8 holds for the class PLAN of planar graphs and the class
ACYC of acyclic graphs. This is because PLAN = FORB(Kj;,Kj33) (see e.g. [Tut84])
and ACYC = FORB(K3).

4.9 COROLLARY. For every positive integer k, the k-th extended vectorizations of Qppan
and Qacyc are not definable in FO(Qy,). Thus the extended vectorizations of FO(Qpran)
and FO(Qacyc) are not finitely generated.

5 Conclusion

We conclude the paper by considering a couple of open problems. First of all, it is clear
that Corollary 3.7 is far from being a complete characterization for the k-th extended
vectorization of a quantifier Q¢ to be inexpressible in FO(Qy,) (or £%,,(Qg)). In particular,
the notion of cyclical FO,(Q,)-equivalence is quite technical and has an ad hoc flavor.
Thus, it is natural to ask whether cyclical equivalence could be replaced by a more general
and/or simpler condition. One could even ask whether just mere FO,(Q;)-equivalence is
enough:
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5.1 PROBLEM. Assume that for every ¢ there are FO,(Q;)-equivalent structures A € C
and B ¢ C. Does it follow that, for each k£ > 1, the k-th extended vectorization of Q¢ is
not definable in FO(Qg)?

Secondly, all our results concern inexpressibility of extended vectorizations of quan-
tifiers. Looking at the proof of Theorem 3.6 the reader should be convinced that taking
quotients cannot be avoided in our approach. (Relativization is probably not necessary,
but this is of lesser importance.) It would be interesting to know whether it is possible to
prove some analogue of Corollary 3.7 also for the plain vectorizations Qg+ of a quantifier
Qc-

Finally, let us discuss possible applications to the second part of Theorem 3.6.

5.2 PROBLEM. Find examples of cyclically £F (Q;)-equivalent non-isomorphic pairs of
finite models.

So far we have not been able to find any such examples. Note in particular that in the
concrete applications of the previous section we could use counterexample models of color
class size two. By the following result of Immerman and Lander, in the case of £ (Q;)
it is impossible to use counterexamples of this type. (Recall that £¥ (Q:) = L% ,(C),
where C is the set of all counting quantifiers.)

5.3 THEOREM. ([IL90]) Every class of graphs of color class size at most three is definable
in L% ,(C).

Moreover, the class of connected graphs is definable in least fixed point logic LFP,
whence the analogue of Theorem 4.5 for Qconn and £ ,(Qg) fails. The same holds for
the planarity quantifier Qppan as well, since by a recent result of Grohe [Gro98|, the
class of planar graphs is definable in LFP. On the other hand, the class of rigid graphs
is not definable in £% (Q;) (this follows from the main result of [GS96]), so that it is
conceivable that the analogue of Theorem 4.5 for Qgic and £% (Qy) holds.

In [CFI92], Cai, Fiirer and Immerman gave examples of £ (C)-equivalent graphs G
and H. They used these graphs for proving that there are PTIME computable properties
of graphs which are not definable in £¥ (C). It is not possible to define colorings c,
¢’ and indexing functions ¢, ¢/ of these graphs such that the expanded graphs G** and
H¢* would still be £ _(C)-equivalent. However, the graphs G and H are of color class
size four, and it is possible to impose a slightly different additional structure to the color
blocks in such a way that a modification of Theorem 3.6 goes through. In this way it is
possible to get an alternative proof to the result of [Hel96] stating that for each & there
is a PTIME computable property of models which is not expressible in £2 (Qy).
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