
Approximations and limit theorems for
likelihood ratio processes in the binary case

A.A. Gushchin
Steklov Mathematical Institute

Gubkina Str. 8
119991 Moscow, Russia

E-mail: gushchin@mi.ras.ru

E. Valkeila
Department of Mathematics, P.O. Box 4

FIN–00014 University of Helsinki, Finland
E-mail: Esko.Valkeila@Helsinki.Fi

Abstract

We study the asymptotic properties of the likelihood ratio pro-
cesses for a sequence of binary filtered experiments. First we prove
approximation results for the log-likelihood ratio processes and then
apply them to obtain weak limit theorems. Here the limiting process is
the stochastic exponential of a continuous martingale. Our results ex-
tend the corresponding results in the well-known monograph of Jacod
and Shiryaev [16, Chapter X].

It turns out that the main results are valid for nonnegative super-
martingales, too.
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1 Introduction

Let (Ωn,Fn,Fn = (Fnt )t∈R+ , (P
n, P ′n)) be a sequence of binary filtered statis-

tical experiments. Denote by Zn the (generalized) density process of P ′n with
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respect to P n. Then Zn is a P n-supermartingale with P n-a.s. finite values.
In the paper we study approximations and limit theorems (finite-dimensional
and functional) for Zn or the log-likelihood ratio processes logZn. More pre-
cisely, we consider the situation where, first, the contiguity (P n

t ) ¢ (P ′nt )
holds. This means that the cluster points of L(logZn

t | P n) are concentrated
on R. Second, a Lindeberg-type condition is imposed. As we shall see, it is

closely related to the property sups≤t |∆Zn
s |

Pn−→ 0. Thus, if additionally the
laws L(logZn | P n) of the processes logZn are tight in the Skorokhod space
D(R+, [−∞,∞)), then their cluster points necessarily have the support in
C(R+,R).

Such a situation has been extensively studied in various papers and books.
Jacod and Shiryaev [16, Theorems X.1.12, X.1.16, and X.1.64] studied the
conditions to achieve weak (finite-dimensional or functional) convergence of
Zn to the stochastic exponential of a continuous Gaussian martingale, see
also Greenwood and Shiryayev [7], Kordzakhia [18], Vostrikova [32, 33], Dzha-
paridze and Valkeila [5]. The conditions implying the functional convergence
of Zn under P n to the stochastic exponential of a certain continuous martin-
gale were obtained by Jacod and Shiryaev [16, Theorems X.1.59 and X.1.65].
Mordecki [26] considered the functional convergence of Zn to the stochastic
exponential of a conditionally Gaussian continuous martingale. Some other
results of these types can be obtained as special cases of results proved in
Mémin [25], Jacod [13], Coquet and Jacod [4], Kramkov [19] for more general
situations.

In contrast to the papers mentioned, we first prove an approximation
result for the processes logZn. It says that in the considered situation we
have a uniform (in t over a fixed or every compact interval) approximation
in probability of the processes logZn − logZn

0 by the processes

2mn − 2〈mn,mn〉, (1.1)

where mn are P n-locally square-integrable martingales easily constructed
from Zn; moreover, 〈mn,mn〉 are uniformly approximated by 2hn, where hn

is the Hellinger process of order 1/2 for P n and P ′n. The assumptions used to
prove this approximation include the contiguity (P n

t ) ¢ (P ′nt ), the functional
Lindeberg condition on the jumps of mn, and a mild additional condition
on the Hellinger process of order 0 for P n and P ′n. These assumptions do
not imply tightness properties of Zn, logZn, mn, or hn in the corresponding
Skorokhod spaces.

Having proved this approximation result, we can obtain functional or
finite-dimensional weak convergence of logZn under P n in different settings
in a unified manner, reducing the problem to corresponding results for weak

2



convergence of locally square-integrable martingales mn. Thus, our method-
ology of proving limit theorems for likelihood ratio processes is quite different
from that used in the monograph by Jacod and Shiryaev [16], where limit the-
orems for semimartingales were applied (almost) directly to the log-likelihood
processes logZn. We find it more convenient to deal with the stochastic log-
arithm yn of the square root

√
Zn of the likelihood and with the components

of the Doob–Meyer decomposition of yn. Neglecting here technical difficulties
arising from the fact that Zn may vanish, we have the representation

√
Zn =

√
Zn

0 E(yn), (1.2)

where E(·) stands for the stochastic exponential, and the Doob–Meyer de-
composition of the locally square-integrable supermartingale yn has the form

yn = mn − hn,

where mn and hn are the same as above.
Mémin [25] was the first who used the representation (1.2) to prove limit

theorems for likelihood ratio processes in the general setup. He studied
the functional convergence of logZn to a process with independent incre-
ments. Jacod and Shiryaev in Bibliographic Comments to their monograph
[16] wrote that Mémin’s method is “simpler, but it only gives the functional
convergence”. We agree with the first part of this statement but the second
one seems to be too pessimistic. Of course, the functional convergence, say,
of yn to y implies the functional convergence of E(yn) to E(y) under mild
additional assumptions, whereas one cannot expect the same for the finite-
dimensional convergence. However, it turns out that conditions providing
the weak convergence of ynt for a fixed t, may imply the weak convergence of
E(yn)t as well; our approach illustrates this point.

A link between limiting behaviour of ynt and logZn
t in nonfunctional setup

is certainly not surprising because it is well known for independent observa-
tions (i.e. when Fn are discrete-time filtrations, and Fn, P n, and P ′n have a
product structure). Le Cam [20] used this link to describe all possible limit-
ing distributions of likelihood ratios in this setting under the assumption that
no single observation gives much information, see also Le Cam [21, Chapter
16] and Le Cam and Yang [22, Chapter 5]. In the case of Gaussian limits
related references are also Oosterhoff and van Zwet [28] and Strasser [31,
Chapter 12]. If the observations are discrete but not independent, a similar
approach was used by Greenwood and Shiryayev [7], though they proved only
the functional convergence, and by Fabian and Hannan [6] in nonfunctional
setup.
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Finally, we would like to note that all the assumptions in our main the-
orems (including the definitions of the processes entering therein) are ex-
pressed, essentially, in terms of the measures P n. This is convenient in the
case of parametric models when usually P n correspond to a fixed particular
value ϑ0 of the parameter, while P ′n correspond to parameter values of the
form ϑ0 + δnαn, where {δn} is a normalizing sequence of numbers or matri-
ces. There is also another advantage of such an approach. It turns out to be
unimportant that Zn are the density processes of some measures P ′n with
respect to P n, and one can reformulate our results in the form of approxima-
tion or limit theorems for nonnegative supermartingales Zn on filtered spaces
(Ωn,Fn,Fn, P n). This allows us to extend the area of statistical applications
of our results to the case of partial likelihood processes, as in Jacod [15]. The
obtained results can also be applied to problems in stochastic finance, where
supermartingales appear naturally, for example in the case where we consider
the discounted price process with respect to an equivalent local martingale
measure. Thus, our limit theorems can be used to prove convergence of prices
under different local martingale measures and/or in different market models.
An example of such an application can be found in [8].

In statistical applications one is concerned with general parametric mod-
els rather than binary models. In the accompanying paper [9] we study the
question when the approximation (1.1) (now depending on the parameter) is
asymptotically linear in the first term and (hence) asymptotically quadratic
in the second term. This allows us, in particular, to prove (functional or non-
functional) local asymptotic normality, or local asymptotic mixed normality,
or local asymptotic quadraticity.

The paper is organized as follows. In Section 2 we introduce basic ob-
jects and formulate the approximation results. We also discuss links between
the assumptions in these theorems and conditions for contiguity, asymptotic
negligibility of jumps, and conditions used in other papers. Section 3 con-
tains six limit theorems. First two theorems deal with finite-dimensional
and functional weak convergence of likelihood ratio processes to the stochas-
tic exponential of a continuous Gaussian martingale; their assumptions are
equivalent to those in Jacod and Shiryaev [16] with the difference that we
derive necessary conditions even for the finite-dimensional convergence along
a dense subset. In the next two theorems we consider the same types of
convergence if the limiting process is the stochastic exponential of a condi-
tionally Gaussian continuous martingale and a nesting condition is satisfied;
the functional result extends that of Mordecki [26]. The last two theorems
deal with the case where the limiting process is the stochastic exponential of a
continuous martingale; only the functional convergence is considered. In the
first theorem the stochastic logarithm of the limiting likelihood ratio process
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is assumed to be the unique solution of a martingale problem. In the second
theorem the logarithm of the limiting likelihood ratio process is assumed to
be the unique solution of a martingale problem; this theorem is close to the
corresponding result in Jacod and Shiryaev [16] (we again strengthen the
converse part about necessary conditions for the convergence). In Section 4
we discuss how the statements of two previous sections have to be interpreted
in order to be valid for arbitrary nonnegative supermartingales. Moreover,
we reformulate a counterpart (for this more general setting) of the conti-
guity criterion. We also formulate here a result about necessary conditions
for the finite-dimensional convergence (along a dense subset) of nonnegative
supermartingales to a continuous positive martingale, which is applied in
the proofs of the theorems of Section 3. The proofs of all main results are
collected in Section 5. In Section 6 we construct some counter-examples. In
Appendix we compute the Hellinger and some similar processes for P n and
P ′n in terms of P n.

For standard notation and results concerning general theory of processes,
stochastic integration and semimartingales we refer to Jacod and Shiryaev
[16]. We shall deal with different filtered spaces (Ω,F ,F = (Ft)t∈R+); the
filtration F is always right-continuous, but no completeness assumption is
made, cf. [16]. If P is a probability measure on (Ω,F) and T is a stopping
time relative to F, then PT is the restriction of P onto FT . An increasing
process is always assumed to be right-continuous. If X is a semimartingale,
thenXc is its continuous martingale part and [X,X] is its quadratic variation;
the angle brackets 〈M,M〉 stand for the quadratic characteristic of a locally
square-integrable martingale M . The notation H ·Xt =

∫ t
0
Hs dXs and W ?

µt =
∫ t

0

∫
RdW (s, x)µ(ds, dx) is used for the (ordinary or stochastic) integral

processes, where X is a semimartingale and µ = µ(ω, ds, dx) is a random
measure on R+ × Rd.

We shall consider also stochastic processes defined only on predictable
stochastic intervals of the form Γ =

⋃
kJ0, TkK, where (Tk) is an increasing

sequence of stopping times. We refer to Jacod [10, Ch. 5] for more details on
such processes. If X is defined on Γ, then the process Var(X) is defined also
on Γ in the following way: if (ω, t) ∈ Γ then Var(X)t(ω) is the total variation
of X·(ω) on [0, t].

Let E be a Polish space and E its Borel σ-field. P(E) is the space of
all probability measures on (E, E) endowed with the weak topology. The
distribution of a random element X with values in E under a probability
measure P , i.e. the image P ◦ X−1 ∈ P(E) of P under X, is denoted by
L(X | P ). The space D(E) of all càdlàg functions α : R+ → E equipped
with the Skorokhod topology is also a Polish space. The Borel σ-field in
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D(E) is denoted by D(E). The corresponding notation C(E) and C(E) is
used for the space of all continuous functions from R+ to E equipped with the
local uniform topology and its Borel σ-field. If E = R, we shall sometimes
write D and C instead of D(R) and C(R) respectively.

The weak convergence of distributions in P(Rd) is denoted by ⇒, while

the symbol
d−→ is used for the weak convergence of distributions in P(D(E)).

To avoid ambiguities we shall add that the convergence is in D(E) if E 6=
R. On the other hand, the symbol

df (S)−−−→ is used for the finite-dimensional

convergence along a set S, i.e. L(Xn | P n)
df (S)−−−→ L(X | P ), n → ∞, means

that L(Xn
t1
, . . . , Xn

tp | P n) ⇒ L(Xt1 , . . . , Xtp | P ), n → ∞, for any p =
1, 2, . . . and t1, . . . , tp ∈ S.

We say that a sequence (Xn | P n) is D-tight if Xn are P -a.s. càdlàg
processes with values in R and the laws L(Xn | P n) are tight in D; if,
moreover, all cluster points of the sequence L(Xn | P n) are laws of continuous
processes, we say that the sequence (Xn | P n) is C-tight.

If ξn are random variables with values [−∞,+∞] on probability spaces
(Ωn,Fn, P n), we write

ξn
Pn−→ 0 if lim

n→∞
P n(|ξn| > ε) = 0 for every ε > 0,

and we say that the sequence

(ξn | P n) is R-tight if lim
N↑∞

lim sup
n→∞

P n(|ξn| > N) = 0.

We shall also use this notation even if ξn are not well defined everywhere
on Ωn; it is sufficient to assume that ξn are defined on subsets Bn ∈ F and
limn→∞ P n(Bn) = 1.

If P n and P ′n are probability measures on measurable spaces (Ωn,Fn),
n = 1, 2, . . . , then (P n) ¢ (P ′n) means that the sequence (P n) is contiguous
to the sequence (P ′n).

2 Main approximation result

2.1 Basic setup

Let (Ωn,Fn,Fn = (Fnt )t∈R+ , (P
n, P ′n)) be a sequence of binary filtered exper-

iments. If otherwise is not specified, for processes defined on Ωn stochastic
integrals and angle brackets are taken with respect to P n. Denote by Zn the
(generalized) density process of P ′n with respect to P n, i.e. a right-continuous
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(and admitting left-hand limits P n- and P ′n-a.s) adapted process (Zn
t )t∈R+

with values in [0,∞] such that for any Fn-stopping time T

P ′n(B) =

∫

B

Zn
T dP

n + P ′n(B ∩ {Zn
T =∞}), B ∈ FT .

Zn is a P n-supermartingale and

P n(sup
t
Zn
t ≥ a) ≤ a−1 for any a > 0, (2.1)

in particular, the sequence (supt Z
n
t | P n) is R-tight.

Put T nk := inf{t : Zn
t < 1/k} and Γn :=

⋃∞
k=1J0, T nk K, then Γn = J0K ∪

{Zn
− > 0} P n-a.s.

The processes Zn and Y n :=
√
Zn are P n-supermartingales. Using the

Doob–Meyer decomposition theorem and the standard arguments used to
prove the existence of Hellinger processes, one can find predictable increasing
processes ιn and hn with values in [0,∞], ιn0 = hn0 = 0, such that

Zn + Zn
− · ιn is a P n-local martingale, (2.2)

Y n + Y n
− · hn is a P n-martingale. (2.3)

The processes ιn and hn are P n-a.s. unique on Γn. A process hn (resp. ιn)
satisfies the above requirements if and only if hn (resp. ιn) is a Hellinger
process of order 1/2 (resp. of order 0) for P n and P ′n, see Lemma A.1 and

Corollary A.1 in Appendix. If P ′n
loc¿ P n, then one can take ιn = 0. In what

follows ιn and hn are arbitrary processes satisfying the above requirements.
Define now a process yn on Γn by yn := (1/Y n

− ) · Y n. Put also mn :=
yn + hn on Γn. It follows from (2.3) that mn is a P n-local martingale on Γn.
In fact, mn is a P n-locally square-integrable martingale on Γn, see Lemma
4.1.

The jump measures µy
n

and µm
n

of the processes yn and mn as well
as their P n-compensators νy

n
and νm

n
respectively are well defined on the

stochastic interval Γn. These measures charge only the predictable set Γn ∩(
R+×

(
[−1, 0)∪ (0,∞)

))
. In what follows it is convenient for us to consider

the extensions of νy
n

and νm
n

(denoted by the same symbols) to R+ × R
in an arbitrary way assuming that these extensions are predictable random
measures that charge only the set R+ ×

(
[−1, 0) ∪ (0,∞)

)
.

2.2 The approximation theorem

In this subsection we fix a number t > 0.
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Introduce the following assumptions:

(P n
0 ) ¢ (P ′n0 ); (2.4)

the sequence (hnt | P n) is R-tight; (2.5)

x21{|x|>ε} ? ν
mn

t
Pn−→ 0, n→∞, for all ε > 0; (2.6)

ιnt
Pn−→ 0, n→∞. (2.7)

We start with our main approximation result.

Theorem 2.1 Assume that conditions (2.4)–(2.7) hold. Then

(P n
t ) ¢ (P ′nt ), (2.8)

Var
(
hn − 1

2
〈mn,mn〉

)
t

Pn−→ 0, n→∞, (2.9)

and

sup
s≤t

∣∣∣logZn
s − logZn

0 −
(
(2mn

s − 2〈mn,mn〉s
)∣∣∣ Pn−→ 0, n→∞. (2.10)

Remark 2.1 The processes mn and 〈mn,mn〉 in (2.9) and (2.10) are defined
only on a part of the interval [0, t] if (ω, t) /∈ Γn. But the contiguity (2.8)
implies

lim
n→∞

P n{ω : (ω, t) ∈ Γn} = 1. (2.11)

Indeed, (2.8) is equivalent to the property

lim
ε↓0

lim sup
n→∞

P n(inf
s≤t

Zn
s < ε) = 0, (2.12)

see [16, Lemma V.1.19].

Remark 2.2 Under the assumptions of Theorem 2.1 we cannot assert that
(P ′nt ) ¢ (P n

t ) even if (P ′n0 ) ¢ (P n
0 ). We give a corresponding example in

Section 6.

Remark 2.3 If Zn is continuous and a local martingale with respect to
P n for every n, then Zn = Zn

0 E(Nn) = Zn
0 exp (Nn − 1

2
〈Nn, Nn〉) on Γn,

where Nn is a continuous P n-local martingale on Γn. Hence mn = 1
2
Nn and

hn = 1
8
〈Nn, Nn〉 on Γn and the approximations (2.9) and (2.10) are trivial

under (2.11).
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Now we want to examine in more details the rôle of the conditions in
Theorem 2.1 and to link them to contiguity and other properties.

The next proposition is a reformulation of the well-known criterion for
contiguity, see Liptser and Shiryayev [23], Jacod [11], Jacod and Shiryaev
[16, Theorem V.2.3].

Proposition 2.1 The properties (i) and (ii) are equivalent :

(i) (P n
t ) ¢ (P ′nt ).

(ii) Conditions (2.4) and (2.5) hold and

lim
β↓0

lim sup
n→∞

P n
(
1{x<−1+β} ? ν

yn

t > ε
)

= 0 for all ε > 0. (2.13)

In particular, conditions (2.4), (2.5), and

x21{|x|>ε} ? ν
yn

t
Pn−→ 0, n→∞, for all ε > 0. (2.6∗)

imply (2.8).

Note that, as soon as the contiguity (2.8) is established, all the conditions
(2.5)–(2.7), (2.6∗), and (2.13) do not depend on the choice of hn, ιn, νy

n
, and

νm
n

in view of Remark 2.1, see (2.11).
Proposition 2.1 immediately follows from equivalence (i)⇔(ii) in Jacod

and Shiryaev [16, Theorem V.2.3] (with T n = t, P n instead of P ′n and vice
versa), if one takes into account that hn is a Hellinger process of order 1/2 for
P n and P ′n, see Lemma A.1, and i(1[0,β];P

′n, P n) = 1{x≤−1+β1/2} ? ν
yn , β ∈

(0, 1), see Corollary A.1. Indeed, then (ii.1) in that theorem coincides with
(2.4), (ii.2) coincides with (2.5), and (ii.3) coincides with (2.13). However,
we shall give a direct (rather short) proof below, see Theorem 4.1 and its
proof in Section 5.

Proposition 2.2 Assume that (2.4) and (2.5) hold. Then:

(a) (2.6∗) implies (2.6);

(b) (2.6) and (2.7) are sufficient for having (2.6∗).

In the both cases
sup
s≤t

∆hns
Pn−→ 0, n→∞. (2.14)
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In the setting of independent discrete observations Le Cam considers
(2.14) as the assumption of negligibility of information in a single observa-
tion, see e.g. [21, Assumption (A), p. 458]. Proposition 2.2 says, in particular,
that it is automatically satisfied under our basic assumptions.

Due to Proposition 2.2, we can replace (2.6) by (2.6∗) in Theorem 2.1.
However, although (2.4), (2.5) and (2.6∗) imply the first statement (2.8) of
Theorem 2.1 by Proposition 2.1, (2.9) and (2.10) may not be true if (2.7) is
not assumed, see Theorem 2.2 and Example 6.4. It may also happen that
P n
t ¿ P ′nt for all n (so that all the considered processes are P n-a.s. uniquely

defined on [0, t]), (2.4), (2.5) and (2.6) hold, but the sequence (P n
t ) is not even

contiguous with respect to (P ′nt ), see Example 6.2. As for condition (2.7), it is
satisfied if (P ′nt )¢¤(P n

t ). Indeed, it follows from the contiguity criterion that

the condition ιnt
P ′n−→ 0, n→∞, is necessary for the contiguity (P ′nt ) ¢ (P n

t ).
A simple direct proof is also possible, see the proof of Theorem 4.2.

The following remark might be also useful. Since ∆hn ≤ 1 on Γn P n- and
P ′n-a.s., without loss of generality we may assume that ∆hn ≤ 1 everywhere.
Define then

E(−hn)t =

{
e−h

n
t
∏

s≤t(1−∆hns )e∆hns if hnt <∞,
0 if hnt =∞.

Since E(−hn) ≤ e−h
n
, the condition

the sequence (E(−hn)−1
t | P n) is R-tight (2.15)

is stronger than (2.5). But it is still necessary for the contiguity (P n
t )¢(P ′nt ),

use the multiplicative decomposition connected with Hellinger processes [16,
Proposition V.4.16]. Using arguments similar to those in the proof of Theo-
rem 4.1, one can show that (2.4), (2.15) and (2.6) imply (2.8).

The next proposition indicates a link to some conditions used in other
works.

Proposition 2.3 Under (2.4) and (2.5) we have equivalence between:

(i) (2.6) and (2.7);

(ii) condition [L-{t}] in [16, p. 595], see also Section 4;

(iii) knt (p)
Pn−→ 0, n→∞, for p > 2, where kn(p) is the p-divergency process

for P n and P ′n introduced in [5], see also Appendix ;
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(iv) for α ∈ (0, 1), α 6= 1/2,

hn(α)t + hn(1− α)t − 8α(1− α)hnt
Pn−→ 0, n→∞,

where hn(α) is the Hellinger process of order α for P n and P ′n.

If these conditions are satisfied then

Var
(
hn(α)− 4α(1− α)hn

)
t

Pn−→ 0, n→∞. (2.16)

Now let us discuss a connection between our Lindeberg conditions (2.6)
and (2.6∗) and the property that Zn have small jumps as n→∞. Remark,
first, that (with Ln := logZn)

∆Ln = log
(

1 +
∆Zn

Zn
−

)
(where (−∞)− (−∞) =

0

0
= 0)

and

1 +
∆Zn

Zn
−

= (1 + ∆yn)2 on Γn. (2.17)

Taking into account (2.1) and (2.12), we see that under (2.8)

sup
s≤t
|∆Zn

s |
Pn−→ 0⇐⇒ sup

s≤t
|∆Lns |

Pn−→ 0⇐⇒ sup
s≤t
|∆yns |

Pn−→ 0.

The second part of the following proposition seems to be surprising.

Proposition 2.4 (a) Assume that

1{|x|>ε} ? ν
yn

t
Pn−→ 0, n→∞, for all ε > 0. (2.18)

Then sups≤t |∆Zn
s |

Pn−→ 0.

(b) Assume that (P ′nt ) ¢ ¤(P n
t ) and sups≤t |∆Zn

s |
Pn−→ 0. Then we have

(2.6∗).

In Section 6 we shall construct an example showing that the contiguity
(P ′nt ) ¢ (P n

t ) is essential in the statement (b).
Finally, we want to formulate the result (which seems to be of secondary

importance) similar to Theorem 2.1, but without condition (2.7).

Theorem 2.2 Assume that conditions (2.4), (2.5), and (2.6∗) hold. Then

(P n
t ) ¢ (P ′nt ),
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Var
(
hn − 1

2
〈mn,mn〉 − 1

2
ιn
)
t

Pn−→ 0, n→∞,

and

sup
s≤t

∣∣∣logZn
s − logZn

0 −
(
2mn

s − 2〈mn,mn〉s − ιns
)∣∣∣ Pn−→ 0, n→∞.

It may happen that the assumptions of Theorem 2.2 are satisfied, while
those of Theorem 2.1 are not: see Example 6.4. In Theorem 2.2 we cannot
replace (2.6∗) by (2.6) even under (2.15).

3 Limit theorems

We consider the same setting as in Section 2. Our aim is to formulate a
number of results on the weak convergence of the sequence Zn to different
limits. Though some of these results are known or extend previous ones, in
Section 5 we shall give new proofs for all of them based on Theorem 2.1.

3.1 Convergence to the stochastic exponential of a Gaus-
sian martingale

In this subsection we assume that t Ã Ct is a nondecreasing continuous
function with C0 = 0, M is a continuous Gaussian martingale with M0 = 0
and 〈M,M〉t = Ct on some stochastic basis (Ω,F ,F, P ). Put Z := eM−C/2

and Z ′ := eM+C/2.

Theorem 3.1 Let S be a subset of R+. Assume that Zn
0

Pn−→ 1, (2.6) and
(2.7) hold for all t ∈ S and

hnt
Pn−→ 1

8
Ct for all t ∈ S. (3.1)

Then
(P ′nt ) ¢ ¤(P n

t ) for all t such that [t,∞) ∩ S 6= ∅, (3.2)

L(Zn | P n)
df (S)−−−→ L(Z | P ), n→∞, (3.3)

and

L(Zn | P ′n)
df (S)−−−→ L(Z ′ | P ), n→∞. (3.4)

In view of Proposition 2.3 and the lemmas in Appendix, Theorem 3.1 is an
equivalent version of Theorems X.1.16 and X.1.64 b) in Jacod and Shiryaev
[16].
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Theorem 3.2 Let S be a dense subset in R+ containing 0. If the assump-
tions of Theorem 3.1 are satisfied for S then

L(Zn | P n)
d−→ L(Z | P ), n→∞. (3.5)

Conversely, if

L(Zn | P n)
df (S)−−−→ L(Z | P ), n→∞, (3.6)

then Zn
0

Pn−→ 1, we have (2.6), (2.7), hnt
Pn−→ 1

8
Ct, and (P ′nt ) ¢ ¤(P n

t ) for all
t ∈ R+, and the relations (3.5) and

L(Zn | P ′n)
d−→ L(Z ′ | P ), n→∞, (3.7)

hold.

Remark 3.1 The processes Zn may take the value +∞ with a positive
P ′n-probability, so the convergence in (3.7) means the weak convergence in
D([0,∞]).

Theorem 3.2 strengthens Theorems X.1.12 and X.1.64 a) in Jacod and
Shiryaev [16]: in the converse part we assume only the finite-dimensional
convergence along S.

3.2 Convergence to the stochastic exponential of a con-
ditionally Gaussian martingale

In this subsection we assume that (Ωn,Fn) and P n do not depend on n, and
the nesting condition is satisfied. More precisely, we introduce the

Hypothesis N: there are a sequence (Ω,F ,Fn, (P, P ′n)) of binary filtered
experiments and a sequence of numbers (sn), decreasing to 0, such that
Fnsn ⊆ Fn+1

sn+1
for all n and G :=

∨
nFn∞ =

∨
nFnsn .

Next, let C = (Ct)t∈R+ be a continuous increasing process with C0 = 0
and such that Ct are G-measurable for all t. Recall that C = C(R) is the space
of real-valued continuous functions α = (α(t)) on R+ and C = C(R) is the
Borel σ-field. There is a Markov kernel Q(ω, dα) from (Ω,G) into (C, C) such
that for each ω ∈ Ω the canonical process X on C, i.e. Xt(α) = α(t), is a con-
tinuous Gaussian martingale under Q(ω, dα) with X0 = 0 Q(ω, dα)-a.s. and
〈X,X〉t = Ct(ω). Similarly, let Q′(ω, dα) be a Markov kernel from (Ω,G) into
(C, C) such that for each ω ∈ Ω X0 = 0 Q′(ω, dα)-a.s. and Xt−Ct(ω) is a con-
tinuous Gaussian martingale under Q′(ω, dα)with the quadratic characteris-
tic Ct(ω). Put P(dω, dα) = P (dω)Q(ω, dα), P′(dω, dα) = P (dω)Q′(ω, dα).
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Consider the filtered model (Ω × C,G ⊗ C,F, (P,P′)), where F = (F t) is
the smallest filtration of Ω × C to which X (naturally extended to Ω × C)

is adapted and such that G ⊆ F 0. It is clear that P′
loc∼ P and the density

process Z = (Zt(ω, α)) is given by

Zt(ω, α) = exp(Xt(ω)− 1

2
Ct(α)).

It is also clear that the distribution L(Z | P′) coincides with L(Z ′ | P), where

Z ′t(ω, α) = exp(Xt(ω) +
1

2
Ct(α)).

If Y n and Y are cádlág stochastic processes on (Ω,F , P ) and (Ω×C,G ⊗
C,P) respectively with values in Rd then we shall write

L(Y n | P )
df (S)−−−→ L(Y | P), n→∞, (G-stably) (3.8)

if
lim
n→∞

L(ξ, Y n
t1
, . . . , Y n

tp | P )⇒ L(ξ, Yt1 , . . . , Ytp | P)

for any p = 1, 2, . . . , t1, . . . , tp ∈ S, and any bounded G-measurable random
variable ξ. Similarly,

L(Y n | P )
d−→ L(Y | P), n→∞, (G-stably) (3.9)

if L(ξ, Y n | P ) converges in law to L(ξ, Y | P) in R×D(Rd) for any bounded
G-measurable ξ.

Remark 3.2 Let P(G) be the set of all probability measures P̃ which are
absolutely continuous with respect to P with a bounded G-measurable den-
sity; for P̃ ∈ P(G) put P̃(dω, dα) = P̃ (dω)Q(ω, dα). It is easy to see that
(3.8) is equivalent to

L(Y n | P̃ )
df (S)−−−→ L(Y | P̃), n→∞, for every P̃ ∈ P(G),

and (3.9) is equivalent to

L(Y n | P̃ )
d−→ L(Y | P̃), n→∞, for every P̃ ∈ P(G).

Since, evidently, a change of measure with a bounded density preserves tight-

ness, (3.8) for a dense subset S ⊆ R+ and L(Y n | P )
d−→ L(Y | P), n→∞,

are sufficient for (3.9).
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We start with the finite-dimensional convergence.

Theorem 3.3 Assume Hypothesis N. Let S = {t1, . . . , tp}, 0 < t1 < · · · <
tp, be a subset of R+. Assume that Zn

0
P−→ 1, (2.6) and (2.7) hold for t = tp

and

hnt
P−→ 1

8
Ct, n→∞, for all t ∈ S.

Moreover, assume that hnsn
P−→ 0, n→∞. Then

(P ′nt ) ¢ ¤(P n
t ) for all t ≤ tp,

L(Zn | P )
df (S)−−−→ L(Z | P), n→∞, (G-stably) (3.10)

and

L(Zn | P ′n)
df (S)−−−→ L(Z ′ | P), n→∞. (3.11)

Remark 3.3 A trivial counter-example (see Section 6) shows that we cannot
assert that the convergence in (3.11) is G-stable (with a natural interpretation
of what does it mean). However, we shall show after the proof of Theorem
3.3 that, if (ξn) is a sequence of random vectors converging in P -probability
to ξ and ξn are Fntp-measurable for all n, then L(ξn, Zn

t1
, . . . , Zn

tp | P ′n) ⇒
L(ξ, Z ′t1 , . . . , Z

′
tp | P).

The next theorem extends Theorem 1 in Mordecki [26].

Theorem 3.4 Assume Hypothesis N. Let S be a dense subset in R+ con-

taining 0. Assume that Zn
0

P−→ 1, (2.6) and (2.7) hold for all t ∈ S and

hnt
P−→ 1

8
Ct, n→∞, for all t ∈ S. (3.12)

Then
L(Zn | P )

d−→ L(Z | P), n→∞ (G-stably). (3.13)

Conversely, if

L(Zn | P )
df (S)−−−→ L(Z | P), n→∞, (G-stably) (3.14)

then Zn
0

P−→ 1, we have (2.6), (2.7), hnt
P−→ 1

8
Ct, and (P ′nt ) ¢ ¤(P n

t ) for all
t ∈ R+, and the relations (3.13) and

L(Zn | P ′n)
d−→ L(Z ′ | P), n→∞, in D([0,∞]) (3.15)

hold.
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3.3 Convergence to a continuous martingale

In this subsection we consider a general sequence (Ωn,Fn,Fn, (P n, P ′n)) of
binary filtered models as in Section 2 and Subsection 3.1 and give two results
on the functional convergence of Zn to a continuous martingale.

We start with a specification of the limiting process in the first theorem.

Hypotheses M: a) (Ω,F ,F) = (D(R),D(R),D(R)) is the Skorokhod space
with the Borel σ-field D(R) and the filtration D(R) generated by the canon-
ical process denoted by M .

b) C is an adapted continuous increasing process with C0 = 0, defined on
(Ω,F ,F).

c) There is a continuous increasing function t Ã Ft with F0 = 0, such
that F − C(α) is nondecreasing for all α ∈ Ω.

d) αÃ Ct(α) is Skorokhod-continuous for all t ∈ R+.
e) There is a unique probability measure P on (Ω,F) under which M is

a continuous local martingale with M0 = 0 and 〈M,M〉 = C.

Lemma 3.1 Assume Hypotheses M. There is a unique measure P ′ on (Ω,F)
under which M ′ := M − 2C is a continuous local martingale with M ′

0 = 0

and 〈M ′,M ′〉 = C. Moreover, P ′
loc∼ P, and the density process of P ′ with

respect to P is Z := e2M−2C . In particular, Z is a P -martingale.

Let the processes mn be constructed from Zn as in Subsection 2.1 and
T n := inf{s : Zn

s < 1/n}. Then the process m̃n := (mn)T
n

is P n-a.s. with
paths in D(R), so the process C ◦ m̃n is P n-a.s. well defined.

Theorem 3.5 Assume Hypotheses M. Let S be a dense subset in R+ con-

taining 0. Assume that Zn
0

Pn−→ 1, (2.6), (2.7) and

hnt −
1

2
Ct ◦ m̃n Pn−→ 0, n→∞, (3.16)

hold for all t ∈ S. Then

L(Zn | P n)
d−→ L(e2M−2C | P ), n→∞. (3.17)

Conversely, if

L(Zn | P n)
df (S)−−−→ L(e2M−2C | P ), n→∞, (3.18)

then Zn
0

Pn−→ 1, we have (2.6), (2.7), (3.16), and (P ′nt )¢¤(P n
t ) for all t ∈ R+,

and the relations (3.17) and

L(Zn | P ′n)
d−→ L(e2M−2C | P ′), n→∞, in D([0,∞]) (3.19)

hold, where P ′ is defined in Lemma 3.1.
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The second theorem is essentially the result proved by Jacod and Shiryaev
[16, Theorems X.1.59 and X.1.65]; we strengthen only the converse statement.

Hypotheses X: a) (Ω,F ,F) = (D(R),D(R),D(R)) is the Skorokhod space
with the Borel σ-field D(R) and the filtration D(R) generated by the canon-
ical process denoted by X.

b) C is an adapted continuous increasing process with C0 = 0, defined on
(Ω,F ,F).

c) There is a continuous increasing function t Ã Ft with F0 = 0, such
that F − C(α) is nondecreasing for all α ∈ Ω.

d) αÃ Ct(α) is Skorokhod-continuous for all t ∈ R+.
e) There is a unique probability measure P on (Ω,F) under which M :=

X + C/2 is a continuous local martingale with M0 = 0 and 〈M,M〉 = C.

Lemma 3.2 (Jacod and Shiryaev [16, Lemma X.1.58]) Assume Hypoth-
eses X. There is a unique measure P ′ on (Ω,F) under which M ′ := X−C/2
is a continuous local martingale with M ′

0 = 0 and 〈M ′,M ′〉 = C. Moreover,

P ′
loc¿ P, and the density process of P ′ with respect to P is eX . In particular,

eX is a P -martingale.

Theorem 3.6 Assume Hypotheses X. Let S be a dense subset in R+ con-

taining 0. Assume that Zn
0

Pn−→ 1, (2.6), (2.7) and

hnt −
1

8
Ct ◦ log(Zn ∨ 1

n
)

Pn−→ 0, n→∞, (3.20)

hold for all t ∈ S. Then

L(Zn | P n)
d−→ L(eX | P ), n→∞. (3.21)

Conversely, if

L(Zn | P n)
df (S)−−−→ L(eX | P ), n→∞,

then Zn
0

Pn−→ 1, we have (2.6), (2.7), (3.20), and (P ′nt )¢¤(P n
t ) for all t ∈ R+,

and the relations (3.21) and

L(Zn | P ′n)
d−→ L(eX | P ′), n→∞, in D([0,∞]) (3.22)

hold, where P ′ is defined in Lemma 3.2.

Theorem 3.2 is a special case of Theorems 3.5 and 3.6.
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4 Nonnegative supermartingales

4.1 Fundamental lemma

Let (Ω,F ,F = (Ft)t∈R+ , P ) be a filtered probability space and Z a right-
continuous nonnegative supermartingale on it. Put Tk := inf{t : Zt < 1/k},
Γ :=

⋃∞
k=1J0, TkK, Y := Z1/2. As in subsection 2.1, there are predictable

increasing processes ι and h with values in [0,∞], ι0 = h0 = 0, such that

Z + Z− · ι is a P -local martingale,

Y + Y− · h is a P -martingale.

The processes ι and h are P -a.s. unique on Γ. Define the processes y := 1
Y−
·Y

and m := y + h on Γ. It follows from the definition of h that m is a P -local
martingale on Γ.

The next lemma is due to Mémin, see [25, Lemma 2.1]. It plays a central
rôle in the proof our main results.

Lemma 4.1 The process m is a P -locally square-integrable martingale on Γ
and

〈m,m〉 = 2h− [h, h]− ι P -a.s. on Γ. (4.1)

Proof: Let N := Z+Z− · ι and define on Γ the process n := 1
Z−
·N , then

n is a P -local martingale on Γ. On Γ we have

Z = Z0E(n− ι) and Z = Z0{E(m− h)}2,

which gives
n− ι = 2m− 2h+ [m,m]− 2[m,h] + [h, h]

on Γ by Yor’s formula. Note that [m,h] = (∆h) ·m is a P -local martingale
on Γ. Then it follows that [m,m] is a P -special semimartingale on Γ with the
Doob–Meyer decomposition [m,m] = (n− 2m+ 2[m,h]) + (2h− [h, h]− ι).
The claim follows.

4.2 Extensions to nonnegative supermartingales

Throughout this subsection it is assumed that for every n = 1, 2, . . . we
have a stochastic basis (Ωn,Fn,Fn = (Fnt )t∈R+ , P

n) and a nonnegative right-
continuous supermartingale Zn on it with EnZn

0 ≤ 1. We do not assume
that there are probability measures P ′n on (Ωn,Fn) such that Zn is the
generalized density process of P ′n with respect to P n. If the latter takes
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place for all n, we shall say that we are in the setting of subsection 2.1 in
contrast to the current more general setting.

Let us introduce the sets Γn, the processes Y n, ιn, hn, yn, mn, and the
random measures µy

n
, µm

n
, νy

n
, and νm

n
exactly as in subsection 2.1. Note

that the inequality (2.1) holds by the optional sampling theorem.
It turns out that our results in Sections 2 and 3 are valid in the current

more general setting. Of course, one has to reformulate the assertions that
use the measures P ′n explicitly or implicitly.

We start with conditions (2.4) and (2.8). In the setting of subsection 2.1
they are equivalent to

lim
ε↓0

lim sup
n→∞

P n(Zn
0 < ε) = 0 (4.2)

and
lim
ε↓0

lim sup
n→∞

P n(Zn
t < ε) = 0 (4.3)

respectively, see [16, Lemma V.1.6].
The relations (2.9) and (2.10) are meaningful if (2.11) holds. The next

lemma shows, in particular, that in the current setting (4.3) implies (2.12)
and hence (2.11) .

Lemma 4.2 For every n = 1, 2, . . . let T n be a stopping time relative to Fn.
There is equivalence between (i) and (ii) below :

(i) limε↓0 lim supn→∞ P
n(Zn

Tn < ε) = 0.

(ii) limε↓0 lim supn→∞ P
n(infs≤Tn Zn

s < ε) = 0.

Proof: We show that (i)⇒(ii), the converse is trivial. For ε > 0 put
Sn := inf{t : Zn

t < ε/2} ∧ T n. By the optional sampling theorem En(Zn
Tn |

FnSn) ≤ Zn
Sn . Hence

ε

2
P n(Zn

Sn ≤ ε/2) ≥ EnZn
Sn1{ZnSn≤ε/2} ≥ EnZn

Tn1{ZnSn≤ε/2}

≥ EnZn
Tn1{ZnSn≤ε/2, ZnTn≥ε} ≥ εP n(Zn

Sn ≤ ε/2, Zn
Tn ≥ ε).

Therefore,

P n(Zn
Tn < ε) ≥ P n(Zn

Tn < ε, Zn
Sn ≤ ε/2)

= P n(Zn
Sn ≤ ε/2)− P n(Zn

Sn ≤ ε/2, Zn
Tn ≥ ε)

≥ 1

2
P n(Zn

Sn ≤ ε/2).
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Since {infs≤Tn Zn
s < ε/2} ⊆ {Zn

Sn ≤ ε/2}, the claim follows.

In Proposition 2.4 the assumption (P ′nt )¢(P n
t ) is made. It can be replaced

by
lim
N↑∞

lim sup
n→∞

EnZn
t 1{Znt >N} = 0, lim

n→∞
EnZn

t = 1, (4.4)

which is equivalent to (P ′nt ) ¢ (P n
t ) in the setting of subsection 2.1, see [16,

Lemma V.1.10].
There are some special conditions in Proposition 2.3. Condition [L-{t}]

in Jacod and Shiryaev [16, Theorem X.1.12, p. 595] says that In(1 + ε)t
Pn−→

0, n → ∞, for all ε > 0, where In(a), a > 1, is an arbitrary version
of i(ϕa;P

n, P ′n) + i(ϕa;P
′n, P n), ϕa(x) := (1 − x)1{x≤1/a}, see Jacod and

Shiryaev [16, Chapter IV, § 1d] or Appendix for the definition of the pro-
cesses i(ψ;P, P ′). Let

În(a) := θa((1 + x)2) ? νy
n

+ ιn,

where θa(x) := |x − 1|1{1/a<x<a}c . It follows from Lemma A.3 and (2.17)

that in the setting of subsection 2.1 In(a) = În(a) on Γn P n-a.s., and we
reformulate (ii) in Proposition 2.3 as

În(1 + ε)t
Pn−→ 0, n→∞, for all ε > 0. (4.5)

Let
k̂n(p) = |(1 + x)2/p − 1|p ? νyn + ιn, p ≥ 2.

It follows from Corollary A.2 and (2.17) that in the setting of subsection 2.1

kn(p) = k̂n(p) on Γn P n-a.s., and we reformulate (iii) in Proposition 2.3 as

k̂n(p)t
Pn−→ 0, n→∞, for some p > 2. (4.6)

Introduce now ĥn(1 − α), α ∈ (0, 1), as a predictable increasing process

with values in [0,∞] such that hn(1−α)0 = 0 and (Zn)α + (Zn
−)α · ĥn(1−α)

is a P n-martingale. Its existence follows from the same arguments as for
α = 1/2. By Lemma A.1 any versions of hn(1 − α) and ĥn(1 − α) are P n-
indistinguishable in the setting of subsection 2.1, and we replace hn(1 − α)

by ĥn(1− α) in (iv) and (2.16) in Proposition 2.3.
Each theorem in Section 3 contains also a convergence statement with

respect to alternatives P ′n. Though these statements admit reformulations
in terms of P n and Zn, we do not consider them in the current setting in
view of minor interest.

As a result, we state that
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After replacing the relations (P n
0 )¢(P ′n0 ), (P n

t )¢(P ′nt ) and (P ′nt )¢
(P n

t ) by (4.2), (4.3) and (4.4) respectively and excluding relations
(3.4), (3.7), (3.11), (3.15), (3.19), and (3.22) from the consider-
ation, all the statements of Propositions 2.1–2.4 and Theorems
2.1, 2.2, 3.1–3.6, are valid for nonnegative supermartingales Zn

in the current setting; in Proposition 2.3 (ii) is replaced by (4.5),

(iii) is replaced by (4.6), and hn(1−α) are replaced by ĥn(1−α).

The proofs in Section 5 are adapted to the current setting, but there are
only few points mentioned there, where they can be simplified in the setting
of subsection 2.1.

Since the contiguity criterion (Proposition 2.1) is a result of primary
importance, we give a separate and slightly more general formulation for it
in the current setting.

Theorem 4.1 For every n = 1, 2, . . . let T n be a stopping time relative to
Fn. The properties (i) and (ii) are equivalent :

(i) limε↓0 lim supn→∞ P
n(Zn

Tn < ε) = 0.

(ii) (1) limε↓0 lim supn→∞ P
n(Zn

0 < ε) = 0;

(2) the sequence (hnTn | P n) is R-tight;

(3) limβ↓0 lim supn→∞ P
n
(
1{x<−1+β} ? ν

yn

Tn > ε
)

= 0 for all ε > 0.

Remark 4.1 If Zn are the generalized density processes of P ′n with respect
to P n and Fn =

∨
tFnt , Theorem 4.1 reduces to equivalence (i)⇔(ii) in Jacod

and Shiryaev [16, Theorem V.2.3], P n and P ′n being interchanged. That the-
orem contains also another equivalent condition (iii) for the contiguity, which
admits such a form that remains valid for nonnegative supermartingales as
well. Namely, both (i) and (ii) in Theorem 4.1 are equivalent to

(iii) (1) limε↓0 lim supn→∞ P
n(Zn

0 < ε) = 0;

(2) limα↓0 lim supn→∞ P
n(ĥn(1− α)Tn > η) = 0 for all η > 0.

(Recall that the processes ĥn(1 − α) coincide with the Hellinger processes
of order 1 − α for P n and P ′n in the setting of subsection 2.1). We do not
prove this result here but only mention that to prove (ii)⇔(iii) one can use
essentially the same arguments as in Jacod and Shiryaev [16, Lemmas V.2.16
and V.2.19].
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Remark 4.2 Consider the “stationary case”: (Ωn,Fn,Fn, P n) = (Ω,F ,F, P ),
Zn = Z, and T n = T . Put S := inf{t : Zt = 0}. Then, with the notation of
subsection 4.1, Theorem 4.1 says that P (ZT = 0) = 0 (or P (T ≥ S) = 0) if
and only if P (Z0 = 0) = 0 and P (hT <∞) = 1 and P (h(1)T > 0) = 0, where
h(1) := 1{x=−1} ? νy coincides with the P -compensator of 1{ZS−>0}1JS,∞K or
1JS,∞K on Γ and is a version of the Hellinger process h(1;P, P ′) = h(0;P ′, P ) if
Z is the generalized density process of a probability measure P ′ with respect
to P , see Corollary A.1. In the latter case this statement coincides with the
criterion for absolute continuity PT ¿ P ′T in the form due to Jacod [11], see
Jacod and Shiryaev [16, Theorem IV.2.1] (where P and P ′ are interchanged).

Moreover, our proof, written in the stationary case, allows us to obtain
much more. The first part of the proof gives

{S > 0, ZS− > 0} ⊆ {hS <∞} P -a.s. (4.7)

(this is similar to the proof of Lemma IV.2.16 in [16]). Taking into account
that a locally square-integrable martingale and its quadratic variation con-
verge a.s. on the set where its quadratic characteristic converges, see e.g.
Liptser and Shiryayev [24, § 2.6], the second part of the proof shows that

P (S > 0, ZS− = 0, hS− <∞) = 0. (4.8)

In the case where Z is the generalized density process, the combination of
(4.7) and (4.8) reduces to Theorem 3 in Schachermayer and Schachinger [30],
where the proof is rather laborious. Results about singularity of PT and P ′T
from Jacod and Shiryaev [16, Chapter IV, § 2a] also follow from (4.7) and
(4.8).

Finally we formulate a general result which is used in the proofs of con-
verse parts in Theorems 3.2 and 3.4–3.6. The most nontrivial part (finite-
dimensional convergence implies functional convergence) is due to Aldous [1]
who proved such an assertion for uniformly integrable sequences of martin-
gales converging to a continuous martingale. In our setting the processes
Zn are only supermartingales, but only minor changes in Aldous’ proof are
needed.

Theorem 4.2 Let Z be a continuous process on a probability space (Ω,F , P )
such that P (Zt > 0) = 1 and EZt = 1 for all t ∈ R+. Assume that

L(Zn | P n)
df (S)−−−→ L(Z | P ), n→∞, (4.9)

where S is a dense subset of R+ containing 0. Then:
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(i) L(Zn | P n)
d−→ L(Z | P ), n→∞.

(ii) Z is a P -martingale with respect to the filtration FZ generated by Z.

(iii) (2.5), (2.6), (2.7), (2.9) and (2.10) hold.

(iv) limn→∞ P n(T n < t) = 0 for any t ∈ R+, where T n := inf{s : Zn
s <

1/n}.

(v) L(m̃n, 〈m̃n, m̃n〉 | P n)
d−→ L(M/2, 〈M,M〉/4 | P ) in D(R2), n → ∞,

where m̃n := (mn)T
n
, M := 1

Z−
· Z is a P -local martingale so that

Z = Z0E(M).

5 Proofs of main results

5.1 Proof of Theorem 4.1

Put Sn := inf{t : Zn
t < 1/n} ∧ T n. Then J0, SnK ⊆ Γn, in particular, the

processes hn, yn, and mn are P n-a.s. uniquely defined on J0, SnK. For β ∈
(0, 1) define increasing processes An = An(β) and Bn = Bn(β) by An :=
1{x<−1+β}1J0,SnK?νy

n
and Bn := 1{x<−1+β}1J0,SnK?µy

n
. Then Bn is a counting

process and An is its P n-compensator. By Lenglart’s inequality, see [24,
Theorem 1.9.3],

P n(Bn
Sn ≥ 1) ≤ ε+ P n(AnSn ≥ ε)

and

P n(AnSn ≥ ε) ≤ 1

ε
En(Bn

Sn ∧ 2) + P n(Bn
Sn ≥ 1) ≤

(
1 +

2

ε

)
P n(Bn

Sn ≥ 1)

for any ε > 0, hence

lim
β↓0

lim sup
n→∞

P n(AnSn > ε) = 0 for any ε > 0

⇐⇒ lim
β↓0

lim sup
n→∞

P n(Bn
Sn ≥ 1) = 0. (5.1)

Assume (i). Then (ii.1) follows from Lemma 4.2. Next, En(Y n
T )2 =

EnZn
T ≤ EnZn

0 ≤ 1 for any finite-valued Fn-stopping time T , hence the
process Y n is of class (D) and Y n + Y n

− · hn is a P n-uniformly integrable
martingale. Therefore, EnY n

− · hn∞ = EnY n
0 − EnY n

∞ ≤ 1 for all n, and the
inequality

P n(hnTn > N) ≤ P n(Y n
− · hn∞ ≥ N1/2) + P n( inf

s≤Tn
Y n
s− ≤ N−1/2)

≤ N−1/2 + P n( inf
s≤Tn

Zn
s ≤ N−1)
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implies (ii.2) due to Lemma 4.2.
Furthermore, {Bn

Sn ≥ 1} = {infs≤Sn ∆yns < −1+β} = {infs≤Sn Zn
s /Z

n
s− <

β2} ⊆ {sups≤Sn Z
n
s > a} ∪ {infs≤Sn Zn

s < aβ2} for any a > 0. In view of
(2.1) and Lemma 4.2 the relation on the right in (5.1) takes place, and we
obtain (ii.3) from the left-hand relation in (5.1) and from the inequality
P n(Sn < T n) ≤ P n(infs≤Tn Zn

s < 1/n)→ 0, n→∞.
Assume now that (ii) holds. Using the inequalities

∑
s≤Sn(∆hns )2 ≤ (hnSn)2

and 〈mn,mn〉Sn ≤ 2hnSn (Lemma 4.1), we obtain from (ii.2) that the se-
quences

(∑
s≤Sn(∆hns )2

∣∣P n
)

and
(
〈mn,mn〉Sn

∣∣P n
)

are R-tight. Moreover, by

Lenglart’s inequality the sequences
(
sups≤Sn |mn

s |
∣∣P n
)

and
(
[mn,mn]Sn

∣∣P n
)

are R-tight, hence
(
sups≤Sn |yns |

∣∣P n
)

and
(∑

s≤Sn(∆yns )2
∣∣P n
)

are R-tight.
On the set {Sn <∞} we have

Zn
Sn = Zn

0 E(yn)2
Sn = Zn

0 exp
(
2ynSn − 〈mn,c,mn,c〉Sn

) ∏

s≤Sn
(1 + ∆yns )2e−2∆yns .

For β ∈ (0, 1) let ηn(β) := 1 on {Sn =∞} and

ηn(β) := Zn
0 exp

(
2ynSn − 〈mn,c,mn,c〉Sn

) ∏

s≤Sn
∆yns≥−1+β

(1 + ∆yns )2e−2∆yns

on {Sn <∞}. Since 0 ≤ x− log (1 + x) ≤ Cβx
2, x ≥ −1 + β, the product in

the definition of ηn(β) is bounded from below by exp
(
−2Cβ

∑
s≤Sn(∆yns )2

)
.

Hence, due to (ii.1) and the above tightness statements

lim
ε↓0

lim sup
n→∞

P n(ηn(β) < ε) = 0 for all β ∈ (0, 1). (5.2)

Evidently, if n > ε−1,

{Zn
Tn < ε} ⊆ {Zn

Sn < ε, Sn <∞} ⊆ {Zn
Sn 6= ηn(β), Sn <∞} ∪ {ηn(β) < ε}

and

{Zn
Sn 6= ηn(β), Sn <∞} ⊆ { inf

s≤Sn
∆yns < −1 + β} = {Bn

Sn ≥ 1}.

(i) follows now from (ii.3), (5.1) and (5.2).

5.2 Proofs of Propositions 2.2–2.4

Proof of Proposition 2.2: Let us first show that in the both cases (2.14)
is valid for a “strict” version h′n := 1Γn · hn of hn.
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We start with case (a). Since

∆h′ns = −
∫

R
x1Γn ν

yn({s} × dx),

we obtain

∆h′ns ≤ δ +

∫

R
|x|1{x<−δ} νy

n

({s}× dx) ≤ δ + δ−1

∫

R
x21{|x|>δ} ν

yn({s}× dx).

Applying this inequality with δ = ε/2, we get

P n
(
sup
s≤t

∆h′ns > ε
)
≤ P n

(
x21{|x|>ε/2} ? ν

yn

t > ε2/4
)
→ 0, n→∞,

due to (2.6∗).
In case (b) we start with the following estimate coming from (4.1):

∆h′n ≤ ∆h′n(2−∆h′n) = (∆〈mn,mn〉+ ∆ιn)1Γn . (5.3)

Next,

∆〈mn,mn〉s ≤
∫

R
x2 νm

n

({s}×dx) ≤ δ2+

∫

R
x21{|x|>δ} ν

mn({s}×dx) on Γn,

hence
sup

s≤t, s∈Γn
∆〈mn,mn〉s ≤ δ2 + x21{|x|>δ} ? ν

mn

t . (5.4)

Combining (5.3) and (5.4) with δ2 = ε/2, we get

P n
(
sup
s≤t

∆h′ns > ε
)
≤ P n

(
x21{x2>ε/2} ? ν

mn

t > ε/4
)

+ P n
(
ιnt > ε/4

)
→ 0,

n→∞, due to (2.6) and (2.7).
Since [h′n, h′n]t ≤

(
sups≤t ∆h′ns

)
h′nt , it follows now from (2.5) that in the

both cases
[h′n, h′n]t

Pn−→ 0, n→∞. (5.5)

Using (5.5), the inequality

(a+ b)21{|a+b|>ε} ≤ 4a21{|a|>ε/2} + 4b21{|b|>ε/2}

and the identity
∆yn = ∆mn −∆hn on Γn,

we then obtain that in case (a) (resp. in case (b)) (2.6) (resp. (2.6∗)) holds
for the “strict” version ν ′m

n
= 1Γn · νmn of νm

n
(resp. for the “strict” version

ν ′y
n

= 1Γn · νyn of νy
n
).
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Now, in the both cases we may assert that the condition (ii.3) in Theorem
4.1 is fulfilled at least for a certain version νy

n
. By Theorem 4.1 and Lemma

4.2 we have (2.11), therefore, (2.6), (2.6∗) and (2.14) are fulfilled for any
version of νm

n
, νy

n
and hn respectively.

Proof of Proposition 2.3: According to subsection 4.2 and Lemma A.2

În(a) := θa((1 + x)2) ? νy
n

+ ιn, k̂n(p) = χp((1 + x)2) ? νy
n

+ ιn,

hn = 〈mn,c,mn,c〉/2 + ϕ1/2((1 + x)2) ? νy
n

+ ιn/2,

ĥn(α)− 4α(1− α)hn = ψα((1 + x)2) ? νy
n

+ (1− α)(1− 2α)ιn,

ĥn(α) + ĥn(1− α)− 8α(1− α)hn = ρα((1 + x)2) ? νy
n

+ (1− 2α)2ιn

P n-a.s. on Γn, where θa(x) := |x−1|1{1/a<x<a}c , χp(x) := |x1/p − 1|p, ϕα(x) :=
α + (1 − α)x − x1−α, ψα(x) := ϕα(x) − 4α(1 − α)ϕ1/2(x), ρα(x) := ψα(x) +
ψ1−α(x), x ∈ R; the same is true for In(a), kn(p) and hn(α) in the setting
of subsection 2.1. For any ε ∈ (0, 1), α ∈ (0, 1), α 6= 1/2, and p > 2 there
are positive constants δ = δ(ε), B = B(ε, δ), C = C(ε, p), K = K(α, ε),
κ = κ(α, ε), and L = L(α,κ) such that

θ1+ε((1 + x)2) ≤ Bx21{|x|>δ}, x21{|x|>ε} ≤ θ1+2ε((1 + x)2), x ≥ −1,

χp(x) ≤ 2

(
2ε

1− ε

)p−2

ϕ1/2(x) + θ 1+ε
1−ε

(x), θ1+ε(x) ≤ Cχp(x), x ∈ R+,

see the proof of Theorem 4.1 in Dzhaparidze and Valkeila [5],

θ1+ε(x) ≤ Kρα(x), |ψα(x)| ≤ εϕ1/2(x) + Lθ1+κ(x), x ∈ R+,

see the proof of Theorems X.1.64 and X.1.65 in Jacod and Shiryaev [16].
The statement follows easily from the above facts, Proposition 2.1, and The-
orem 4.1.

Proof of Proposition 2.4: Let us first show that

1Γn1{|x|>ε} ? ν
yn

t
Pn−→ 0, n→∞, for all ε > 0, (5.6)

is equivalent to

sup
s≤t, s∈Γn

|∆yns |
Pn−→ 0, n→∞. (5.7)

We cannot formally apply standard results such as [16, Lemma VI.4.22] or
[24, Lemma 5.5.1] because yn are defined only on the predictable intervals
Γn and cannot be extended, in general, to càdlàg processes on R+.
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Let Rn := inf{s : s ∈ Γn, |∆yns | > ε}. Then (µy
n

is the jump measure of
yn on Γn)

Bn := 1Γn∩J0,RnK1{|x|>ε} ? µ
yn

is a bounded (by 1) increasing process with the P n-compensator

An := 1Γn∩J0,RnK1{|x|>ε} ? ν
yn .

Applying the above mentioned results, we get

Bn
t

Pn−→ 0 ⇐⇒ Ant
Pn−→ 0 (n→∞). (5.8)

Now {sups≤t, s∈Γn |∆yns | > ε} = {Bn
t = 1}, and the implication (5.6)⇒(5.7)

follows from (5.8). Conversely,

P n
(
1Γn1{|x|>ε} ? ν

yn

t > δ
)
≤ P n(Rn < t) + P n(Ant > δ),

and (5.7) implies P n(Rn < t) → 0 and Bn
t

Pn−→ 0. n → ∞. The implication
(5.7)⇒(5.6) follows from (5.8).

(a): Due to the above arguments we have (5.7), which implies

sup
s≤t, s∈Γn

|∆Zn
s |

Pn−→ 0, n→∞,

due to (2.17) and (2.1). It remains to note that (∆Zn)1(Γn)c = 0 P n-a.s.
(b): Assume (4.3), (4.4) and

sup
s≤t
|∆Zn

s |
Pn−→ 0, n→∞. (5.9)

By Lemma 4.2 we have (2.12), which allows us to deduce (5.7) from (5.9)
and (2.17). Therefore we have (5.6) and even (2.18). Since νy

n
charges only

the set R+ ×
(
[−1, 0) ∪ (0,∞)

)
, (2.18) implies, in particular,

x21{x<−ε} ? ν
yn

t
Pn−→ 0, n→∞, for all ε > 0. (5.10)

Now we want to show that

lim
N↑∞

lim sup
n→∞

P n
(
x21{x>N} ? ν

yn

t > ε
)

= 0 for all ε > 0. (5.11)

In the setting of subsection 2.1 the contiguity criterion [16, Theorem V.2.3]
for (P ′nt )¢ (P n

t ) and the representation (A.5) for the process i
(
1[0,β];P

n, P ′n
)

give (5.11) with P ′n instead of P n, and (5.11) follows from (P n
t ) ¢ (P ′nt ). In

the general case we need a separate proof.
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If Sn are Fn-stopping times and Sn ≤ t then

0 ≤ EnZn
Sn1C − EnZn

t 1C ≤ EnZn
Sn − EnZn

t

for C ∈ FnSn by the optional sampling theorem. Hence,

EnZn
Sn1{ZnSn>N} ≤ EnZn

t 1{ZnSn>N} + (1− EnZn
t )

≤ EnZn
t 1{Znt >M} +M/N + 1− EnZn

t . (5.12)

Given δ ∈ (0, 1), take N > δ−1 and define Sn = Sn(N, δ) by Sn :=
inf{s : Zn

s < δ or Zn
s > N} ∧ t. Define also An := x21{x>N} ? νy

n
. The

stopped process (An)S
n

is the P n-compensator of x21{x>N}1J0,SnK ? µy
n

and
hence is majorized by the P n-compensator of

Bn := (x+ 1)21{x>N}1J0,SnK ? µ
yn =

∑

s≤Sn∧·

Zn
s

Zn
s−

1{Zns /Zns−>(N+1)2}

=
Zn
Sn

Zn
Sn−

1{ZnSn/ZnSn−>(N+1)2}1JSn,∞K,

where the last equality comes from the definition of Sn and the inequality
Nδ > 1. Now we obtain

P n(Ant > ε) ≤ P n(Sn < t) + P n(AnSn > ε)

≤ P n
(

sup
s≤t

Zn
s > N

)
+ P n

(
inf
s≤t

Zn
s < δ

)
+

1

ε
EnBn

Sn

≤ P n
(

sup
s≤t

Zn
s > N

)
+ P n

(
inf
t≤Tn

Zn
t < δ

)
+

1

εδ
EnZn

Sn1{ZnSn>N}.

Replacing the last term by its estimate from (5.12) and taking lim supn→∞,
lim supN↑∞, lim supM↑∞, and finally lim supδ↓0, we obtain (5.11) from (4.4),
(2.1) and (2.12).

Concluding the proof, we have

P n
(
x21{x>ε} ? ν

yn

t > δ
)

≤ P n
(
x21{ε<x≤N} ? ν

yn

t > δ/2
)

+ P n
(
x21{x>N} ? ν

yn

t > δ/2
)

≤ P n
(
1{x>ε} ? ν

yn

t > δ/(2N 2)
)

+ P n
(
x21{x>N} ? ν

yn

t > δ/2
)
,

and we obtain from (2.18) and (5.11) that

lim
n→∞

P n
(
x21{x>ε} ? ν

yn

t > δ
)

= 0 for all δ > 0.

This and (5.10) give (2.6∗).
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5.3 Proofs of Theorems 2.1 and 2.2

Proof of Theorem 2.1: The first statement (2.8), or (4.3) in the general
case, was established during the proof of Proposition 2.2 (b) with the help
of Theorem 4.1. It follows from (2.5) and (2.14) that

[hn, hn]t
Pn−→ 0, n→∞, (5.13)

and we obtain the second statement (2.9) from Lemma 4.1, (5.13) and (2.7).
On the set Γn

Zn = Zn
0 E(yn)2 = Zn

0 exp(2yn − 〈yn,c, yn,c〉)
∏

s≤·
(1 + ∆yns )2e−2∆yns ,

hence on the set {Zn > 0} ⊆ Γn

logZn = logZn
0 + 2mn − 2hn − 〈yn,c, yn,c〉+ 2

∑

s≤·

{
log(1 + ∆yns )−∆yns

}

= logZn
0 + 2mn − 2hn − [yn, yn] + 2

∑

s≤·
ψ(∆yns ),

where ψ(x) = log(1 + x)− x+ x2/2, x > −1.
Put T n := inf{s : Zn

s < 1/n} ∧ t. Then

P n
{

sup
s≤t
| logZn

s − logZn
0 − 2mn

s + 2〈mn,mn〉s| > ε
}

≤ P n(Zn
Tn ≤ 1/n) + P n

(
sup
s≤Tn
|2hns − 〈mn,mn〉s| > ε/3

)

+ P n
(

sup
s≤Tn

∣∣[yn, yn]s − 〈mn,mn〉s
∣∣ > ε/3

)
+ P n

(∑

s≤Tn
|ψ(∆yns )| > ε/6

)
.

Since limn→∞ P n(Zn
Tn ≤ 1/n) = 0 by (2.12) and we have proved (2.9), it

is enough to show that

sup
s≤Tn

∣∣[yn, yn]s − 〈mn,mn〉s
∣∣ Pn−→ 0, n→∞, (5.14)

and ∑

s≤Tn
|ψ(∆yns )| Pn−→ 0, n→∞. (5.15)

The sequence
(
〈mn,mn〉Tn

∣∣P n) is R-tight in view of Lemma 4.1 and (2.5).
This property combined with the Lindeberg condition (2.6) implies

sup
s≤Tn

∣∣[mn,mn]s − 〈mn,mn〉s
∣∣ Pn−→ 0, n→∞, (5.16)
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see e.g. the proof of Lemma V.5.5 in Liptser and Shiryayev [24]. In particular,
the sequence

(
[mn,mn]Tn

∣∣P n
)

is R-tight. Since

∣∣[yn, yn]−[mn,mn]
∣∣ =

∣∣[hn, hn]−2[mn, hn]
∣∣ ≤ [hn, hn]+2[mn,mn]1/2[hn, hn]1/2

on the interval J0, T nK, (5.14) follows from (5.16) and (5.13).

Put ρ(δ) = sup0<|x|≤δ
ψ(x)
x3 , then limδ↓0 ρ(δ) = 1

3
. We have

P n
(∑

s≤Tn
|ψ(∆yns )| > ε

)
≤ P n

(
sup
s≤Tn
|∆yns | > δ

)
+ P n

(
[yn, yn]Tn >

ε

δρ(δ)

)
.

(5.17)
It follows easily from (2.6∗), which holds by Proposition 2.2, that

lim
n→∞

P n
(

sup
s≤Tn
|∆yns | > δ

)
= 0 for all δ > 0, (5.18)

see e.g. the proof of Proposition 2.4. On the other hand, the sequence(
[yn, yn]Tn

∣∣P n
)

is R-tight in view of (5.14), and (5.15) follows from (5.17)
and (5.18).

Proof of Theorem 2.2 repeats the proof of Theorem 2.1 with obvious
changes.

5.4 Proof of Theorem 4.2

We start with simple consequences of the assumptions. Since P (Zt > 0) = 1,
we have (4.3) for t ∈ S. Hence

lim
ε↓0

lim sup
n→∞

P n(inf
s≤t

Zn
s < ε) = 0 for every t ∈ R+ (5.19)

by Lemma 4.2, in particular, we have (iv).
By Fatou’s lemma 1 = EZt ≤ lim infn→∞EnZn

t ≤ 1, t ∈ S. Hence the
sequence (Zn

t | P n)n≥1 is uniformly integrable and we have (4.4) for t ∈ S.
Fix L > 0 and let Tn(L) be the set of all Fn-stopping times T such that
T ≤ L. Applying inequality (5.12) from the proof of Proposition 2.4 for
Sn = T and t ∈ S, t ≥ L, we get

lim
N↑∞

lim sup
n→∞

sup
T∈Tn(L)

EnZn
T1{ZnT>N} = 0. (5.20)

This implies
lim
N↑∞

sup
t≤L, t∈S

EZt1{Zt>N} = 0
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and hence the uniform integrability of (Zt | P )t∈[0,L] due to continuity of Z.
In particular, Z is continuous in L1(P ).

Our next step is to show that L(Zn | P n)
df (R+)−−−−→ L(Z | P ). Let 0 ≤ s <

t < u. Then Zn
t − Zn

s = {En(Zn
u − Zn

s | Fnt )} + {Zn
t − En(Zn

u | Fnt )}. Since
the second term on the right is nonnegative, we have

En|Zn
t − Zn

s | ≤ En|Zn
u − Zn

s |+ EnZn
t − EnZn

u .

If s, u ∈ S, then using finite-dimensional convergence of Zn along S we get

lim sup
n→∞

En|Zn
t − Zn

s | ≤ E|Zu − Zs|. (5.21)

Let now 0 = t0 < t1 < · · · < tp. Choose si, ui ∈ S such that 0 < si < ti <
ui, i = 1, . . . , p. Take a uniformly continuous bounded real-valued function f
on Rp+1. Given ε > 0, let δ > 0 be such that |f(x)−f(y)| < ε if ‖x−y‖ ≤ δ,
where ‖ · ‖ is the Euclidean norm in Rp+1. Then, with K = supx |f(x)|,

En|f(Zn
t0
, Zn

t1
, . . . , Zn

tp)− f(Zn
t0
, Zn

s1
, . . . , Zn

sp)|
≤ ε+ 2KP n

(∥∥(Zn
t0
, Zn

t1
, . . . , Zn

tp)− (Zn
t0
, Zn

s1
, . . . , Zn

sp)
∥∥ > δ

)

≤ ε+ 2K

p∑

i=1

P n
(
|Zn

ti
− Zn

si
| > δp−1/2

)
≤ ε+ 2Kδ−1p1/2

p∑

i=1

En|Zn
ti
− Zn

si
|.

Using (5.21) and finite-dimensional convergence of Zn along S, we obtain

lim sup
n→∞

|Enf(Zn
t0
, Zn

t1
, . . . , Zn

tp)− Ef(Zt0 , Zt1 , . . . , Ztp)|

≤ lim sup
n→∞

En|f(Zn
t0
, Zn

t1
, . . . , Zn

tp)− f(Zn
t0
, Zn

s1
, . . . , Zn

sp)|

+ lim sup
n→∞

|Enf(Zn
t0
, Zn

s1
, . . . , Zn

sp)− Ef(Zt0 , Zs1 , . . . , Zsp)|

+ E|f(Zt0 , Zs1 , . . . , Zsp)− Ef(Zt0 , Zt1 , . . . , Ztp)|

≤ ε+ 2Kδ−1p1/2

p∑

i=1

E|Zui − Zsi |

+ E|f(Zt0 , Zs1 , . . . , Zsp)− Ef(Zt0 , Zt1 , . . . , Ztp)|.

Due to continuity Z in L1 we can choose the points si, ui ∈ S close enough
to ti so that the expression on the right in the last inequality is less than 2ε.
Since ε > 0 is arbitrary, we get L(Zn

t0
, Zn

t1
, . . . , Zn

tp | P n)⇒ L(Zt0 , Zt1 , . . . , Ztp |
P ).

The next step is to show that the finite-dimensional convergence L(Zn |
P n)

df (R+)−−−−→ L(Z | P ) implies the weak convergence L(Zn | P n)
d−→ L(Z | P )
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in the Skorokhod space. This is very close to Proposition 1.2 in Aldous [1]
but, unlike that proposition, Zn are only supermartingales and not martin-
gales in general. Nevertheless, it is possible to adapt Aldous’ proof.

Recall that, given a cádlág process X on a probability space (Ω,F , P ),
the quantities ΓX(L, ε, δ) and φX(L, ε), L > 0, 0 < ε < 1/2, 0 < δ ≤ 1, are
defined in Aldous [1, p. 589 and 590] as follows. ΓX(L, ε, δ) is the supremum
of Γ ≥ 0 such that: for each stopping time T for X satisfying P (T ≤ L) ≥ ε
we have

P (XT+δ′ −XT ≤ ε | T ≤ L) ≥ Γ, all 0 < δ′ ≤ δ, and

P (XT+δ′ −XT ≥ −ε | T ≤ L) ≥ Γ, all 0 < δ′ ≤ δ;

φX(L, ε) is the infimum of φ ≥ 1 such that, for all stopping times 0 ≤ T1 ≤
T2 ≤ L,

E|XT2 −XT1 |1{|XT2
−XT1

|≥φ} ≤ ε.

The same proof as in Lemma 2.3 in Aldous [1] shows that in our setting

ΓZn(L, ε, 1) ≥ ε2 − 2(1− EnZn
L+1)

4φZn(L+ 1, ε2/2)
. (5.22)

It follows from (5.20) that

lim sup
n→∞

φZn(L, ε) <∞. (5.23)

By (5.22) and (5.23)

lim inf
n→∞

ΓZn(L, ε, 1) > 0 for every L > 0 and 0 < ε < 1/2,

and we are in a position to apply Proposition 2.2 in Aldous [1] to obtain the

convergence L(Zn | P n)
d−→ L(Z | P ).

It is easy to check that under the uniform integrability the weak limit of
supermartingales is a supermartingale with respect to the filtration that the
limiting process generates; since EZt ≡ 1, Z is a martingale.

It follows from (5.19) and Theorem 4.1 that the sequence (hnt | P n) is R-
tight for any t ∈ R+. Since Zn +Zn

− · ιn is a nonnegative P n-local martingale
and hence a supermartingale, we have EnZn

− ·ιnt ≤ EnZn
0 −EnZn

t → 0 for any

t ∈ R+, and it follows easily from (5.19) that ιnt
Pn−→ 0, n→∞. Proposition

2.4 (b) implies (2.6∗), and (2.6) follows from Proposition 2.2. Thus, we are
in a position to apply Theorem 2.1 to get (2.9) and (2.10).
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It follows from (2.6) that sups≤t |∆m̃n
s |

Pn−→ 0, n → ∞, cf. the proof of
Proposition 2.4. As in the proof of Theorem 2.1, the sequence

(
〈m̃n, m̃n〉t

∣∣P n)
is R-tight and

sup
s≤t

∣∣[m̃n, m̃n]s − 〈m̃n, m̃n〉s
∣∣ Pn−→ 0, n→∞, t ∈ R+. (5.24)

Put Un := m̃n − [m̃n, m̃n]. Since logZ = logZ0 +M − 1
2
〈M,M〉 by Itô’s

formula, it follows from (i), (iv), (2.10), and (5.24) that

L(Un | P n)
d−→ L(M/2− 〈M,M〉/4 | P ), n→∞. (5.25)

Take the truncation function h(x) := x1{|x|≤2}. Since ∆Un1{|∆Un|>2} =
∆m̃n(1 − ∆m̃n)1{∆emn /∈[−1,2]}, the first characteristics Bn(h) of Un is given
by

Bn(h) = −〈m̃n, m̃n〉 − x(1− x)1{x/∈[−1,2]}1J0,TnK ? ν
mn ,

and it is clear that the sequence

(
Var (Bn(h))t | P n

)
is R-tight, t ∈ R+. (5.26)

By Theorem VI.6.26 in Jacod and Shiryaev [16] we have

L(Un, [Un, Un] | P n)

d−→ L(M/2− 〈M,M〉/4, 〈M,M〉/4 | P ) in D(R2), n→∞. (5.27)

Note that Var
{

[Un, Un]− [m̃n, m̃n]
}
t
≤∑s≤t(∆m̃

n
s )4 +2

∑
s≤t |∆m̃n

s |3
Pn−→ 0,

n → ∞. Thus, we obtain from (5.24), (5.27), and the continuity of the
limiting processes that

L(m̃n, 〈m̃n, m̃n〉 | P n)
d−→ L(M/2, 〈M,M〉/4 | P ) in D(R2), n→∞.

5.5 Proofs of Theorems 3.1–3.6

Proof of Theorem 3.1: The hypotheses imply that the assumptions of
Theorem 2.1 are satisfied for all t such that [t,∞) ∩ S 6= ∅. Then (2.8), or
(4.3) in the setting of subsection 4.2, holds for all t such that [t,∞)∩ S 6= ∅,
and we have (2.9) and (2.10) for all t ∈ S. Furthermore,

lim
n→∞

P n(T n < t) = 0 for all t ∈ S, (5.28)

where T n := inf{s : Zn
s < 1/n}.
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Let us stop mn at T n: m̃n := (mn)T
n
. Then m̃n is a P n-locally square-

integrable martingale, we have

〈m̃n, m̃n〉t Pn−→ Ct/4, t ∈ S, (5.29)

use (3.1), (2.9) and (5.28), and the Lindeberg condition for m̃n is satisfied due
to (2.6). Thus, all the assumptions of the central limit theorem for locally
square-integrable martingales are satisfied, see e.g. Liptser and Shiryayev [24,
Theorem 5.5.4], and

L(m̃n | P n)
df (S)−−−→ L(M/2 | P ), n→∞. (5.30)

Now (3.3) follows from (2.10), (5.28), (5.29) and (5.30). Since EZt = 1
and EnZn

t ≤ 1, (4.4) follows for t ∈ S; the same assertion for t satisfying
[t,∞) ∩ S 6= ∅ follows from inequality (5.12) (in the setting of subsection
2.1 one can apply Le Cam’s first lemma, see e.g. Jacod and Shiryaev [16,
Corollary V.1.12]).

To prove (3.4) it is sufficient to take S = {t1, . . . , tp}, 0 < t1 < · · · < tp.
Define a measure P ′ on (Ω,F) by dP ′ = Ztp dP . Then we obtain from (3.3)
and Le Cam’s third lemma, see e.g. Jacod and Shiryaev [16, Lemma V.1.13],
that

L(Zn | P ′n)
df (S)−−−→ L(Z | P ′), n→∞.

By Girsanov’s theorem, under P ′, (Mt − Ct)t≤tp is a Gaussian martingale
with the quadratic characteristic Ct, hence L((Zt)t∈S | P ′) = L((Z ′t)t∈S | P ),
and the claim follows.

Proof of Theorem 3.2: To prove (3.5) we follow the same lines as in the
proof of (3.3) in Theorem 3.1 with the only difference that now we use the
functional limit theorem, see e.g. Jacod and Shiryaev [16, Theorem VIII.3.22]
or Liptser and Shiryayev [24, Theorem 7.1.4], thus getting

L(m̃n | P n)
d−→ L(M/2 | P ), n→∞,

instead of (5.30). The statement follows also from Theorems 3.1 and 4.2.
If (3.6) holds then we are in a position to apply Theorem 4.2 to obtain

all the assertions except (3.7); in particular,

hnt
Pn−→ 1

8
Ct, n→∞,

in view of part (v) of Theorem 4.2 and (2.9).
The last statement (3.7) follows from (3.4) and from the tightness of

L(Zn | P ′n) in D([0,∞]), see Jacod and Shiryaev [16, Theorem X.3.1].
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Proof of Theorem 3.3: The argument follows almost exactly that of
Theorem 3.1. Here we use Theorem 5.5.5 in Liptser and Shiryayev [24]
(instead of Theorem 5.5.4) to obtain

L(m̃n | P )
df (S)−−−→ L(M/2 | P), n→∞ (G-stably).

This relation and known properties of the stable convergence, see e.g. Al-
dous and Eagleson [2], Jacod and Shiryaev [16, Proposition VIII.5.33], imply
(3.10).

Let us also prove the assertion stated in Remark 3.3: if (ξn) is a sequence
of random vectors converging in P -probability to ξ and ξn are Fntp-measurable
for all n, then L(ξn, Zn

t1
, . . . , Zn

tp | P ′n)⇒ L(ξ, Z ′t1 , . . . , Z
′
tp | P). Indeed, let f

and g be arbitrary bounded continuous functions defined on the correspond-
ing Euclidean spaces. Then

E ′n{f(ξn)g(Zn
t1
, . . . , Zn

tp)} = E{Zn
tpf(ξn)g(Zn

t1
, . . . , Zn

tp)}
+ E ′n{f(ξn)g(Zn

t1
, . . . , Zn

tp)1{Zntp=∞}}. (5.31)

Since (P ′ntp ) ¢ (P n
tp), the sequence (Zn

tp | P ) is uniformly integrable and
limn P

′n(Zn
tp = ∞) = 0. Therefore, in (5.31) the second term on the right

vanishes and we can pass to the limit under the expectation sign in the first
term due to (3.10). Thus, we obtain

lim
n
E ′n{f(ξn)g(Zn

t1
, . . . , Zn

tp)} = E{Ztpf(ξ)g(Zt1 , . . . , Ztp)}
= E′{f(ξ)g(Zt1 , . . . , Ztp)}

=

∫
f(ξ(ω))

{∫
g(Zt1(ω, α), . . . , Ztp(ω, α))Q′(ω, dα)

}
P (dω)

=

∫
f(ξ(ω))

{∫
g(Z ′t1(ω, α), . . . , Z ′tp(ω, α))Q(ω, dα)

}
P (dω)

= E{f(ξ)g(Z ′t1 , . . . , Z
′
tp)}.

Proof of Theorem 3.4: The first part of the proof repeats that of The-
orem 3.2 including the reference to Theorem 7.1.4 in Liptser and Shiryayev
[24], which gives

L(m̃n | P )
d−→ L(X/2 | P), n→∞ (G-stably). (5.32)

Since C is a continuous process, the convergence (3.12) implies

sup
s≤t

∣∣∣hns −
1

8
Cs

∣∣∣ P−→ 0, n→∞, for all t ∈ R+. (5.33)
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The relations (5.32) and (5.33), together with properties of the stable con-
vergence and our previous elaborations, give (3.13).

There is again an alternative proof of this part of the theorem based on
Theorem 4.2. Indeed, by Theorem 3.3 we have (3.10), hence

L(Zn | P )
d−→ L(Z | P), n→∞,

by Theorem 4.2, and (3.13) follows from Remark 3.2.
To prove the converse part of the theorem including (3.15) we use the

same arguments as in the proof of Theorem 3.2; here are some additional
necessary explanations. If (3.14) holds, we apply Theorem 4.2 and obtain all
its statements; in particular, (i) combined with Remark 3.2 yields (3.13). It
remains to show that the convergence in (v) is also G-stable, i.e.

L(m̃n, 〈m̃n, m̃n〉 | P )
d−→ L(X/2, C/4 | P), n→∞ (G-stably). (5.34)

Indeed, since C is continuous and the variables Ct are G-measurable, it follows
from (5.34) that

〈m̃n, m̃n〉t P−→ Ct/4, n→∞, for all t ∈ R+.

and (2.9) implies

hnt
P−→ Ct/8, n→∞, for all t ∈ R+.

Reproducing the proof of Theorem 4.2, we see that the convergence in
(5.25) is G-stable, i.e.

L(Un | P )
d−→ L(X/2− C/4 | P), n→∞ (G-stably). (5.35)

Therefore, L(Un | P̃ )
d−→ L(X/2 − C/4 | P̃) for any P̃ ∈ P(G), cf. Remark

3.2. Furthermore, in view of (5.35) and (5.26) (with P instead of P n), the
sequence (Un | P ) is predictably uniformly tight (P-UT), see Jakubowski
et al. [17, Lemma 3.1] (where the abbreviation UT was used) or Jacod and
Shiryaev [16, Theorem VI.6.21]. Evidently, P-UT is preserved under a change

of measure with a bounded density, hence it holds under P̃ as well. Thus,
the assumptions of Theorem VI.6.26 in Jacod and Shiryaev [16] are satisfied

for Un under P̃ , which yields L(Un, [Un, Un] | P̃ )
d−→ L(X/2−C/4, C/4 | P̃)

in D(R2). According to Remark 3.2,

L(Un, [Un, Un] | P )
d−→ L(X/2− C/4, C/4 | P), n→∞ (G-stably),

(5.36)
which implies (5.34) following the lines in the proof of Theorem 4.2.
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Remark 5.1 To apply Theorem VI.6.26 in Jacod and Shiryaev [16] for U n

under P̃ it is not sufficient to check (5.26) with P n ≡ P̃ : the triplet of
predictable characteristics of a semimartingale depends on a measure and
Bn(h) may not be the first characteristic of Un under P̃ . Such a wrong
argument was used by Mordecki in the proof of Theorem 1 in [27]. Our way
of arguing shows that his result is nevertheless true.

Proof of Lemma 3.1: Repeating the arguments in the proof of Lemma
X.1.58 in Jacod and Shiryaev [16], we show that Z = E(2M) is a P -martingale.

Then there is a probability measure P ′ on (Ω,F ,F) such that P ′
loc∼ P and

Z is the density process of P ′ with respect to P , see e.g. Cherny [3]. By
Girsanov’s theorem M ′ is a continuous local martingale under P ′ with the
quadratic characteristic C. It remains to show the unicity of P ′.

Let P̃ ′ be a probability measure such that M ′ is a continuous local mar-
tingale with M ′

0 = 1 and 〈M ′,M ′〉 = C under P̃ ′. As above one obtains

that Z ′ := E(−2M ′) is a P̃ ′-martingale, that there is a probability measure

P̃ such that P̃
loc∼ P̃ ′ and Z ′ is the density process of P̃ with respect to P̃ ′,

and that M = M ′ + 2C is a continuous local martingale under P̃ with the
quadratic characteristic C. Thus, P̃ = P , which implies P̃ ′ = P ′.

Proof of Theorem 3.5: We start with the first part of the theorem. It
follows from (3.16) and M c) that limn P

n(hnt >
1
2
Ft + 1) = 0, hence (2.5) is

satisfied for all t ∈ R+. Thus, we are in a position to apply Theorem 2.1 to
get (4.3), (2.9) and (2.10) for all t ∈ R+. In particular,

lim
n→∞

P n(T n < t) = 0 for all t ∈ R+. (5.37)

Because of (3.16), (2.9) and (5.37), we have

〈m̃n, m̃n〉t − Ct ◦ m̃n Pn−→ 0, n→∞. (5.38)

This allows us to apply Theorem IX.3.27 in Jacod and Shiryaev [16] to obtain

L(m̃n | P n)
d−→ L(M | P ). (5.39)

It remains to note that the hypotheses M b) and M d) imply the continuity
of α Ã C(α) in the Skorokhod topology, and we obtain (3.17) from (2.10),
(5.37)–(5.39), and from the continuity of the limiting processes.

Let us prove the converse part. Assume that (3.18) holds. Taking into
account that Z = e2M−2C is a positive P -martingale by Lemma 3.1, we can
apply Theorem 4.2 obtaining immediately all the statements except (3.16)
and (3.19). Next, (v) says that

L(m̃n, 〈m̃n, m̃n〉 | P n)
d−→ L(M, 〈M,M〉 | P ) in D(R2), n→∞.
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Moreover, 〈M,M〉 = C, and using M d) we obtain

〈m̃n, m̃n〉t − Ct ◦ m̃n Pn−→ 0, n→∞, for all t ∈ R+,

which implies (3.16) due to (2.9).
To prove (3.19) it is enough to note that the sequence (Zn | P ′n) is tight

in D([0,∞]) by Theorem X.3.1 in Jacod and Shiryaev [16], and the finite-

dimensional convergence L(Zn | P ′n)
df (R+)−→ L(e2M−2C | P ′) follows from Le

Cam’s third lemma and from Lemma 3.1.

Proof of Theorem 3.6: As in the beginning of the proof of Theorem
3.5 we apply Theorem 2.1 to get (4.3), (2.9), (2.10), and

lim
n→∞

P n(T n < t) = 0 for all t ∈ R+, (5.40)

where T n := inf{s : Zn
s < 1/n}.

Put m̃n := (mn)T
n
, Xn := 2m̃n − 2〈m̃n, m̃n〉, C̃n := 〈m̃n, m̃n〉. It is easy

to obtain from the Lindeberg condition (2.6) that

sup
s≤t
|∆m̃n

s |
Pn−→ 0 and sup

s≤t
|∆C̃n

s |
Pn−→ 0, n→∞, for all t ∈ R+.

(5.41)
Because of (3.20), (2.9) and (5.40), we have

C̃n
t −

1

4
Ct ◦ log(Zn ∨ 1

n
)

Pn−→ 0; (5.42)

moreover, due to X c),

sup
s≤t

∣∣∣C̃n
s −

1

4
Cs ◦ log(Zn ∨ 1

n
)
∣∣∣ Pn−→ 0, n→∞, for all t ∈ R+, (5.43)

see e.g. Jacod and Shiryaev [16, Lemma IX.3.4].

Using the strong majoration hypothesis X c) again, the sequence (C̃n |
P n) is C-tight, use e.g. [16, Lemma IX.3.3]. Since m̃n is a P n-locally square

integrable martingale and C̃n is its quadratic characteristic, the sequence
(m̃n | P n) is D-tight, use Theorem VI.4.13 in [16], and hence is C-tight
because of (5.41).

Thus, the sequence (Xn | P n) is C-tight. Since sups≤t
∣∣log(Zn

s ∨ 1
n
) −

Xn
s

∣∣ Pn−→ 0 due to (2.10) and (5.40), we deduce from the continuity property
X d) that one can replace Zn ∨ 1

n
by Xn in (5.42). The argument used to

prove (5.43) allows us to obtain

sup
s≤t

∣∣∣C̃n
s −

1

4
Cs ◦Xn

∣∣∣ Pn−→ 0, n→∞, for all t ∈ R+.
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Now it is easy to check, using (5.41), that all the assumptions of Theorem
IX.3.27 in Jacod and Shiryaev [16] are satisfied for the sequence (Xn | P n),

and we conclude that L(Xn | P n)
d−→ L(X | P ), which implies (3.21) due to

(2.10) and (5.40).
To prove the converse part of the theorem we use Theorem 4.2. In par-

ticular, we have, cf. (v) or (5.27),

L(Xn, 〈m̃n, m̃n〉 | P n)
d−→ L(X,C/4 | P ) in D(R2), n→∞.

In view of X d) we get

〈m̃n, m̃n〉t −
1

4
Ct ◦Xn Pn−→ 0. (5.44)

Since the assumptions of Theorem 2.1 are satisfied for all t ∈ R+, we deduce
(3.20) from (5.44) using the arguments from the first part of the proof.

The proof of (3.22) is similar to the proof of the corresponding statement
in Theorem 3.5.

6 Counter-examples

Example 6.1 (cf. Theorem 2.1) Let B be a standard Brownian motion
in R3 with B0 = (1, 0, 0) on some probability space (Ω,F , P ) with respect
to the natural filtration F. It is well known that Zt = 1/‖Bt‖, where ‖ · ‖ is
standard Euclidean norm in R3, is a positive continuous local martingale and
the function t Ã EZt is strictly decreasing, see e.g. Protter [29], so Z is a
supermartingale and not a martingale. Put (Ωn,Fn,Fn, P n) := (Ω,F ,F, P )
and define P ′n by dP ′n = ZTn dP , where Tn = inf{t : Zt > n}. Since ZTn is
a bounded martingale with expectation 1, P ′n is a probability measure and
P ′n ∼ P . The density process of P ′n with respect to P is Zn := ZTn . It
is clear that P ′n0 = P0 for all n, for all t (2.6) and (2.7) hold and we have
(2.12), which implies (2.8) and hence (2.5) by Proposition 2.1. So all the
assumptions of Theorem 2.1 are satisfied. But we do not have the contiguity
(P ′nt ) ¢ (P n

t ) for any t > 0. Indeed, limn P (Tn < t) = 0, hence Zn
t → Zt

a.s. and EZt < 1, which contradicts the contiguity because of Le Cam’s first
lemma [16, Corollary V.1.12].

Example 6.2 (cf. Propositions 2.1 and 2.2) Let Ω = {0, 1}, F = 2Ω,
Ft = {∅,Ω} if t < 1 and Ft = F if t ≥ 1, P n({0}) = 1, P ′n({0}) = n−1. Then
P n
t = P ′nt for t < 1 and P n

t ¿ P ′nt for t ≥ 1, hnt = −ynt = (1−n−1/2)1{t≥1} and
mn
t ≡ 0 P n-a.s. Therefore, (2.4)–(2.6) hold for all t ∈ R+ but, evidently, if
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t ≥ 1, the variational distance ‖P n
t − P ′nt ‖ = 2(1− n−1)→ 2, n→∞, hence

the sequence (P n
t ) is not contiguous with respect to (P ′nt ). In particular,

(2.13), (2.6∗), and (2.14) do not hold.

Example 6.3 (cf. Proposition 2.4 (b)) Let (Ωn,Fn,Fn) = (D(R),D(R),
D(R)) be the Skorokhod space with the canonical process X. Assume that
X is a Poisson process with intensity n−1 (resp. 1 + n−1) under P n (resp.

P ′n). Then P ′n
loc∼ P n and the density process Zn of P ′n with respect to

P n is Zn
t = e−t(1 + n)Xt . Evidently, sups≤t |∆Zn

s |
Pn−→ 0 for all t ∈ R+

and we have (2.12) and hence the contiguity (P n
t ) ¢ (P ′nt ). But (2.6∗) is not

satisfied for t > 0. Indeed, yn = (
√

1 + n − 1)Xt − t/2, hence νy
n
(dt, dx) =

1
n
δ√1+n−1(dx) dt (where δa is the Dirac measure at a) and x21{|x|>ε} ? ν

yn

t =

n−1(
√

1 + n− 1)2t→ t.

Example 6.4 (cf. Theorems 2.1 and 2.2) This example is well known in
the statistical literature, see e.g. Le Cam [21, p. 470]. Let (Ωn,Fn) = (Ω,F)

be the product space
∞∏
k=1

(R,B(R)), P n = µ× · · · × µ× · · · , P ′n = µn× · · · ×
µn × · · · , where µ is the uniform distribution on [0, 1] and µn is the uniform
distribution on [0, (1− n−1)−2]. Let Fnt be the σ-field generated by the first
[nt] coordinates (here [·] is the integer part of a number). Then (P n-a.s.)
Zn
t = (1−n−1)2[nt], ynt = −n−1[nt], hnt = −ynt , mn

t = 0, ιnt = (2n−1−n−2)[nt].
It is clear that conditions (2.4), (2.5), and (2.6∗) are satisfied, but (2.7) does
not hold. The limiting behaviour of hn and Zn is described by Theorem 2.2,
and (2.9) and (2.10) are not true.

Example 6.5 (cf. Theorems 3.3 and 3.4) Let (Ω,F) = (D(R),D(R)) be
the Skorokhod space with the canonical process X. Assume that P is the
Dirac measure at α0(t) = 0 and P ′n is the Dirac measure at αn(t) = 1{t≥n2}.
Define the filtration Fn = (Fnt )t≥0 as Fnt = Dnt, where D(R) = (Dt)t≥0 is the
canonical filtration on (Ω,F) generated by X. Then the nesting condition
N is satisfied with sn = n−1/2, G = D(R). Then P n

t and P ′nt coincide if
t ∈ [0, n[, Z is identically equal to one on this interval P n- and P ′n-a.s., and
all the assumptions of Theorems 3.3 and 3.4 are satisfied with C ≡ 0, Z ≡ 1,
and Z ′ ≡ 1. But Enξ may or may not converge for a bounded G-measurable
ξ.
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A Appendix

Let (Ω,F ,F = (Ft)t∈R+ , (P, P
′)) be a binary filtered statistical experiment,

and let Q be a probability measure on (Ω,F) such that P
loc¿ Q and P ′

loc¿ Q.
The density processes of P and P ′ with respect to Q are denoted z and z′

respectively. Then the generalized density process Z of P ′ with respect to P
satisfies Z = z′/z P - and P ′-a.s. Put

Sk := inf{t : zt < 1/k}, S ′k := inf{t : z′t < 1/k}, Tk := inf{t : Zt < 1/k},

Σ :=
∞⋃

k=1

J0, SkK, Σ′ :=
∞⋃

k=1

J0, S ′kK, Γ :=
∞⋃

k=1

J0, TkK.

Then Σ = J0K∪{z− > 0} and Σ′ = J0K∪{z′− > 0} Q-a.s., Γ = J0K∪{Z− > 0}
P -a.s. Since P (inf t zt > 0) = 1, we have Γ = Σ′ P -a.s.

Let α ∈ (0, 1), Y (α) := zαz′1−α. Recall that a predictable increasing
process h(α), h(α)0 = 0, with values in [0,∞] is a Hellinger process of order
α for P and P ′ if and only if

Y (α) + Y (α)− · h(α) is a Q-martingale,

see Jacod and Shiryaev [16, Chapter IV, § 1b].

Lemma A.1 A predictable increasing process ĥ(α), ĥ(α)0 = 0, with values
in [0,∞] is a Hellinger process of order α for P and P ′ if and only if

Z1−α + Z1−α
− · ĥ(α) is a P -martingale.

For the proof see Jacod [14, Lemma 5.8].

To compute the Hellinger processes in terms of P and Z let us introduce
the processes ι, y, N and n as in subsection 4.1; put also z := n − ι on Γ.
Let νy be the P -compensator of the jump measure of y on Γ.

Lemma A.2 A predictable increasing process ĥ(α), ĥ(α)0 = 0, with values
in [0,∞] is a Hellinger process of order α for P and P ′ if and only if

ĥ(α) = (1− α)ι+ 2α(1− α)〈mc,mc〉
+ {α + (1− α)(1 + x)2 − (1 + x)2(1−α)} ? νy on Γ P -a.s. (A.1)

Proof: A similar formula expressed in terms of 〈zc, zc〉 and νz instead of
〈mc,mc〉 and νy is proved in Jacod [12, Proposition 3.19]; it reduces to (A.1)
due to zc = 2mc (see the proof of Lemma 4.1) and ∆z = (1 + ∆y)2− 1 on Γ.
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One can also use the characterization of ĥ(α) from Lemma A.1 and standard
computations based on Itô’s formula as in the proof of Theorem IV.1.33 in
Jacod and Shiryaev [16].

Now we want to compute the processes i(ψ;P, P ′) and i(ψ;P ′, P ), intro-
duced by Jacod and Shiryaev [16, Chapter IV, § 1d], in terms of P and Z.

Let ψ : R+ → R+ be a function such that ψ(x)
|x−1|2∧|x−1| is bounded (in particu-

lar, ψ(1) = 0). We also set ψ(∞) = 0 and use the conventions 0/0 = 0 and
a/0 =∞ if a ∈ (0,∞]. Define

j(ψ;P, P ′) :=
∑

s≤·

(
1 +

∆z′s
z′s−

)
ψ

(
1 + ∆zs

zs−

1 + ∆z′s
z′s−

)
=
(

1 +
y

z′−

)
ψ

(
1 + x

z−

1 + y
z′−

)
? µz,z′ ,

where µz,z′(dx, dy) is the jump measure of (z, z′). It is shown in the proof of
Proposition IV.1.42 in [16] that the process j(ψ;P, P ′) is a Q-locally inte-
grable increasing process on Σ ∩ Σ′. A predictable increasing process i(ψ),
i(ψ)0 = 0, with values in [0,∞] is said to be a version of the process i(ψ;P, P ′)
if i(ψ) is the Q-compensator of j(ψ;P, P ′) on Σ ∩ Σ′. This definition does
not depend on the choice of Q and

i(ψ) =
(

1 +
y

z′−

)
ψ

(
1 + x

z−

1 + y
z′−

)
? νz,z′

is a version of i(ψ;P, P ′), where νz,z′(dx, dy) is the Q-compensator of µz,z′(dx,
dy). Note also that i(ψ;P, P ′) is P - and P ′-a.s. unique on Σ∩Σ′, hence it is
P -a.s. unique on Γ.

Let µZ be the jump measure of Z and νZ its P -compensator.

Lemma A.3 (a) A predictable increasing process i(ψ), i(ψ)0 = 0, with val-
ues in [0,∞] is a version of the process i(ψ;P, P ′) if and only if

i(ψ) =
(

1 +
x

Z−

)
ψ

(
1

1 + x
Z−

)
? νZ + ψ(0)ι on Γ P -a.s. (A.2)

(b) A predictable increasing process i(ψ), i(ψ)0 = 0, with values in [0,∞]
is a version of the process i(ψ;P ′, P ) if and only if

i(ψ) = ψ
(

1 +
x

Z−

)
? νZ on Γ P -a.s. (A.3)

Proof: Take Q = (P + P ′)/2. We start with statement (b).
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The process j(ψ) := j(ψ;P ′, P ) does not jump when z jumps to 0. Hence
the process

A :=
∑

s≤·

1

zs−
ψ

(
1 + ∆z′s

z′s−

1 + ∆zs
zs−

)

is a finite increasing process on Σ ∩ Σ′, where j(ψ) = z · A holds. By Itô’s
formula,

j(ψ)Sk∧S
′
m − (zA)Sk∧S

′
m is a Q-local martingale.

On the other hand, let i(ψ) be any version of i(ψ;P ′, P ). Define the
predictable process B := (1/z−) · i(ψ) on Σ ∩ Σ′. Itô’s formula gives zB =
i(ψ) +B · z on Σ ∩ Σ′, hence

i(ψ)Sk∧S
′
m − (zB)Sk∧S

′
m is a Q-local martingale.

Therefore,
{z(A−B)}Sk∧S′m is a Q-local martingale.

By Corollary III.3.10 in Jacod and Shiryaev [16] (A − B)S
′
m is a P -local

martingale. From the definitions of A and B we see that i(ψ)S
′
m is the P -

compensator of the process

∑

s≤·∧S′m

ψ

(
1 + ∆z′s

z′s−

1 + ∆zs
zs−

)
=

∑

s≤·∧S′m

ψ
(

1 +
∆Zs
Zs−

)
= ψ

(
1 +

x

Z−

)
1J0,S′mK ? µ

Z ,

where µZ is the jump measure of Z. Since
⋃∞
m=1J0, S ′mK = Σ′ = Γ P -a.s., we

arrive at (A.3).
If, conversely, i(ψ) satisfies (A.3) then, according to what has just been

proved, it coincides with any version of i(ψ;P ′, P ) P -a.s. on Γ, hence Q-a.s.
on Γ ∩ Σ = Σ ∩ Σ′.

To prove (a) we first note that j(ψ;P, P ′) = j(ψ∗;P ′, P )+j(ψ1{0};P, P ′),
where

ψ∗(x) :=

{
0, if x = 0,
xψ(1/x), if x > 0.

Therefore, in view of (b), it is enough to consider the case ψ(x) = 1{x=0}.
For this ψ

j(ψ) := j(ψ;P, P ′) =
z′S
z′S−

1{zS−>0}1JS,∞J,

where S := limn Sn.
For any version i(ψ) of i(ψ;P, P ′)

z′− · j(ψ)Sk∧S
′
m − z′− · i(ψ)Sk∧S

′
m is a Q-local martingale for all k and m.
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We have
z′− · j(ψ)Sk∧S

′
m = (z′1{z=0})

Sk∧S′m = (z′ − zZ)Sk∧S
′
m

and

z′− · i(ψ)Sk∧S
′
m = z

Sk∧S′m
− ·

(
Z− · i(ψ)Sk∧S

′
m
)

= zSk∧S
′
m
(
Z− · i(ψ)Sk∧S

′
m
)
−
(
Z− · i(ψ)Sk∧S

′
m
)
· zSk∧S′m

Hence {
zZ + z(Z− · i(ψ))

}Sk∧S′m is a Q-local martingale.

By Corollary III.3.10 in Jacod and Shiryaev [16] (Z + Z− · i(ψ))S
′
m is a P -

local martingale, i.e. Z + Z− · i(ψ) is a P -local martingale on Γ. From the
unicity of the Doob–Meyer decomposition the processes i(ψ) and ι are P -
indistinguishable on Γ, and (A.2) for ψ(x) = 1{x=0} follows.

Finally, as ι coincides with any version of i(ψ;P, P ′) P -a.s. on Γ, the same
holds Q-a.s. on Γ ∩ Σ = Σ ∩ Σ′.

Recall that the Hellinger process h(0;P, P ′) (resp. h(1;P, P ′) = h(0;P ′, P ))
of order 0 (resp. of order 1) for P and P ′ is defined as i(ψ;P, P ′) (resp.
i(ψ;P ′, P )) with ψ(x) = 1{x=0}. Let νy be a predictable random measure,
charging only the set R+ ×

(
[−1, 0) ∪ (0,∞)

)
, which coincides with the P -

compensator of the jump measure of y on Γ. In the next corollary, which
immediately follows from Lemma A.3 and the equality 1+∆Z/Z− = (1+∆y)2

on Γ, the equalities are understood as follows: any version of the process on
the left is a version of the process on the right and vice versa.

Corollary A.1 The following equalities hold:

h(0;P, P ′) = ι,

h(0;P ′, P ) = 1{x=−1} ? ν
y,

i(1[0,β];P
′, P ) = 1{x≤−1+β1/2} ? ν

y, β ∈ (0, 1), (A.4)

i(1[0,β];P, P
′) = (1 + x)21{x≥β−1/2−1} ? ν

y + ι, β ∈ (0, 1). (A.5)

Finally let us recall that the p-divergency process k(p) = k(p;P, P ′) =
k(p;P ′, P ), p ≥ 2, was defined by Dzhaparidze and Valkeila [5] as

k(p) = |(1 + x/z−)1/p − (1 + y/z′−)1/p|p ? νz,z′ .

In other words, k(p) is the “strict” version of i(χp;P, P
′) + i(ψ;P ′, P ) or

i(χp;P
′, P ) + i(ψ;P, P ′) with χp(x) := |x1/p − 1|p and ψ(x) := 1{x=0}. The

next result follows immediately from Lemma A.3.
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Corollary A.2

k(p;P, P ′) =

∣∣∣∣
(

1 +
x

Z−

)1/p

− 1

∣∣∣∣
p

1Γ ? ν
Z + 1Γ · ι P -a.s.
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